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PREFACE 



This text has J)een written under the auspices of the. School I^Iathematics 
Study Ornnp^^R^n T][)Pftn<:; n-p pv pT^arina^ one to tqach the SMSG»text Mathematics^ 
^ J^er^unior High School ^ ^luine I. , It attends to^evelop the basic content 
necessary to understand and teach the material covered in Volume I of 
junior high, school s'eries. ^ f ''^ ^ * ^ 

Als6 included throughout *tjiis text a^ comments on su^sS^^ed methods of 
presenting this material to seventh graders. Addij;icfaal helpful hints can be 
found in the *SMSG Teacher's Commentary that accompanies Mathematic^s for Junior 
High School ^ Volume I. Thus, it _would be quite beneficial for one to study 
this IJext concurrently with the' ^vailab'le seventh grade materials. 

Although designed specifically to accompany the, .aforementioned SMSG tqxt, 
the^^terial pr^^nted herein should adequately fr^epare one to teach^ any^ of ^ 
the so-3alled "modern" approaches .ta seventh grade mathema'"tics Alir&'st all 
of these programs have certain key 'features in common, fuch as: 

^ (a)' - emphasis on the rationale of the fundamental operaiiions; 

* . ^ "* 

(b) discussion of properties and structuare of the number system; 

(c; attention to Qoncept^ of non-metric as veil as metri.e. geometi^; 

(d) explofatioli* of. other systems of numeration -as a device for 
- strengtheniilg the understanding of bur own decimal system. 

It has been the experience of teachers W-ho have participated in such pro- 
grams as the SMSG one that seventh grade youngsters (.as well as teachers) «s*how 
f^r more intere^ and enthusiasm in their studies of mathematic^s than, ls> the 
case with traditional programs that present a heavy emphasis on computationalo 
techniques* This is not to imply that con^putation is negle^ited in .the newer 
^approaches; rather it is developed witji care|'ul attention pai-d tcJ *ihe ailing 
arid underlet anding* " \ ' . * ' • . 

In tliis text, class exercises are, interspersed.througholit, witJi answers • 

given )at the coi^clusion of pach chapter* Answers the end of chapter exer- 

' <J ' ■ • ' ■ % ' 4 

clsesik are to be found at the enA of the book. The exercises should be com-^ ' 

pieced as soon as the material is read in ord^r to strengthen ideas presetifed 

^^thin each., section. Furthermore* each chsfpter closes with an^additional <col- 
* - • : . ^ 

lecti*on,of exercises to. provide practice of key Ideas. , A series of masters 

are available' "for prepai;irfg projectuals" to use in conjunction with the teachin 



'Of* a course based on this bo'ok.^^ 



Iht that Sfc.i 



This text was written with the'thoiinht that would be used in .an in- 
serviee course for which there would he atv instructor or consultant available. 
However,, gurficient detaij-s have "been presented triixDughout so th^ a teacher ' 
should be able to master the material 'independently. ' 

Althdiigh these units are based on. Volume I of Mathematics for ' Junior High. 
School J it was. necessary to pr.ejfent some ideas tHat fi/st appear in Volume^ II . 
in o^de^. to provide a complete picture in some areas. Thus, the 'se'^ of real 
numbers is discussed here'alt66>Jifeh they are not formally treated until 
eighth gj^ade in most,te^ts. 




.. -6.. . ^/ % :•. 
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• • • INTRODUCTION / . * » . 

Ifet^henjatics is concerned -Vith many things; some serious, and some frivolous, 
^ ^som^ rfard and some easy. -The computation of batting averages is mathematics. 
'The study of ^irf^tc^e which may be pulled^ into the shape of spjieres is mathe- 
matics. The -solution of the veil -known si)roblem, . ^ 

SEND • . " . 

* - +'MOR£ 

^ \ ' MQNEY 

^ where each letter is ta^^e replaced uniquely by a digit to form -a correct 

^ • addition problem, 'is mathematics. Some very simple but careful 'reasoning* will 

^ produce the aj^wer. In this t^xt we shall study somd^^of the branches of mathe- 

• matics and lay a foundation for further study. v 

The diversity in mathematics may l;e comB^red to the diversity available 

in reading*. We may' chooSe our reading in many, ways. We may read" for recrea- 

^tfon or for .knowledge. This analogy may Ve carried oh in other -ways. Just 

as some read on 'rare occasions^ others •irfey read.compuisiveOiy, bein^ uncomfor- 

table^when they are'more than three feet from a book^^ |)aper, or magazine. ^ 

V/hatever»the reason or whatever the level, nearly everyoije"* finds s<imething 

of interest to read. Certainly, everyone who can read 'f fnds the "ability to 

'read.valuablen The same may be said for mathematj.cs: There is something of 

interest or value to everyone^. There are those who will use mathemHics to 

. verify their paych^qrks * and there are some wiK) are compulsive -mathematicians, 

, only happV'when thinki^ig^of mathematics. ^ ^ , 

The analogy may be 'extended inr still other directions. No one person is 

able to read^ all tljie books, magazines, ^ pamphlets, and papers* published, ^nd* 

'no one individual ^an be knpwledgeable in all areas\of mathematics. There are 

those who read andj also write; in mathematics there are those who study^ 'those 

, yhb. us,a Biatl;iemat^ck, 'and /those. 'who go. further and crea-te Vev mathematics. 

Every, discipline fias ^"vocabulary of^ts own. This m^y include. special 

words^ sucJh as magnetot^drodynamics, or coramen word£ with meanings specialized 

to the subject, sdch as function.. This is usually ^n attempt to achieve 'i€*e- ' 

cisioh'anA econom^j in/communlcation. Unfortunately a jargon is sometimes. 

introduced tn a discipline to ma^ -a fundamental lack of knowledge and to ' • 

appear,,-6cien-tifict^ • . ' - • , . r, - - ^^'^wv^>> 

To achieve economy ar^d precision in ntathematics some very common words' - ' 

are used to convey deep ideas. The word "nui^l^r^" as" used ip mathematics, 

brief,]^, conveys ,a ver/ atslb^rrfct ""i^ea^ *a^oYhe layman, the word "number'^' brings*' ' 

to mi'hd some symliole. - We recognize that the symbol is not the concept. When- * 
« I. ^ . ^» ^ « 

write t^e-word "horse" we think of .a* "solid-hoofed animal used for riding 
. • ; ' Vi < 
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/ 



on orVcbraving burdens, " but" -fehe word "horrse" Is not the animal but is rather 
a symbol j^or the animal/?'^ 57?ien ve write the symbols 6, VI/ and ^ , - we are - 



\f a s 



iting various foi^ns of names for a number ooncept. Jo be precise we speak 

' ^zr' ^ 2k ^ ' * 

•of the symbols 6, VI, and -jj- as numerals which name the same number. Tlxere - 

are, of course, situations in which this degree of precision is necessary atid 

othQr occasions wh©n this precision becomes pedantic*. A physician', when speak- 

ing to a colleague, may refer to a patient^s broken tibia while the patiept is ^ 

c9ntBnt to speak of a broken leg / ' ' ' 

We might speak'of the numbers whose numerals are '1, 2, 3, and *^his • 
Vould be perfectly correct* However, we freq.uently choose to write "the num- ' 
'bers 1, 2, and ^r*" and trust the context will make> our meaning clear. 

It is. desirable th^t j^upils know the distihction.b^ween numeral and 
number. • For example, ve may wish to write: . . * . 

^ -.''-^ • '^[(3 X 3) ^ 3] o' ■ ' ' ■ 
. ^ . . ^ i^.. , ■ 5 ^ = ? • 

On the face of it, it is Ridiculous to claim the two <SSldes of this expression 
-are th^f^same. \Vhen we realize these are two names which, name the same number 
. *ihe stat'eme'nt becomes meaningful. ^ , ^ 

. . Ttie purpose of the introduction in this text is to illustrate that .there 
i'e more tef mathematics than coir^puti/ng and that there is much of interest in 
mathOTatics that may readily be demonstrated to the junioV high school student. 
. .The t a -u iis of an introductory chapter at the beginning of tKe seventh grade are 
many* lii^s worthwhile to reawkken ',an interest iji mathematics, ^o show tlae 
power of mathematic;^ in many varied situations, ar^ to^ give an 'indication' of 
some of the- tilings to come. ' ' . 

. Chapter 1 in Volume I of Mathpmatics for Junior High School illustrates 
how this might be done* In teachii^g such^*a chapter it^may not.be best to do" 
^ . the entire chapter at One-time. Alpart o^^such a chapter could be covered 
until^the jstudent^s interest is captured and the r6st' postpo^i^ed until later 
A good time to return to such material is just before vacation's. 

f ' ' 1 ' ' 

A Number ^ Game * / 1 . 




"The 



interest of the stucfent might' be arousedt by playltig a very simple 

. - ' , ' ^ I ' - \ ' . " ; . • 

-number game* Here is a game witn* simple roles tern two ple/ers. To descri'b.e 
the gape w6 will call the players A and' B» - Fsobm" ajifbrg^t^he numbers 1, 2^ 
3^ ^m'5> d player A picks a number, Pla/er B th^,gieks 'a numbe*^, again 
from 1, .2, 3, ^, % 6 .and adds it to the number A piTc&ejd.* ' It 'is now A's 
turn. Re picks a ijiqjnber from th^ six an'd adds it to the preceding sum. The < 



game continues in ihi? fashion. The game is won bjy the pJLayer who is 
his turn to ^ick the numbej, from 1, 2;^3^ 5^ ^9 which m^es the 
sum 56. The same number may b5 pick<^^,as many times ^s desired. 



A 
A 
A 
A 
A 

a" 

^A 



A Sample Game 



chooses 
chooses 
choo seV 
chooses 
chooses 
'chooses :) 
chooses h 




6 + 5 
Ik + 6 
21 

31 --t 3 
jo + 6 
t ^ 

53 + 3 



able Qn 



tq^a.! 



V 

= 11 . 

20' 



25' 
1|2* 

56 



B wins I / 



Pair off the class members 'and play this g^e. Can »you find a pattern that 

will enable you to always ^win this game? < ^ ^ < . • 

Is this ra^hematics? We would say it is,. f(3^» reason ari^L deduction allows 

you tg answer the above q^uestions/ This game has a feature that is desirable 

in the classroom; it may be varied. For example, the gacie may be played wit-h ^ 

.the numbers 1, 2, 3, h, 5, 6, 7* and winning sum 85, There are, of course', 

many variations • . ' • . ^ * 

^Tliis game is an example of a mathematical problem (or^ puzzle) which may 

be solved without apy formal 'Knowledge of niatheijiatics • It is amusing to play 

ana it is pleasuralple 'to discover the strategy 6f the game. §ince^ there are 

variations in *hich the winning ^trgiteg^ Is not much changed/ many students 

have a^n opportunity to make a discoveiy^. • - ^ ' ^ 

" - In the rknainder of this -introduction we shalX examine in detail some^ * 

5>roblems wbijii are typical of those giyen in Chapter 1 of Mathematics for 

Jun^dr High School , Volume I. TJlere js^e many. such problems; their *object is 
_ ^ — - . ,j ^ ^ 

to 'increase interest in mathematics. They •should not be .allowed td beaome 
frustrating.. A simple question at tha rig^t^ time may lead the studejit or « 
class in, the right direction. ;^ • \ > 



> 
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Weighing Probleiiis 

Consider th^ following reasoning problem: 



Eight marbles all have the same size^ color| and shape. 
- .Se\;en of them have the same weight and the other j is heavier. 
Using a balance scale^ how wouM you find the he^ 
-if you make only. two weighings? 




/ 



/ There are man^^ ways one might begin to wgrk on this probleA. Many 
' students, however, ^:iesitate to begfn because of th^ relatively large number 

of marbles involved. This difficulty occurs in many problems and students 
* should be encourdiged to invent similar but eaeier problems to be solved first. 
The ei^ht-marble problem is a good example of a pro]3l,em'in which this may 
easily be donfe-. ' * . ^ _ - 

A student might begin with this^roblem: Tvo^ marbles are Identical Iji 
appearance* Ope' marble is heavier than the ot^ier. . Det ermine Vhich marble is 
^ the heavy; one using a beam balance. The solution of this problem is ot * 
•c6urse very ^ easy « " . y v ^ ^ - . 






Now one might be encouraged to look at the problem of three marbles. Is 
it possible to determine "the 'hea^vy marble with one weighing? The student 
should* now come^to the conclusion* that an "eq.uaH. number of marbles must he 
placed in each pan (tray) of the beam 'balanc^^, He also will see tiiat there 
IS a need to consider* gases / * *^ ' - - . xr 



13 



'WJiile It is not reconimended that the*'5tud$nt§.^WQi:K tfieir^way case by 
case up to the case jf eight^ msr"b1t:e4yi5 Tlw'rfbre cases may be helpful. Can 
the he&vy marble among four giarbles .aiwa^b.e determined in one weighing? 
In two weighings? Having done the pr6bl^, for ^fpur. marbles ^ the .problem ^ of 
five lAarbles is Easily done. * ^ * • ^ - - - ^ - 

' • studying the cases with a smaller ni^ab^r of mkrbles has serV^d the purpose 

of' making the problem seem less formidable and gives ^suggestions for doing 
^ the problem of eight marbles. We must be ^ careful^ however^ that our special 
I cases do not mislead us. It "may 'appear for .th^ cai^es already done that there 

is a different way to start in the i^ase of an even number of marbles and an 
odd number *of marb'les. To do the problem of eight ma3?bles; it may seem that ' 
, the first weighing shoul(}.be four marbles against four marbles. This would 
surely tell as which collection of four marbles contains the .hea^jy marble. 
We know from the exploratory problems that it takes two weighings to dete^ne 
a heaXo^» marble from afeiong :Cour^rbles^ ^This approach to t^he problem would 
•V thus' re<luire three weighings .'^ If it^'is possible^'to do the 'problem as stated, 
: . - this is not the^w^y to do it 1 « > ^ * ' 

• * The elementary distinction between even and "odd which may seem to indi- 
cate a gene'ral pattern does j^t.^in this sase^ reveal the ti*ue pattern. It m^ 

'did here, that a small nupiber of cases seem to indicate a pattern 

)ut nqt to b^^xne^orrect pattern. IT you have safely passed cars « 

^ - ^ ../^ •" • . 
hill i^ee times, can you make any"* valid assertions about what 

will happen thrTT ourth tinfe? Of cou-i^se, the^true pattern may be disco'^ered . 

with a small numbei; of experiments. . ' • * 

To continue the solution, we do*know that if the heavy marble is known to 

„ ^e" among .three, marbles or among twb^iia^blels .'if 'fnay'^be lo^^ed" wj?th^ one V^ighfng. 

These remarks should allow the Veadei^ to complete the problem. * 

• Iti'is 1^ no means impired .that' .-ffi-s problem must be v^brked by thi^ ,se- 

, qiience of dj^scovery, steps. What has been shown is, that '& «eemlng3jy complex * 

^ro^lem may some1:^mes b'e done by exploration^ through simple pi'obiem^.^ It is / 

r»* ^ * * , ^ ^ 

impori^aut for students ultimatel^-^ti proA^ce correct answers and equally im- ^ 
— /4 ' * - ♦ 

^ portantl that they not be forced into the same mode^^.of^ thought as their teachers. 

N^' ^. » ''iphis class ,o^,fl5||roblems ^was proposed or igi^naliy ^af^ counterfeit coin prob- 
lems;^ an example is gl^'en bi&low: -1 ' ^ > * - * ' ' 



happen as it 
which turns 
on a certai 



Among si.i coins identical in appeaVance there one 

counterfeit coin. It is knowsi^'thajb t^e counterfeit rs made 

from impure metal and does ,not weigh the same as the genuine 

coins. What 1$ the smallest number of weighings with> a bea^n 

balance whieh would be required to locate th^ counterf^eit 

♦ 

coin? Will the answer change with a^dditional requirements? 
Are -additional weighings. rVquired to deliermine whether th-e 
false coin is too heavy ^oo !J;ight? ^ ' " • 



Unicursal Problems 



Most cjjildren have worked at problems which "matfiematicians call Unicursal, 



;^roblems. A figure is given composed of segments, eitKerNiine segments .or 
curve&* ahd the player ^is re(Juired to trace the figure withoV^t gifting his 
pencil and' without retracing a segment whicK has alread^-'been o^vered. Try. 
this with tjig, follovin^^f igures_. ^ # ' . ' *" ' - 




Anyone who has attempted one of the puzzles ^will be surprised to learn that 
.the key to understanding them is mathematics. Again, no involved mathematics 
is required.* Urj^pursal proT:jlems are another good illu3tratid|n of the ^ power 
and versatility bf'jnat hematics'. 



Again, -l^t^us begin by examinin,^ soim iiimple ^robiems,'' *Let Us see/* how a 
stiident might be encouraged to make 



sco^^eries 



The fi^Ture above is easily traced 



Ink %p thi^ rul^es. Also vthe fig^ire 



/ 

— • 



may traced without ^olatin^: r^oles. In this c^se a little care 
must be exercised. . A tracing whith obqys the rules of the game, or what we 
will cair a .siAca^&^Jui^Wcing^, l^t must begin at B 

or -ihe- '^student should pufipo votds a reason for this -statement. :^ 

^ That is^ w^ will it.be impossi"tp.e to/coinplete a successful tracing if begun 

" af^ A? ^ ' \ f ' ^ 



The figure below may alsjo pe traced, a;Gcording .to the rules 




^flhy dajiH a >ucce^sTu1i'f i^'cln^b^^n^.at * B ? Why must|/;the tracing begin or 
end ^at A or begin or./«nd/at 0 7 - - • ' - - ' 



Is it pos^sible to trace^the figure above? If it is_ PosslMe^jnay you start^ 
at. any point? " ■' " ..jJ. <. ^ - 



woui^d iiice to m$ke some general st^at^nents about these problems, if 
possilSle. The -rule which says the pencil is not to be lifted f^-om the pape3>, 
tells ^us tha^a. figure composed ot tw6 &fs^irft"* parts cannot be traced success- 
l^ully. To use a technical word: Any figure which can be traced according to 
^Tyhe.i^Ales must be connected. --In4.the last four^^figures,- dg the'^answers- ^oncerh- 
' ing tracing depend on the number of segments meeting at a point? . 
The^examples indicate that the solution my not depend upon^the total fiumber 
segments at a point; rather, th^ examples indicate a ^ifTerence aecordinif 
to tha parity of the number of segments "at a ^oint. Parity refers tp the 
p^^pe^ty of being odd t^r even. The examples sugge'st tUat" a ^uc.cessful tracing 
Qf a figure with an odd number of segments at a point will begin or end at 
that- point,. For a point wi'th one segment (part of a larger figure) it is " 
.clear ihat* the ^ tracing must start or end at that point. Let us £hink about' ' 
a point 'With tlr^ree segments* , ^ * '^^ — ^ 



'(part of a larger figure) 



Suppose^ we do not begin at this point, then in the* c^cfurse *or a tr^cin-g' which 
^is tShe successful we mu^t come into this poinf, therein coverijig" one of ^ 
trfe segments. There remain ^ two. ^segments nojb yet covered., A successful .trac« 
ing .must contir 
remains Qi>e.' 

finished/ Tor there is no way then to* moVe away from the point. That is, 
a poin-twith three ? segments whrch is not a s"tartin*s 'poir^t 'of a successful 
tr^acing must be- the f intghing-point. \ * ' / 

This 'reasoning may 'Easily be exterfded to cover the ^ase of' any point 




continue by leaving ti?e pbint '.over ^ae of t^ie segmerrbs^. 'There " 
!i>erseg?^nt to be^ t^ac^** 'Onte the third, segment is traced we are * 



with' an odd number of segments- A point with an odd number of s^$§?^ients which 
is not a sliaAing points of a success traoing must be the end^oint; the ' 
Hrabing must stop at the point- : ^ ' ' ' ' " 

^ ''^) ijet us t^view this conclusi-on. * We look pX an odd point, appoint wi-th 
an Qdd number of segmentjs, aad conclude that if it is not a starting point 
of & successful tracing then- it is the end p0int. This do^3 not eliminate 
the possibility th^t an odd point may be' a starting point. We may^ sa;^ thart an 
odd point" wftich' is not an end point is a starting point. We may clas^fy the 
points of a successful tracing as: starting-^oi-nty intermediate points, and ' 
end point. An odd point which is not the.starting point jnust b^ the end 
poilfe,.,^^^ odd'jpolnt can not be 'ft.n intermediate point.' Thus an odd point 
which is tio^tl^^end point must 'be the starting point.' 



In a 'possible tracing problem ''each odd point mUst be a starting poi/t or 
end-,point. Since, according to the rules, ^tbere cait be at most one starting 
^ point and one end pointy, a figure which has more than two _odd points c/nnot be 
^traced successfully . ■ / ^ . ^ . ^ ^ . 



# Is^it possible.^^D^ trace these figures without lifting your penc/l and 



without retracing ,^hy'- segments? 




/(c).' 



(d5. 




qhic^irsal problem^;, ^r tracing problems^ haVe an honorable place in mathematics, 
fue mathematician,' E^Ler, (17Q7-I783) was the first to systematically study 
jthese puzzles in connection with the Koenigsberg bridge problem, Eiller'was^ 
; a prolific mathematician; h^ collected works are^-still bejLu§ edited, 
'^rt is estimated-' that over sixty large volumes Hll be required. Among «his 
many interests' were the, properties of figures in space. 




sphere 




^^jie^e vith/4\handle 



For exainple,-i:uler was 'tine firsts to givTl mathem^ical way.' of differentlat 



. * ing be.tve&ii these twdUCigures without, saying "sphere with a handle?. 

Ei4er*s ^^d^lvihg of this problem and the Unicursal problem v/as a part ^f 
• the begjhning'of that branch of mathematics known .as iopology. ^ 
/ •E-uQ.fer wrote many mathematicaf'texts^. - "itl^as^beep^laimed^that until 

the-reWot flurry of Vhe nev? t,exts,, 'evei;y high sandol mathematics text ' 



i * ^ ^ ' *^ 



was 'a. iJeVi'sion of Euler's te^ts. 
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Counting Problems * ' ^ " 

• ^ ; . ' - / - 

I,n a school class^pf 35^ pupils, all the pupils take either French or 
German; 21 students ark e^olled in French and 1? are enrolled in German. 
Hdw many students are enrolled in both French and German? 

This is an dxampl^e of one fbrm^of. counting j)r obi em. Let 'us analyse this 
prolflem. There must be some students enrolled in both French and German, for 
otherwise there woul^ have to be 38 = 21 + 17 studentship the <;lass» When 
we add 21 and 1? we are counting among the 21 those students who are 
taking only French and those jwlao' are taking both French arlWlkJerraan. Mong the 
1? we again counf those ? stu^Lents who are taking both French and German. The^ 
sum, ;38 = 17 + 21, represerijbis the number of those students taking only French, 
those students taking. oniy Geimin, and twice the number of students taking 
both French and Gemian. The number 35 is the sum of the mimber of those 
taking only French, those taking only German,' and. the number taking ^both French 



r 



and German. 

V -French Geiinan + Both,= 35^ 

French + G.ermanj + 2 x Both = 38 

^Qw we see that, the number taking both lahguages m\xA be 3^* -trom tl^ we may 
compute, if we wish, »t^ie number taking only french, the number, taking only 
German. . ^ ' ~ , - ■ ' • , 

As a somewhat ^more implicated ^example pf the same sort of problem we 
have: - y;\^ / •- . ^ '\ 'r / ' ' - ^ 

' in ,a^ class* of 22^ ' sl^dents^, all of whom are required to 
. take a foreign lan^Uage^ Sl^- students are enrolled in French, 
J' itSKstuaentB are enrolled in German and 88 are^tiSiking 

Ruslian. No other foreign lan^iges' are offered. It is also ' 
'knovB that 36^ a3:*e enrolled in French and German, 22 it^*- . 
Gern)^,arvi^%&sian^'''and 29 in French and Russian. Are any , . 
students ^ftak:h)g^thr^^^ If so, how ma'ny? ' -v ; ; 

, The similarity bety^en s>this problem and the preceding ones is cledr. The 
similarity may suggest that we begin thd problem as before.. If we. addJ^^iw- 1..--^ 
^ ^ . "^^ obtain 310', ,we find we have accounted f.pr the students who ' 

taking two' languages twice. That is, a student who'^s taking French and 
Russian has been ^counted in tije* 9k _ students taking French. and again in*the 
'88" ^students ' taking ^i^ussia n^^^Thus > it is not surprising >that the sumj^ .310, . 
exceeds the 'tofal number of s^tudents, 2^5. Suppose we attempt to represent 
the 'total number of students in terms of the number taking t^he varipus languages. 



rom 310 = 9^^ + *J.28 + 88 we must subtract the duplicatfons. . With . 
jare the student may complete the .solution in this fashi'on. 
Caution: Subtraction to eliminate the duplication may. reault ,in otU^gr * 
Licatibi^.* (There are exactly/ 2 students taking all three languages.)* 

In the^ne^t ohapte^s we vill's^e how, with the aid of a little matfiematical 
notation and knowledge,* the reasoning 'needed to do Ixhis problem may be much 
simpi3,if ied. ^ ' . * \ ^ ' . 

^ '* /Some of. ^tlf^e man;y^^ facets of mathematiq^ have been introduced in the prob- 
lems we have di'scussed. As examples of .some* other aspects of mathematics to 
come we will list some problems which yoi? may tiiink about and even solvfe now 
but whose solutionsj^will be natural cpnsequei?ces of the material to be studied 
later. .Answers t9 J:hese an^ the other problems presented in this introduction 
are included at^he end ofSfhe text with the chapter exercise answers. 



.There are three, houses 'on -a street. At the curb there 




;a gas. ^-is it^ " 

house without the 



^are three"- at 
possible to co: 
connections 



Ob jects /a]^j^!Cl?^"T7eighed on* ^. balance scale by comparing 
them vith st' indar 4 weights • ^If you wis,h to weigh objects^ in ^ 
pounds, betwjien' 1 pound and 63 pounds, what would be the- 
most eff ici^tt>^'t of standard weights? (Efficient* means the, 
smallest possilS^ number of weights,)* 

/-•■ 




Chapter -1^ 



.SETS 

, > - ; J ^ r ^ ^ - 



Introduction 

n ^ ' ' . ■ • - . ''^ 

, Several questions usually arise among mathematicians, educators,/ pupils 
and parents about- the pedagogical soundness of the teaching of sets, and set 
language. Questions are raised as to vhy, where, .vheti, and how sets should he 
introduced in the seventh grade curriculum. Some argue that a sej)arate chapter 
should be included; sane* say , that »conceptsi^of sets sliould he rintroduc^ -as -^tfe^ 
are nee&ed; and'spme educators claim tliat sets are not "needed ^at all-to-he 
"modeVny\ ' ^ ^ ' . * ■ 

. There is merijb each of ,%hQse viewpoints, hut. in this hook we will take 

_ the .popi^t4.oi;i, th^a^fcr^, the jur|i,6r hi|h 'school youngsters ge^t .language "should he . 

' presented prlma^ily^s it is needed to clarify math^atical concepts. The 
reason that we are^ndi'uding these concepts in a separate chapter in this text ^ 
■ is that, hegaus.e, ^f the limited time a teacher has available to. spend -on an » 
in-service progratm of this nature, familiarity^ wi/th set language will expedite 
our presentation of other mathematical ideas appearing- in later, chapters • "The, 
language of sets will giVe uss^ precise wav of-\t'aMkinff about certain nlmiter 
ideas, properties of "^operations, and geometrical concepts.' , ^- 



1.1 TloQ Concept of Sdts ^ v' ^ * , *' , 

m say that a set Is a- well - defined collection of objects . Wha^ is meapt 
by this?^ Certainly ^e know what is meant by a collection: A'bunch'of bananf^ 



1' 

ants. 



a herd of elephants, a set of dishes, the things on^my desk, and so on.. "When . 
we say it is well-defined, we must be certain that the description allows us to 
deteimine without ambiguity whether or .not an element belongs to the set. The 
objects in a set need not be related in any way except that we treat them as a 
jBihgle group. For example, the set consisting of the nxmib§r 5> the word 
"Tuesday,'* and .the moon is a "Hell-defined collection. However, in mathematics 
we usually speak of sets with elements that have some property in common*- For 
example, ^the set of whole numbers, the set. of primes, or the set of points' on 
*a line. ^ ^ ' ' ^ . . : ' 



5» 



There are many ways of , describing b set, , For exaiuple^ each* of, tfefe follow- 
ing •describe the same set: . ' ^ % " »o ^ 
* Thef set ^. of whole numbers between ^w^d*'*'!^. 

N . The set of whole niimbers from 7 through." ll, :;ihGlusive, 
The n\jmber& 7, 8, 9, 10, and 11. 

(7, 8, 9, 10, 11) ^ . * * ' - \ ^ . ' 

- ' {&) 10, 11, 9, 7) - ^' ' . ^ 

Notice the^use of braces, ( ], with the members ux- elements of, the «set . 
* intrluded between .them. ^ Frequently, an arb i tr ary' 'cap i t al letter, is used to'*- 
name the' set*. • ' . ' , • • ' ^ o* 

M = (7., 8, 9, 10, 11) ' \ ^' 

The "things" in a' set need not be oBjects you can touch or see. \ The se\ 
^ of all Beethoven sjyraphonies does'"not contain any cqn^rete objects. You \ 
^'^have.Hfeard ^some of its members, however. The^ pet /of al'l^ football team^ in^^the, 
United States is a set i^ose members are. themselves sets. «f players. V* ' 

''f SMe-iifmee^tlie-^ymTDol "e" (stylizfe^ tJreek letter, epsilprO' is %o '^^^ \^ 

,"is'a member of," or "1r an eleinent of . " Thus we can express the fact -tfiat '-the* 
niJiaber 8 is a member of set s*>'M »abc5ve' by writing: . - . . v ' *' 

t • " . - / * • . ' ^ ' i \ 

^ C ' ,^ . " 8 € M , . ' , ' '3 

We -can express. the fact that the fiumber 6 is not a member of set M 'b^r^ . . 
writing' ; . ^ . ^ . , . ' \, * . ' 

. . * , . " . ^ 6'M ' ^; 

At times we en counter ^ a set which contains no members. Such- a set is 

called the "null set" or the "empty set," and is designated" by *(^3 or 0. 
'<.tU ' y . ^ *^ 

if "set B is the set of all odd whole n\nnbers i^fi^than ^ ,1, then set B has - . 

/nb 'membii-s ana we can write B = 0. Another ej^ Qn^l^ of^h e empty set is t)^ , 
set of tfnited States cities locatecL in *the province of. Manitoba^ Canada. ^? 
_^^.-gften. it is inconvenient to list . all the members of a ^et within braces, \ 

^The^set^of letters of the English alphgibet could be shpwn as (a^b*,c, „._,,z). 

Here a pattern has been establisl:^ed and the three dots mean "and so op in like*^ 
•mannf6r" to 2. "The set' of^VhGle n\imbers"may bg' shown* as' W ^ (0^1,2^,3,^^, .*f. 
The fact that no Element is named ^after the ellipsis (...)' impliei^ that the 

^listii^g of elements does^ not terminate but r^thW continues on in the same 
pattern wt\^out end. Such a set is called an infinite set".. A finite p?-^, ijs.. 
a set which may te counlSed with the counting coming jto-an end. S6t E. above " 
is an example of, a 'finite ^et while set W illustrates an infinite set" - 



Some ot^ief exarriples of finite sets are: 

P = {2,V,6,8,l0); ■ *- 

' Q = (.3,6,9, 81); 
the Qmpty set, 0; 

the set of people in the Uni-ted States of America. 

Some additional infinite sets are: ^ " " - 

T = (5,10,15, ...3;': y ' 
the nfultiples of 1257; , '' "^ 
, ' the points.* on a.liAe; ^4 ^ * ^ ^ ^ 

the set of prime numbers . ^ 



Glass Exercises 



r 



1. 



Tfill whether or not each of the.f o'Siowi^ -sets 'is WeVL-cTef Ined. 

"Che set o^states bf the United Stated, borderline the Pacific Ocean, 
b. '^The set of-'small states in ^the- United^States ? ' , , 

cT -The set of ^1 whole numbers which are not. multiples of 3. 
ds .Tfie set of all whole, numbers between O* and* 1. • ' 

e.. The letters wly.ch are in the name* of your school and not in 

^* your last name. • ' , * 

Describe each of the f ollowifig^se'ts in at least two other ways: 
a. All .odd whole nuinbers from 1 to 12 • inclusive • 
b. 



.M := ^10,20, 30,.. •,100). 



c. The^ set of integers greater Jihsp^ ^28. - , ^ 1/ ' ^ i . -.^^ . 

d. »^ The set- of whole numbers /between 20*" and 3O ' and greater than ^CU 



3. Tell 'whether* or not each of the following Is tBUe or false and explain 



your- reasoning. 



3€^2,3,'^>5) ' 
/'{O} = 0 - • 
{0) = 0 • 
17''i(5,6;7,8,;..)„ 



A 



1 r 



f. 32 4..{^3,l2,-...,96) 



4. Classify th^ 'following sets as finite or infinite. 

a. Set* of all whole numbers which are multiples of 3. 

Ij. Set, of all numbers x* such that + 1 = x. - . , * • 

' .c. Set of grains of sand on the beach of Coney Island. 

/ 4» Set of all ^positive integers smaller than 0, 

e. All mathematics textbooks in \,he United States. 

5. ' ^Qt = {3;5a7;...,23). What are^tlle elements of thi^ set? (Beware.) 



J:;'2 Relations Between Sets . * , . . 

- ' Consider the set* of^th'e first "three letters of tUe alphabet, A = {a^b^c}, 
^andthe selT abn;tainins the letters of the Vord cab , B'= (c^a^b). . Since the 
' orjd^r in which the- members 'of a set are listed is immaterial, we can say ;fchat 
thesh two sets are identical or equal . Thi§ can bje Written as A =*B. 
. ('RememtJer "=," here means "names precisely the same thing.") 

, ^ Think of*" the sets 'A = {a^b^cj. . z) an^ C = {1,2,3, .'. .;.26J . ^ matching 
or brie - tO " OUe ' correspondence may jpe ,±«llustrated between these two sets as 

follows: , • , ^ " ' ^ \ ' ' ' * 

. ' , A = [a,b;c/. ..,2'} ' • i 

i ^ ^ ^ $ 



• ; . ^- ^ = (l,2,3r..-,26j . . 

A one-to-TDne corres^ndence asspciates each element o'f to an 



element of set Q and each element of set; C to an element of set A. 
Obvifc^sly, other matchings are possible with the same two set^.^ * " 

Certainly , set A is -not^equAl to set C, A ^ C, since they, do not have 
the same '"elements. ^ However, they do have the same cardinality ; that is, the 
same number of members. Therefore, . we say that set A is equivalent to * 

set C. The equivalenc.e, of two sets is frequently written as: A^^-*C. 

' ' ' ' 

Remember, two sets are e*quivalent if the elements of each can be put in a 

one-to-one correspondence. * - ' , • ' 

It should be apparent from the definitions that all equal sets -are 
equivalent, but .not all equivalent sets-are equal. , - - 

If two sets have no metober^ in common, we say theyyere disjoint. For 
-example; consider the^sets^, R = (6,8,12,14) and 5 = {^ff^S). Note that R 
and Is have no common members. Therefore, we, say that R and S aye dis- 
i^^int sets. • • ' ' 



Think of the set of members _of your ciass^ C, ♦ The set of boys in your 
class, ;.,B, is'a subset the set of , members df your clas3. This- may be 
.represented by drawing a sketch,^ -often called a "Venn" diagram. 



/ ' §tuc 



jdentsin 
( ^ Your Class 

V (Set C) 




Tcr write this relatic3nship in mathematipCal language we' use the symbol " C " 
wbich may be ^read "is a subset of" or "is contained in." .You can now write: 
BQC. • . ' ^ 

The diagram at the right il]\^strates 
that the set of all red flowers is a subset 
ot the set of all flowers* Let the* set 

all -'red f lowers be, called R and the ^ 
set t>f all flowers be"^ Sailed .F, 'The 

relation sMp"^ of ^* and ..F can then 

^ i ' ' > ' • / 

jrritten asr F. 

Note in the>fori owing yenn diagram that the set of all red.floweys 
belongs to the ^et of aljL flowers, and that the set of all tulips also belongs 
to -the set of all flx^wer^: ^ ' 

m ' ^ ' 





Let-the, set of all tullpl^b^ C§ned T. . > The above relationship may now be 

\ y . ^^v- ^ ^ ^ ' ^ ^ . . 

^expre^ed as: ^ . r:^, , , , . ' . - 

. ^ RtlF^ and . ^ ^ "^^^ 

What c^n you say about the relationship of sets R and T ? _you WQiild cer- 
tainly have to s^ that some tj^iips are "red atod are' thus cofKCStnjd in set R» 
This is why -^he sets R and .T , a2:e ^sliown as_ overlapping ovals in tl;ie diagram. 
~3ut you certainly cannot say that T JR.. ±^Jtr\xe^^x^9iJ ^ . "v ^ * 



As another example let us fin4^11 the subsets of B ^ fl>3^5}« They 
would-be: '(1), (3), (5)7(1,3), (l-,5); e3,5), (1,3,5^, and th^ ^mpty .set,-jZi. 

Any 6et is a subset of ft^self . and the empty set is considered to be a subset 

r ' ^ » \ * 

of every set. This may be a little clearer if you^ consider the set (Tom, ' j 

^^^^yif where ve now think of the set of three, boys whose names are 

5om, Dick, and Harry, and not the set of ' three words--"Tom," "Di'ck," and , 

"Harr^/' We noi/jask: . "In how many^ways could you ask none or some of the 

three boy& to go to the ball game -with you?" The answer is that you could » 

ask "any one of them, or any two of them, or all three of them, or none of 

^them. Thus, the subsets are: (Tom), (Dick), (Harry)'; tfom, ^Dick), (Tom, 

Harry}, (Dick, Harry}, {Tom^ Diclj), HarryJ, and ^' 

We can §tate this concept^ of a subset in ijiathematical language as follows 



Al'so,' 



If every element of a set S belongs* to a set T, then* ' 
S is said to be a subset of T. We say th^t S -i^s 
contained In T; that is, S^T.^ 

S is*" a- proper subset of f if S C T, S ^ T. 



Por example, the proper subsets of set B = (1,3,5) would b^ all of the 
subsets of .B' ,<-xcept B itself; namely: 0,(1), {3}, I5}, '{1,3), (i,5)>r^- and 
(3,5). < . • " ' . ' / 

Sometimes the symbol • is used to represerit "is a subset of " . and the 
symb^ ^ used only to represent "is a proper subset of." , ' 



Class Exercisies . ^ . - ^ 

6*. Draw Venn diagrams illustrating the following relationships: * ' 

. ' a. B is a proper subsej^of " A. ^ ' ' ^ 

".b. B and D are proper su'^set^ of A, and B and .D are disjoija?.'. 

c. B and C are. proper subsets'of- k, ^^ and B ajid • C are not 

disjoint. a ' ' . * *" 

^ . ' ' ' ' 

7.. aiven'^the sets S = (6,5,7,9) and T = C0,2,1|,6,8,10} . *' 

a* Find Kf- the set of all numbers belonging ?t|> both S and T. 

Is K a subset of . S ? of T ? Draw a Venrp'diagram i}.lustrating 



*5^nd ^M, the, set of 'all number% each -of whi^ih belongs to S ^.or 
to or to both. (We never include the- same number anoreJth|n 



once in a set. ) 
Is M finite? 



Is M a subset of S ? Is T a subset of ' 



Find R, the subset of M, " which contains all the odd numbers 
in M. Of which others* of our sets 'is this a subset? • . 



8. The following table has been started^ 



Number of 





Set 


t members 


a.' 




0 


'b. 




1 


c. 




2 


d. 




3 


e. 







Subsets 



Number of 
Subsets' 



, i>> (A) • 
0, (A), (O), {A,0) 



1 

' 2 



How many different subsets ^can be formed from the members 'of the set' 
in d"? From the members ofHhe selj' in e ? Try to predict how many 
different subsets a set with eight ^embers woald have . 



1.3 Interseotion and Union of Sets " 

■ . ' 'o \ ~T" ^ . 

Vfe often tMnk^of elements common to two sets. Suppose that in your 
class you asked all the boys wha play in the school band to stand. Let this 
be the following Iset : • » ' - 

• . * , ' , • ^ - {^ili/ To^^ Sam) .' ' "^^ 

Suppose these boys then sat down»and*you asked all the boys,fWith red hair to 
stand. Let this be the follQi4ng set:"* 



K = {Sam, , Tom, Carl). 



Finally, suppo^g^ou asked all th^ red - haired band^ members to stand. What** ^ 
^ Would this^ get be?. It\ould b^ the set:" . . ,/ ^ \ 

^ y ■ . * * . * ' . 

(Toto, Sam). * ^ ... * 

' This set is called the intersection of set B and set R'. ^JThe'^ofSbining of 



$wo sets in this manner is an operation on the^e. sets. 



erIc 




>3.The intersection ^ symbol^ H) ,of^two\gets, is t_he«set of ^all 
elements common to each 'Of the given-'-sets..-.'"* . - 



^> Ilet us consider two other, sets. G ,aad. Ji,. ^ lief.irie.cltas foU.t)Ws: . - ^ 

Prom tb'ese two sets apothei* set, ^lay be formed, ."vrfiose members appear in • [ 
both G and H: \ ,^ ' * - 

Set K .consists of the members that, s.gi's._G and }i. have in c^nimori and is^ 
therefore the intersection of the*t*£^) sets,. This ^ifei_ be" written as: - 

gH H = K. » , « * " 

A diagram may also be used to i litis t rate this idea: . \v *k 

G 




The 'sMdfed refgi'^o'h indicates- the illterse<iti-9n of the^two ge^ts 

*Now consider set R - {1,2,3^,5) and set S = (6,7,8,9). Sets R 
and .S have no inembers in common (i.e.,, they are disjoint sets). Therefore, 
the- intersection, of the two sets^is the ejnpty set and we write rO S = 0.. 
Draw a Venn -diagrkm illustrating this* cdse. , , ^ • . ' 

Another operation on s^ts is the combinin^*of tvo sets in suctf a way 
that each of the members ^^^^ ^^"^ least ^one of the tvp given 

sets » Recall again the member^ of the tand and the red-haired boys . If all , 
the boys who were. either in the bahd or who had red hair* were asked to stand, 
we wbuldl have -the set: • 

* ; V, {Bill, Cidlrl, Jim, Tom, S^'} . 

* Thi§ is caj-led the, union , of these two sets'.' ^4 , . 

' /Dhe union (symbol, Q ) of two sets Is the set of all * 

^ elements that are In at least one of the given s.etsO . ? 

• ••. . ■ . . / . ;■■ r 



.V As another ^"example*, consider again ^et G = 5,6,7,8/9} and • 
set H-= {2,i|,6;8>10}« Tiie union of set G and set H (written G U H) 1 
would be . {2,i^,5,6,7>8,9,10) which we^' shall designate ^s s.et L. Therefore, 
G,U H = L./ A'^diagram sucb as the following may be drawn to il*^ustrate 
this idea: 

6 




G U H = L 



The shaded region shows the union of the two sets. (Remember, there is only 
one number k, one 6 and one 8, - tjieref ore, 6, and 8 are included 
only once in the union.) ■ ' r 

Recall again set R = {1,2,3>^^>5} and set S = {6,7,8,9). Then 

^ rUs = a,2,3A,5v6;7,8,9T. ^ ' 

Can you* illustrate this with a Venn diagram? • ^ 

i ^We would like to interject a note here again thfet muchi of this chapter is 
being presente^as background information for teachers, and that most textbooks 
for students probably integrate these concepts as they are needed. to develop 
some mathematical, idea. However, some parts of this material may be presented 
to a class as a little si(fe trip. Most youngsters enj-oy this qs something 
different and fairly easy to gras^/ .4- 

As, these ideas are presented many visual aids may b,e usee?. Sets of 

•"Ob;jects;^ltflastic containers, and Ihe' use of overhead^ projectuals- adapt them-'- 
selves readily to this area, different colqred sheets of acetate, cut in^ 
various shaped and^placed on the stage of the overhead projector depict 
clearly the intersection and union operations. The student needs to be led 
to -discaver some mathematics ^02?^ himself, and this topic is one in which this 
may be^done quite effectively^ . ^ 



£RJC 
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Class Exercises 



/ 



Given: A = (b,d,e,f} - 

B^'= {a,b,c,d,e,f } 
. . C = {a,b,c,e}" ^ 
^. - D =i' (a,c} .1^ 
^ =:\{d,f} ^\ " 
. • * F « \b,e) * ' I 

Which of- the following sentences are true? 



(a) AU^C = B 

(b) bU C = B 

(c) aU B = C 

(d) BCC 

(e) bH'c = C 

(f) FC F. 



(g) '.'ElJ-r =iA -r- 

(h) kCi^^'f 

(i) dCi: . • 

(j) {iJUF)C(EnF) 

.(ij^^(Dn e)C(due) 

(1) dHe ^ F 




10 . Let- W = ±he set of all wholeNmmbers . 

E = the set of all even humb^s; 
0 = the. set of all^ odd numbers^ ■ 



De^ribe each of the following sets: 

""-•♦o^ • E n 0 / ' 



1. 

'^-Hb;)- pUE 

(c) wUe 



(d) (Eno)uw 
Te) (onw)nE 

(f) wU(eUo) 



9 

J 



1 • h Sentences , .the Number^ Line. , and Truth "Sets 



4 ' - 



7 ^ - .v'^i 



need to pause for a 3[aoment in "'our discussion of sets .and. ^,et. languag§,^,^,^^^,: 
to talk about language* iin general,, ^t hen see one of the applicatio|is;.,^f5?r 
' use of sets. The teaching- of mathematios not pnlyl^^^t^ give the,; ^ 
glimpse^of the structure pf the subject but must .also ^f&gsat.^the^^^ 
^ great care. The difference, between words like "and" 8caiJ^pT^,!'' l^^ 
±f/^^^d "no%^Land/"none," can mean the differejice between undWs^anding^^anSrl^^^:?^' 
* misunderstanding* r • ^ ^ , 

Language, also involves- choice of descriptive wo^^,;/^ Uni^e'j'^e^'che^ 



who uses long compound words to describe his materials, the mtl^matic|a^ 
, Selects wommon, woi:;^^^ describe uncommon concepts. The . teache|^, s^^ 
*of dictionary meanings for words such as rational, real^ in^ginaiyj,^„^grou^ 

4— ' 



field, limit, terra, factor,,/- range . \When these words are used as mathematical 
terms, tliey do not- have the meanings commonly ascribed to them. 
\. - OQ»the other ha»d, teachers of Junior high school youngsters need' to be 
careful of is expected from their .students 'in the way of verbal responses. 

Certainly textbooks'' and teachers n^ed to be precise in* their language,' but 
'perhaps the midd of a seventh grader has .not sufficiently matured to enabjLe 
him to make stateitlerlts in as precise mathematical language as we would wish% 
^ Thi§ is one of the things ve are trying to train him tq dol We mU'st keep in 
mind the followijfe question:,^ "Are we communicating with, our students, an^ are 
they Qoramuni (gating with e^ach^other?" ' ' . ^ ^ • ^ 

Mathematicians uow make use of the structure* of English sentences to 
contmunicat^ mathematical concepts. For example, the. English sentence, "He v/as 
the .first president* of the United States" is nei^ther true nor false until we • 
^ give a replacement for "He." This sentence is called an open sentence. It 
. may->^ferue; "George V/asilington was the first president^ of the United States," 
£2ii^\ "Abraham .Lincoln was the fi2*st president of the Unitedj States." In 
^ fact, "(Zlwas the first president of th^ United States" may be a test question 
requiring the name 'of the man for which it would be a true sentence. Open 
' ' 1 number sentences are the basis of a 'gr^at deal of work ^n mathpfejiics* For k 
example,^ consider the f ollowing^'mathematical sentences: 



n 



(a) 3 ^ 5 = ^8 

(b) ^9 - •a = 6 

(c) % +□='? * 

(d) 2n + 6 = 9 




ir''..'?^^'^®^^^ '(^) a_true mathematical sentence, (b) is "a false sentence, and 
S^vvlS.?^ ^f '^^}.^^^.:9?f^ jiath|matical sentences, being^ neither true nor false. 



verbs » 




Some "bf -the most 






^i^f^^^&li^' ^^^^^ ^o" 

^'^''-^"^''"1^^ iikh or eqlial to'^ 




common ones in mathematics 



Example 



3 + 7 

7 - 3 > 1 
5 < 10 

9 > any^ one-di^t number 
0 < any whole number 



.ir 



^31 



^ None of the examples listed above'^s an open sentence. They all lilake 
tru^ statements about specific numbers .^which are -described or represented by _ 

»a single .numeral suc^ as 7 ^ or by a ma^themat i cal or number" phrase such as 
3 If we want to write an open number sentence, we need_td use an 

open number phrase such as O + 7 or^ 17 - Q ^/ where the symbol Q is 

-used to help* you reifiember that the empty spa-ce is ta be filled' by some numeral " 
from a giv^n set. Because^ symbols like Q are awkward to**type or write, w^.=:^ 
frequently use letters such as n, a, x, or y for th^ same purpose. -Tfius, : 
simple operi number phrase'may be written as +^7'*" instead :0^'^n -f 7^, and 
an open! number sentence as n + 7 = 10. WJiat whole number or numbers will now 
m^ke this open sentence, a true statement^ In this c^se the answer is easily 

^obtained by trial: ^ 3 + 7 7 iO, while 0 + 7 10, i + 7 ?^ io, 2 + 7 V 

i| + 7 f 10. ye s.ee that 3 is the only number which doe& the trick. It is , 

the only replacement for n that wil3^make the sentence true*. 

.What whole number or numbers will make the open sentence x < 5 a true 

statement? Again, by trial wte find that 0 < 5, 1 < 5^ 2 < 5, 3 < 5r and 

^4- < 5 are true statements whl?|e; 5 < 5^ 6 < 5,' 7 <'5, ,.^a^so on, are false - 

statements. Thus',, we see that from the' set of whole numbeas) i>Q^l^,3,^,5,6, .'. . 

only the members of the set ^ (0,1,2,3, i^^) make the statement^ true . 

What^ abou^the Open sentence n -f 7 < H V "^^^ translate the sentence 
» » 
into words by saying "jbhe sum of a certain number and 7 ^ is less tha^i 11.*' 

The whole numbers which make this ^titi^fttatei^nt' of inequality ox^ the members 
of the set (0,1)2, 3) • This s^t of whdle numtfers is called the truth . set or 
solution set of the open sentence n + 7 </ll* , Sentences with tHe verb "= " 
are called equations , whereas sentences with any of the other verbs listed 
above are called inequalities* v - ~ - — — * — ' 

" Another ,very useful device in our study of number sentences ijs to estab- 
lish a one-to-one correspondence between th'^ set of whole numbers, " '~ 
W = (0,1,2,3^^^ •••) ^ arid' a ^s^t 0/ certain points on a line. In a later 
chapter we will •as^oci^ite all the points on a line with the set R of all 
real numbers. We siiilpl^ draw a picture of a line with arrows on both ends^ 



I 



Starting at an arbitrary point that we label 0, we mark^off equally- spaced ^ 
intervals that are labeled with the set of whole numbers in order: 



We call the number corresponding to a point the ^coordinate of that point.. The 
order of'jbhe whole numbers shows up clearly "by the position of the marks; 

-5 > 3 indicates tliat the coordinate of . 5 is to the right of th^ «t)ordinate 
of . 3. ^ -\ ' 

Now a picture of a solution set using the number line can be drawn. 

'Consider the open sentence 'x -f 3,= 8. This open sentence has only the one 
solution, 5» , (A solution is an element of the solu-^on set.'). Thus^ the 
soliltion set {5). On -yie number line this s^ution can be represented as - 
shown below: * ' . * . 



c ' ^ ■ i: I I 4 I — 1^ \ > I • 

0 I 2 3 4 - 6 6 ' 7 8 'V 



The solution^ 5; is indicated by a solid dot ."^""^"---^ j 

In the examples that follow we shall restrict our xdascLssion to whole 
numbers only. The solution set of the inequality n - k <[^ can then be 
rewesented thus: ■ . 



J 1 L 



3 4 5 6 7 8^ 9 10 II 12 13^ 



n - k <J 



Notice that if n represented the number 3^ 2^ 1^ 'or 0^ then the 
open number phrase n - k woUld represent a negative integi^r. Since we haye 
restricted our discussion to *the whole numbers onl^^^ .these numbei^s are no^J 
'considered as part .of the solution set. . ' ^ 

NQte that on the number- line ve indicate the solution set by heavy solid 
dots. The ^olutipn set of n - U '> 7 cannot be completely represented th^is 
way'because it consists* of all .whole numbers greater than 11. However, we 
can represent it by heavy dots. up to the .arrow and the word "incomplete" to 
show that all the whole numbers represented by points still further to the 
right are^ also memfoers or the solution set . 

1 1 L^J \ \ \ 1 \ \ 1 k a k k i k > . 

0 12 3 ^.^^^^ 6 7 a 9 10 II 12 13 14 16 16 17 (,,,,^^^,,) 



n - i| > 7 



Other notations are sometimes used to illus'^rate this same^type of solution 
Set on a number line. Pictures. of solution, se^s on the number linefe are 
called, the graphs of the solutioja sets or truth sets of the inspect ive ^inathe- ' ^ 
matical sentences.' ' '* , ; 



Class Exercises ^' • ' 

^Give the solution set of . each of the following sentences, using the set 

of whole numbers. Then* represent each solution set on a number line. . 

i , ' 

,15.x + U<6 

16. X + k > 6 r ' . ^ . , ' ■ 

17. 7z + 5 < 30' . f^' 
. 18. "sx - 6 < 5 '-^^^^^ 



12: 5y.>7 ^ 
i3*^ .n + 6 < 1 
Ih. 3 > P 



r 



1.5 Compound Number Sentence s^ ^.^ ' . ' 

t * ^ » • 

The graphing of simple inequalities, as illustrated i-n the last section' 

is also a convenient way to find and picture the solution set of compound . 

numbef sentences. Such sentences are formed by combinations of two or more. 

simple sentences and the connectives "and" and "or." Examples of such com-^ 

pound sentences are given below: \ 



X > 1 



_ and X < 5 
(b) X < 1 or X > 5^ 

(cT~(3^ 5 and x < 7) or x < 3. ^ • 

" • Becallinff;jme def^btt^tion of intersection and uniou of sets will help ^s 
in finding tp^ solution sets for .such compound sentences* Example (a)'will„be 
true when l/oth simple sentences ^re true. This means that the solution set we 
aVe seeking i«_the intersection of the solution sets of the two .simple seAr 
^tei^cies i^faside/re'^ separately.. The 'two solution ^ets, again using.^only- tti^i : . v 
whole yfiumbers, are readily found and graphed. . 



X < 5 



0 I 2 3 4 ^5 e' 7 8 ^ ^ 



(incomplete) t 



< * * * * 4 1 L_J 

0 12 3 4 5 6 7 8 ^ 



.^e solution set- of x|i 1 is fl,2,3,^, • . . } while the sola-tion set' of 
'^^.<.^4g^J0^1,2,3,i|). We vQ&y shpw the solution set of the compound se 
set notation ' ' - 

lX,2,3.,h,^./.'^} n (0,1,2,3,10 = Cl,2,3,li3 



or by graph 



X > 1 and .^x < 5 ^ i — i — I I I L 

0' I 2 3 . 4 :5 6 7 ^ 



4i 



This method of soliitipn'by graphiiig is y^ry useful when th^present restriction 
of whole numb-ers only is removed. More^ompllcated inequalities such as 

are easily, solved by technia^es veiyimu'ch like these. 

Compound number sentences involving "or" may be solved' in a ,!^milar way. 
This time we recall the definition of union of sets aijd see that the solution 
of the. sentence - 

'■x<l'orX'>5 

is the union of the solution sets of x <, 1 and X > 5^ Thi& is tjp^e case ^^.^ 
since the statement, • ^ 5 ^ x*> 5; is true when at least one of the two 

simple sentences is true. ^ Using the graphical method ^ives us the following: 

^ ' < 4 4 ' ' ^ i l l : ^ ' ^ 

^ ; . \ 0 12 3 4 5 6 7 8 

' ' ^ ^ < I T ' \ — \ — \ — I 4 " 4 * ' . . . 



2 3 4 5 6 7 8/. ^ ^ 

. Unconiple.te ) 



The solution set of x < 1 is 10,1] and the s9lution set' of x > 5 is 
{6,7;8,.,.). Their union is {0, 1,6,7,8. .. J . Thus, ;the graph'of the solu- 
tion set to the compound sentence is 



i i * ' (.inicomple^e) 

Wben confronted with a. compound sentenc^rormed from three or more simple 
sentences the techniq_ue is much tl^e same. As an example, the solution set ftfr 
the sentence. ' . • ^^ ' ' 

' (x > 5 and X < 7) or^ X .< 3 ^ ' . ^ 

may be^ound by first finding the _.soJ.ution set f o * the statement rwjLthin the , " 
j)arentheses ^ahd then combining that vitiTthe .sQ^^otion set for x < 3. The 
' $olution set for the compound sentence within the paren^^les^^J^ i^^lT^ 
This, ^en combined with the solution set of x < 3, {0,1,2)/, gives" 
(0,1,2,6,7). 



" s. ^ x>5 

■ i I 

• \| step 2: ; 



' ' ' ■ 



I '2 



J L 



; 1 



Or I 



J. Step 3*: j , * , 

X > 5 and X < 7 



-V \ 



J I I L 



• b ♦ 



X < 3 



.0 I 



3 4 



J L 



Solution: 



(x > 5 and X <"7) .or x < § 



0 



2 13 4 



J L 




-Giess Exercises 



Find tbe solution ^ftt for each of Jbhe following sentences using ^whple 



nunibers. Show each solution on-a number line. 



19. X > 5 ani X < 7 

20. X > 5 or! ,x < 7 
.2J.. ' X <^ 5 and X = 7 
22^. X < 5 or X > 7 



23, ^ X >5 and x/- V ^ ' 

2^. ^(x < 3 or x>^5) and x < 6 
-25. (x < 3 and x > 5) or = T 



/ / 



1.6 Xi^clusion 

As we stated earlier in this chapter, the language *and ti^ properties of 
sets vill be*used throughout this book whenever these enable us to expedite 
&ur presentation of mathematical idea.s about numbers, operatior\p, and geometry. 

Let U6 look again at one of the- counting problems from the introduction 
fiRa analyze it using set langua^ ancL«,Venn diagrams Then we will leave one 
for you as an exercise. Sometimes it is more important th^ we find ten ways 
to do *one problem than to find one way to do ten problems*. ^ 

'We will illustrate the first counting problem about tlie< class of 35 
pupils, all taking] a foreign language. Twenty-one are enrolled in french^and 
1? in German. "How many student* are enrolled' in both Freilch And German? < 

Xall th^ pupils taking Fren,ch set F, and the 'pupils taking German ^^ 
^t G. Th^n the number of pupi.ls enrolled in both, "French and German would be 
the number ih the intersection pf these two sets:, fPIG* ' * 

We may draw a diagram of this, the shaded portion being th^ ir)tersectipn: 




Now, the number, of members In- set F is 21, and the' number of members 

m ' ' * 

in set G is 1?. Let us denote this by n(F) = gl, and ri{G) = .1?. 

: . " i' . * ^ J .. . ^ ' - - ' ' , \ . ; , . . - 

Now, n(FU G) = 35 

sjLnce all 35 pupils .are taking at least one foreign* language. Also, * ' 

n(F) + n(G) - n(FrTG) =35- - y \ 

•Do you agree?* ^ ^ ' 

• Substituting'^in the above equation ve obtain: • 

^ 21 +. 1? - n(f-n G) = 35; ' • 




and. 



n(Fn G) = 3. 



.Therefoi*e, the numbei* in the intersect'ion'.of the sets, or stfte "huraber 6f 
pupils taking both .languages, is 3. * . 



erJc V 



17 



37 



From the , diagram ^4t is now a* simple .mattes, to findU the number of pupils 
taking only Fren*ih and the number of pupils taki^ng prjj^y German, How many are 
there in each of these sets? 

This is a fairly, simple problem and the explanation using set notation may 
seem longer than the explanation given for the same problem in the 
Introduction. However^ with A little experience you will find that more 
complicated pipblems of this nature lend themselves easily to illustrations 
with "Venn diagrams and. to solutions with set language • • « . 



Class Exercises 

26. Iliustra;te the following problem -with a Venn diagram affd then solve it 
using set notation. • ' t . 

' , In a housing development of 102^1 houses, 795 houses 
> . have a tree in tTie front yard and 8kh ' houses have a 

tree^ in the bacjc yard. If it is known that* every house 
has at; least one tree, how^many houses have a tree in 
» iDO^h the front and back yard? 



Chapter Exercises - *. . . 
; " J 

1. Write all' possible subsets of the set: (^,5,6). ^ . 

2. Draw a V^Qn diagram to illustrate the following:-- 

(a) The set >whose dements are the Hudson and Ohio Rivers is contained 

in the set pf all rivers in the United States. 
{b ) The set *^hose elements are all tigers, lions, and babb(^ns iig^con- 

tained in the set of all animals, 
(c) Xhe set of numbers l6, 36, and i*0^ is. contained in the set of 

counting numbers which are multiples of i*-. • » 

Zy-" Piven three sets A, B, and C. If BCA^-and CCb, is ctA? 
Illustrate ^your answer with a Venn diagram. ♦ 



..is 



k. Given the three sf^:^ A = [boy,, girl, chair}, " B = {girl, chair, dog}, 

and C,= (chair, dog, cat}. ^ ^ V - * 

•(a) .Find aH B. - -'-^ . ' • -'f 

(b) phow tHat Apl C = Cfl A. * ' ' 7 • /* 
(<:) Shoir that k f) (bU C) = (A D B) LT (A H C) . 

(d) show.th^t aQ (B 00)"= cfl (aOb). 

5V ; (a) Let 0 represent the null s^t, and. % any othe^ set. ^Is the 
^ ^ stat-ement 0 IjH = H,U0 true?' Explain your ^n^v^r.. 

'.(b) Is -^H-H = H ? Explain your ansvefj ' ^ 

^1 Let A be the set of even counting numbers; ^B^f^the "set Qf odd counting ' 
numbers; .And ^ C the set of all counting numbers, ^ " . ' ^ 
(4) Is AUB = C? Why? . . ^ ; , c 

(b) Is ACc? Why? ^"'^'^ ^ ' 

(cK Is AC B ? Why? . . ' - 

^ * (d) Is . aU B = B U A ? Why? . ' 3 

(e) Is BG A ? Why? * , • 

(f) t)raw a V^nn Diagram to illustrate bCIC, 
, ; (g) Is A.>= B ? Why? . ^ . 

7. (a> 'L^t E be the set of even counting numbers; {2,^*6,8,...}. 

Describe a set F so that kIJ 1^ =^C, when C is .th\ set of 
• all counting numbers. ' , ' . 

(b) ..'*What is E n F ? * - ' 

(c) Could set F 'be some other s etT than 'what you named in (a)? 

8. Given two sets A and B: , . ? 

(a) If AC B, is it true that AIJB = B ? Explaih^'yotrr' answer. -^.^^^ 

(b) If -ACB, Is it true that A QjB ? Explain your answer . 

9. Suppose you buy a cartc^of a dozen eggs. Is it necessary to count the 
- eggs in ordea* to tell whether or not you have a dozen? Why? 

rbraw a Venn -pLiagram to illustrate the problem from the introduction 
about the 225 students taking, foreign languages'.- 
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11. Sometimes a many - to - one correspondence Jbetween.two'' set^ may be defined. 
. If S = {1,2,3, ',31] fiipd- "T = {Sun., Mon.,Tues.',*.. >,Sat.}, with the 
. correspondence given by. the cal(«ridar for July ot any one year, show^how 
'a many-td-one correspondence may be establisTIedl* . . ' v 




12, 'Find. the splution.set for each of^ thfe' following sentences using yftble.^. ' 
numbers.- Show.eaGh_solutipn,onJ^ number line, 

(a) X > 2 "and x < 8, \ ' ^ 1 

(b) X > 9 ^ and"* x < 10. \ ^ , 

Cc) X > U or X <Hiv'^ ' / . 

(d), X < 9 or X > lgU( * . * > 

^ (v^ n(x and x < 1*2) "oiiftx<\ 

. _./.^ ^ . ■ . ■ / ' 

Given set W of the whole numbers ;set 0 ot the odd whol6 numbers, 

show with a diagram haw a one-to-one correspondetjce may be set up between 

these ^s'ets. What othet observebtions can you make abput the matching of 
these two ij:if inite s^ts? " ^ * 



\ 



1, 



■ ikk: 



20 : 



40 



A 



b. No 

c. Yes 

c 

d. ^^♦Yes 

e. Yes 



Answers to Class Exercises 



Only -two examples are given ^here, but c^rtdinly ther^are others, and 
answers will vary. * ' » " •^ * 

a. {1,3,5,7,9,11), or the ^et, of odd whole numbers lefes than 12. 

_^ b. The set^^ counting numbers^ which are multiples of *'lO and also 
less than 101, or thre set of multiples of 10 between 0 and 
UO. . • ^ - 

c. {51,52,53,5^, ••• ), or the sej of ^hole numbers beginning with 51. 

d, 0, ^ or the SQt-of boys in your class over 12 feet tall., 

, a. True. 3 is a member of {2,3,i4-,5). ' 

b. . False. {0) has the number ^^ero in it whei;eas 0 has-^no memb^rs^ 
b\ False .c (0) ^ has aNgiemTl^er, namely, 0. 0 has n^'i^mberp. 

d. False. l5,6,7>8, . . ^^.^^ infinite set containing 17. 
•e. Fa^se. They both* include exactly the same members and are tjj^fore 
equal^. The order in which the members are listed is immaterial. 
False. The set contains all multiples of \ less' than 100 and 
thus includes 32. * ' 

^ff' Infinite. ^ ^ ^ ^ ' ' \ 

v. Finite. It is the empty set. - ^ . . 

c. ^ . Finite. ^' . ' ^ 

d. : Finite. It is' the empty set. ^ 1^' 

e. ' ' Finite. '. ' - 

* The 'elements of set ' M afe 3, 5, 7, 11> 13, 17, 19i and ^3. eS^L you 
s*ay.,the od^l nupibers from 3. , through 23.? Set M was '<;qnoeive^ 

-%et of the first eight o'd^ prince qumbgxs.-' -Moral tJne'lmiS be vezy 
car efj^li^vhen-dslii^ this' notation. '^^'-'^ * T 



6. .a. 






(Ther^ are other possibilities) 

\ 

7>" = '{0}.. Xes. Yes. . . * ^ 

b;VM = {0, 2, 6, 7/8, 9, 10}. No*. Yes. Ses. \bf7, 

c. R = (5, 7,, 9}- R is a subset of S and M. *' 

8. Eight subsetg<^ Sixteen subsets. ,256 subsets. (This, takes the form 
of 2 where n is the number of member sV)f a set.) 




9. a. True 

b. True 

c . False 
^ - d. False 

e. True 

-f . '^rue 

IQ. a. 0 
^ b... W 
c. 

n*. {2} 



J L 



J L 



g. True 
h! Tru^^ 
■ i . T^e 
j . False 
k. * True 
^1 . False 

d.* W 

e\ 0 
f . W - 



3 4 



1/ 




X2. {0,lO 



, 13. 



0 I 2 3 4 5 



3 4 5 



6 



J L 



\ 23^3 4.^.-5?_:fi^; 



f ' . . » ♦ 




< 4 A i — I — I — I I > • 

0, I 2 3 4 5 6 

< I ' I 1 ' A k i i i ^ ' 

0 1x2 34 .5 6 7 .. 

(incomplete) 

<* * * ' * I L-l 

0 12 3 4 5 6 7 

7 



2 3 4/5 6 7 

/ . - ■ ' 

> ' I /I I A L 



2 3/4 S - 6 



c * ****** 



2/ 3 4 5 6 7 (incomplete) 



0 ^1 2 3 4 



22. The set of all whole nujnbers except 6. ^ ' 

< ****** ! ** > 

0 I 2345.678 (incomplete) 

23. {5,6,8,9,10,11^.2,13,1^.15, . . . } 



/ - ^ ^ ' ' * * i * * * > 

0 \ 2345, 6- 789 10 (incomplete 
2k. The set of all whole numbers less than orj^ual to 6. ■ 



: - . ^ — 4—4 — 4 4 " 4 — 4 

f^i ^012 3 4 5 6 7 

25. 15} ^ 

-•.J 1 1 1 \ A-^J 



0 I 2 , 3 4. 5 ^6 7 

26. Let H = the set of houses in* t he d evelopment, then n(H) = 102^4-. 

25. Let F^ = 'the set of houses with a tree in the front yard, then n(F) = 795 
Let ^ = the set of houses with, a tree in the back yard, then n(B) = Qkk* 




n(FUB), = 102if ' 
n(F) +V(B) - n(FnB) =102^"^ 
795 - n(Fn B) = 1021^ 

. n(Fn B) = 615 * 



Chapter 2 - : , 

^ NUMERA^ON*^ , J.. 



Introduction ^ » <^ " . . 

Systems of numeration are invented by men to meet their needs to, express 
number ideas. As civilization has increased these needs, ^ older numeration 
systems have either expanded or given way to improved systems. Studying the 
history of the eai'lier systems "provides background for teachers to* teach the 
structure of* the decimal system of numeration, deepens pupil's understanding 
,/of the^'principles of numeration^ and provides af vehicle for revievTthat is 
not repetitious . 

Through experiences in reading and writing names for 'large numbers, in 
using exponents to^ write new names for nunftj^rs, and in using the expanded f«)rm 
for representing numbers, pupils leari^hat the decimal system may become a 
powerful vehicle for them. Some familiarity with number bases othir than ten 
makes possible a. comparison of these systems with the decimal system, thus 
, reinforcing the understanding of th.e decimal system, teachers and'pupils who 
experience "building" a system to a base oth^er than teti no longer -feake for 
granted the decimal system of numeration. One additional point should be 
emphasized here. While the teacher should fully understand the material of 
this chapter, he must guard against 'spending too much time in teaching this 
material to his junior high school students. The understanding of the concept 
of place value and th^ relationship o^ non-ten bases to the.deciinai system are 
impo3rtant . Bi^t the^ students should not be reqt^red to memorize the J^ables of 
operations or tV-Sef^ter completely the skills of computing in different bases. 
The topic is useful but is not essential for a modern mathematiics program. 

2 Jl « ^arly Numeration Systems . ' . 

In primitive times men w^e. projDably aware of simple numbers 'in counting, 
as in counting "one deer" or "two arrows." Th^ir language indicates "that they 
had not IJsarned abstract words for numbea;; ideas. ^Primitive peoples learned to 
use numbers to keep records. Sometimes they tied knots in a rope, or used a 
pile bf^ pebbles, or ct^t marks jin sticks to represent 'the number of objects 
counted*. A boy counting' sheep "would have ^% * • pebbles,^ or, he^ might 
mak^^otcheS in a stick, as ^^^^^^SI^ • Each pebble or mark in'MThe stick 
would represent a single sheep, in a one-tq-^ne porresponder;ce between pebbles 
»and sheep* • The ^ame kind of retford is made when votes in a class flection » 
afe^tallie.d^ as mk l/\ * ' ^ j '1 



As centuries passed, early people used sounds, or names, for numbers. 
Today standard sets of names for numbei*s are used. A rancher counting sheep 
compares a single sheep with the nam.e "one," and. 2 sheep with the name "two" 
and^So on. Man now , has symbols (l, 3, ...) and words (eins, zwei , drei , . . .) 
which may be usQd' to represent numbers. Word names foi* numbei-s vary with the 
language spoken. For example, • . ' 



Hindu-Arabic Numerals:' ' . 


1 


2 


/ .3 


English 


on'e •* 


two 


three 


German 


^ eins 


zwei 


drei 


Spanish 


uno 


dos 


tres 


, Latin 


unus 


duo 


tresf 



* ^ ^A niigieration system is a way* of naming numbers. It has -^ome basic 
numerals, and it has- ways for making other numerals from them. Different 
systems of numeration have evolved as their need has arisen. , 
\ It is essential that the terms number and numeral be clearly understood. 
The words are 'not synonymous. A number is a concept, an iqle'a, an abstraction. 
A numeral is a symbol, a name for a number. A>, numeration system is a numeral 
system, not a number system. It is a system for naming ^numbers'. 

Of the ancient systems of numeration, perhaps the Egyptian, Babylonian, 
Early Roman, Chinese, and Mayan are the best known. A study of Egyptian 
numerals is given here; it is Suggested that other "early systems may be intro- 
duced by^ using references, library assignments, class reports, and grqup 
projects* Activities of this nature may be correlated with social studies 
by using" the historical period as framework for a ^stem of numeration. 



Egyptian System of Numeration ^ ^ ' " ^ 

One of the earliest systems of writing numerals for which there is some 
record is. the Egyptian system. Their hieroglyphic, or picture,' numerals have 
been traced as far back as 3300 B.C. Thus^ more than '5000 years ago, Egypt-' 
ians had developed a system with which they could express numbers up. to the 
millions. . ^ . 



ERLC 




26 



45 



The basic Egyptian symbols^toe shown below: 
t 



vux ifUlilcX ad. 


iijgypuian oymooj. 


Object Represented 


1 


/ , 


strdke or vertical staff 


^..i-y J 




• 

heel bone 


100 




coiled rope or scroll 


looo 


^ ~ 


lotus flower 


10,000 




pointing or bent finger 


100,000 




burbot" fish (or polliwog) 


1,000,000 


X 


astonished man 



These symbols were carved on wood or stone. The Egyptian system wjas. an 
improvement over earlier primitive systems because i^lncorporated the 
following ideas: " ^ 

1. A singl^e symbol could be used to ^represent the "number of objects in 
. a collection. For example, the heel bone represented the number ten 

2* The basipX symbols could be repeated Within a given nifcig^l. For 

ex8Lmpl|/the group of symbols ^ 'meant 100 +*100 + 100 or 30O. 

3. tes system ^waS based on groups of ten. Ten strokes are equivalent 
to a heelbone, ten heelbopes are equivalent to a scroll, and so on. 



The following table shows how the Egyptians represented pertain num^ls 



'^Our Numeral 


k 


11 


23 . 


20,200 


■5 1 

1959 


Egyptian 
Numeral 

^ 


III/ 


ni 








,^^^<^ nn «f 



Npte that each basic Egyptian symbol means the s'aijie thing fegardless^of 
where it is placed. For example, (]{\ (( H " , and ' I ^ 1 ' ' all ,repVf sent We^ 
same number, iiwelve. This is a signil^icant difference Ifrom jour numeratiok ^ 
system where position plays an important ♦role. In our. numejratipn - ' j 
system, the numerals "12^'* and "21" do not- name the same number. \ 



other Ancient" ^ Systems of Numeration , ' • ' - 

It is likely that^most students at 'tS^s level are f&ni liar 'with the early 
Roman system of numera^pn. If this be the casd, then it would be helpful to 
-^ompdrjs the Roman systelSi to "both the Egyptian and the present deeimaL_s^isi£m_ 
'of numeration. While hised on grouping byotens, Roman numeration also- incor- 
^ porates a. modif ieE^ groijtping by fives as illustrated inr the table below. 

—fi^ — ^ 



Our Numeral 



Roman Numeral 




50 



. 100 



500 



1000 



M 



In early times the Rom ans rep eated- symbols in their numerals the 
same way that the Egyptians had done many years before. Later, the Romans 
made use of subtraction to shorten some numerals. Recall thaf, the values of. 
the Roman s^Tnbols are added ^hen *a sym)5ol representing a "larger Quantity is^ 
placed to the left in t^e numeral.' When a symbol representing a siQaJler value 
is written to the left of a symbol representing a larger value, the smaller 
value is subtracted from the larger.^ The better" student may be interested in 
exploring on his own some of the other ancient systefis of numeration. 

Each of the early numeration systems was an improvement over matc}:^iiTg, 
objects with notches or pebbles. While it,, is fairly' easy to represent a. 

^lumber in any of the early systems >^ ity^is difficult to use the 'numerals for 

^computing such as in addition and multipligetion. It* is not as impQrtant 
, that students learn to_jnanipulate. these nSErals as that they learn enough 
about the systems to compare them with the decimal system of numera^iionl 



Class Exercises 



1. How did the Egyptians represent the nianbers 



2. 
3. 



(a) 100; 1000; 10 7 (b) " 1035 501 ? ^, 

, Write several arf'angeiuerfts of the E^tian nuftieral ^f or the number 1,23^1. 
How would you add i - V ' ' * > i ' 

(a) nnm ^nd had iih ? s . 
M nf\f)n/\rin'ihii and. nnr\/\ itiiiiii ?^ ^ 

r Can you devi:^^ a plan for multiplication u^ing Egyptieln numerals? Try < 
it witilx/^0 l/f times (IHI * ' - " \ i 



2.2 Kxpanded Notation and Exponents ■ ^ ' 

There are many itistances in mathematics in which we use a certain number 
mgre ^than onte as a factor. Examples are found in the computation ,of the area 
of ^ squara, A = s x s; in the volume of a cate^ V = e x e x e; and in the 
volume of a sphere, . V = -jX« xrxrxr. 

Another illustration of the use of a number several times as a factor is 
found in our^ decimal place value system of numeration. The value represented 
V by a digit in^a decimal numeral^ depends upon the position of the digit inSfehe 
numeral. Note^the^ffesrent values represented by the ♦two digits " V'^ in the 
following exam]^le.' - M 

IkQh = (1 X 1000) -H (i|Vx 100) t (8 X 10) + (4 X 1) 

= (1 X 10 X 10 X 10) + (4 X la X 10) + (8 X 10) X 1) 

Teachers are already familiar 'with the use of place value in the deoimal 
system as shown in the table on the next page. However, some may nojb be 
f-amiliar with writing powers of ten in exponential Xorm. For this reason, ^ 
-an explanation of exponents is giVerf. in tiais section. ^ 

Frequently, place values fo-r the decimal system 'are written more briefly 
'by using the exponential ' form . In general, the exponent shows how Tnany times 
the base is* used as a factor in a product. Vaflues^ of the places are read as - 
' follows : 'y ' • > * ' * . 



1,0(56,000 


10^" ' 


"Ten tol the ^ixth power" 

a 


100,000^ " 




"Ten to the fifth power" , ' 


10,000 


0 


^ 4? * 

"Ten to the fourths powei*-" 


1,000 


10^ 


"Ten ^0 the third power" 
• " / 

Ten to the second power" 


100 . 


10*^ 
\ • 

10"^ ^ 


' * 


"Ten to the first power" 


1 




"One" 1 ' • ^- 



All^the numbers represented above are called powers of ten. In 10 

/- - * t •* * ' 1 * " 

the 6 , is the exponent a'nd the 10 is the ' base . In 10 the 1 is the 

•exponent. Since 10-^ equals 10, the exponent 1 is frequently omitted. 

However, 'all other exponents mu^ be written when expressing powers of ten 

ii? exponential -form. ' ^ ^ 

' * 0 * ^ ' 0 

Irf 10 the 0 is the expone.pt. Notice that 10. has been defined 

here as being equal to one.' ^n general; we agree to define a^ =^^1^ for any * 
number ''a except 0. The convenience of this definition will be^:ome apparent' 
'later in this section. ^ ' ^ ' * - ^ 

The ;ise of exponents enables us to shorten' the expanded form of decimal - 
numerals as illustrated bel<5w. * * 

2603 = X 1000) + (6 X 100) + (0 X 10). + (3 x,l)' 
' ^ = (2 10 X 10 X 10) + (6 X 10 x' 10)'+ (0 X 10) + (3 X 1): 
^ " = (2 X 10^) + (6 X 10^) + (0 X 10^) +' (3 X 10^1 

' , * - • -X . ■ : 

The various forms of representing the number 2603 illusti*ate the use 
of expanded notation . Writing a numeral in' expanclji^^^tation explains the 
meaning of each digit in the numeral. T^e form using expor^ents is sontetimes 
simplified, replacing 10 by " 1 as 4hown here. 

32^750 = (3V lb ) + (2 X 10^) + (7 X 10^) +'(5 X 10-^) + (p X 1):^ 

= 30,000 + 2000 * +.-'700 ^ + 50 J, 0 C ' 

Not cjply are exponents useful ip ' simplifying wrrlimg products; they*- , 
greatly ^iirfplify certain computations. Some jexaipp^^f^;cS@^^t4«tion. will,.' 
indicate the of using exponents. In eacS ca^e npte^the relatijonshi*pC # .s. 

' between the exponents of the factors and^e exponent of -the result.* % 

; With 10 as "fhe Hase: , • • * " ' «s. 

. ^ 10"^ X lor = lO 'X, (10 X 10 X 10,X 10) = 100,000 ^ 10^ 

, ' 10^ ><Clof = (10 X lol^x (10 ^ 10) = 10,000 = 10^ 

* - ^ . . ^ 10.^ ^ 10^^ ^1 X (la X 10 X 10) = 1,000 = 10^ 

' ' -With 2' as the .base: 



^\ - ^ t 2^ X 2^ (2 X 2 X 2) >e (2 X 2) = 32 = 2^ 

] ' ' *2^ X 2"^ =''^(2^X a) X 2 ='8 = 2^ ' ' 




With 5 as the base: 



(5 X 5) -X (5 -k'5 X 5) = 3125 = r 



.X X 5^ = 5 X (5 X 5 X 5).= 625 = 5 



Likewise, with a as the "baser , ^ 

.a a = (a X a) X (a X a) =^a 

^ -a xa = ax(axaxaxa) = 

' ^ 0 ' 

a"^ X a =: (a X a X a) X'l = a-^ 

Eaeh*of these examples illustrates the pi^perty that the product of two' 

powers a given^base^can be expressed in exponential form by adding the 

origir^-]^\exponents ♦ In. symbols, this law may be stated as * 
' ^ ' »v , . ' 





•a X a 



m+n 



'6r example, 10^ jXjX)^ = 10^^^ = 10^^. Notice that this Mw l^lds when 
both of the originaL^xponents is zero. For, example, ' ^ 

X 10^ = 10^^^ = 10^. Hence, our agreement to define a^ = 1 when ^ ^ 0, 
makes this law more general.. • • ' 

Vrfien it is neoessary to use large numbers, working with exponents is 
especially convenient. For example, the number 7;000 may be expressed as 
7 X 1,000 ='7 X 10^ ; the number 800,000 = 8 x 100,000 ='8 x 10^ j and t''^ 
number 63,000 = 63 x 1000> 63 x 10^: . !Kie product 7>000 x 800,000 may be 
written as: (7 x 10^) x* (8 x iO^) = (7 X 8)'x (10^ x 10^^) . ^ • u 

The earth's weight is approximately 13,000, 000^ 000, 000,. 000, OC)0>0'CO,\)00 

pounds. Now this is a large "number to read, to write, or to use in computa- 

- ■ « 2k 
tion. It may be written as I3 x 10 , . JVstronom^rs use- ninety-three np-llion 

miles as' the mean distance Jrom the "ear^ to the -^un. This r^umber may be 

expressed by the numera*3rT^93>000>000 , 'by the^rc^uct expl^ession . 

93 X 10 X 10 X 10 X 10 X 10 X 10, or by the Exponential form 93 x 10^. 

The exponential fom of this number is ^convenient for most purposes. " ' * 



t 



Class Exercises / * ^ ^ 
^ • ; .... 

5. Writ?- the following numbers in expandecL notation using the exponential 

form: , , ' , 

(a^-v^our hundred thii^-six ^ 

(b) ^Jv^-<tljousand, -lour hundred nine ' ' ^^jf^ 

(c) , thijrty-three thousand, nine hundred eighty-seven * ^ 

(d) five million, two hundred 'n.fty-six thousand, eight hundred ninety ■ 



eight. ^ ^ 



A 

Decimal Numeral 


|-A 1 , 

/ B 
Product Expression with 
Re pe at e d_^Fa c to r^ 


Exponent :i.al 
Form 


D 

^'^""Pow^rs 
of Teri"^^-, 


(a) . 100 


/lO X 10 


102 




(b) 10,000 


1 




" Fourth 


(c) 


10 X 10 10 X 10 X 10 ' 












, Sixth 


(e) 100,000,000 

t * 









Write in standard form tFie numeral \ndic5ted by: 

(a) X 10^) ^ , • ^ * , 

(b) (3'x 10^) + (2,x 10^) + (5 x'lo^); * 

(c) -(5 X io^.},, + ^(if X 10^) t (3 x^a * ''^ 

(d) (6 X 1(^) +. (0 x^lO^) + (0 X 10-^) :(6 x 1) 



\ 



8. 



'The earth]; s weight , was given as -afeout I3,,000,000,00p, 000,000,000, 000,000 
pounds. Express t^e weight of -^he e'artn \n expohentjal fom. A pound 
is ^pproximately^^^e^i^ to 2.2 kilograms|. Wbat is th^ weigt|t of the eartb 
in kilograms? i ' ? ' ' | ^ ' 

; ■ .. 1 ' ' ' 

Dii^M ever hear the name "googol" used for numbe^,? Gopgol is the 
name given to a nun^er writteni^s' "i" f|)1^6we(J by on^, hundred zeros. 



Express t?iis numbei) as a ."power of 10. 



2.3* Numeration in Other Bases • ' ^ * 

There are many familiar activities that utilize the*concept of grouping 
of nuiii|?ers- other than by^ tens. Questions such as these, ol:^sen from activities 
of daily living' rather "^than ^roni the context of a mathematics book, may act as 
a springboard for thi^ section. • . - 

^ ^ * ' - 

< How many eggs are 2 do ten eggs? 

^ f^*' How many nickels in 2 q.uarters? 

^ How many persons sing*in a double octet? 

^ Howjnany days are in 2 weeks? ^ A* 

How many persons compose 2 Ibables of bridge?* 

How many wheels are, pn 2 tricycles? 

How many shoes are in 2 #pairs? 

How many trousers 'jji l pair? 

^ ■» 

By investigating other, number bases, we become more aware of how our 

decimal system works. . < ' ^ 

. * • , ' \ ... . I. 

Base Five ^ ' • - - , ^ 

In Studying the decimal system of numeration, we grouped sets of object^ 
by tens, an.d chose names for the place values that were based on powers of ten. 
The decimal system^ of numeration J^s *a "base 10" system using ten s^irtbols for 
building the system. ^ . ^ 

' * — ---..^ ^ ^ ^ y 

^ ^ Le,t us 'look at a "baae 5"' system which groups sets of objects by fifes. 
In this system, powers of i5 determine the place*values, and five symbols^ 
such as . 0, 2, 3, h ai^ used, for building numerals in the system. Suppose 
the set of ih objects represented by x*s in the figure below are grouped 
into sets of fives and ones as shown. ^ *' ^ 

(Tx.x X x^ X 2 sets of fives and ^ , % 

' 5xTT^ X X, ^ ^^^^ 

This grouping may b^ recqrd^d as ,2 fives and h. ones, or more simply ^y the 

numeral* ^U^. . This numeral is* readT/^wo four, .base ^ive.''^ it'is necessary 

tq use the w^^itten^.subscr.ipt "fiv$" to, designate the' base J•iv^^^groupi^g. " 

If one more "x is added to -the set shown, above, we would hsLve.the 

ifollowing wheri grouping by fives: ' * ^ t*' . , * 

( ' ! ^ 

> "C^^ X X x)/^x^\ ^ ' 3 set.s of , fives and 

0 sets tf one^ 




We can repres^ent the number of * x«s in this set*as 30^.^^. -.^^is is read aS 
".thr^e zero, base fivi^/' and represents the number fifteen.' ^ 

^All grouping in the base five system .is by powers of five. Thus, if an 
X is added to the set ^hovn at the left,, we^cpuld group by fives to get the 
figure at the right. ' • , - ' - . 




X X X X 




ih groups of fives 
and h ones) 



« ♦ 
(l 'group of five x five 'and 
0 fives and 0 ones) 



Iri'-'base five, we rewrite 5 ones as 1 .five^ 5 fives a^ 1 twenty-five, 

^ and so on. l^the figure at the right above, if five is considered a. group, 

xthen "5 ^ives inay be associated with a group .oi^ groups. ^ 

•Place values'in base'five numeratipn ar^ powers of five. Notice lioi/ the 

powers 'Of five ^re used in expressing 1231^.,^ iti expanded form. ' 

X 1 ve A 

' ^^hive = ^ + (2 X 25) + (3x5) +. (; X 1) 
, - - , ^ • = ,(1"^ 5*x 5 X 5) .+ .(2 X 5 X 5) + X 5r+ (i xl) 
•■ ' (2 X 5^) +-(3 X 5^) + (1 X 5°) 



Not6 tha.t in t^his example the^ e5tpanded notations use-ba'se ten symbols. One 



might ,write^^ 1231^, as 
five 



-1 



in the "expanded notat^ion. For psychological reasons we use the notation ^ 
^involving base ten numerals; most of us think quickly and with more^ feeling, 
^ in base ten. ' - * ' ■ ' . 

But what does the numeral ^1231 mean w^n e^tpressed in other ^bas^l^ 
^231ten = i2'x'i£>^) + (3 X 10^) + (l xlO^) ' 



ten 

'23lsevin =-(1X7^) (2 x T^J^V (3 X /).>;(l k 7^) 



Nprmally,' When a numeral is ^written in base ten the ^^ub^cript vord "ten" is 
omitted. In trie remainder of thi^ chapter, if nb base. is indicated with a 
' numeral; it ;;an be sefumed to bo." in t>ase ten. ^ 

4^ Teachers are e«cotiraged to limit the time devote^d to the study- of number 
-bases otiher-than 'ten. It is important for; pupils to strengthen- fheir back- < / 
, grocuid^by comparing ^he structure ofl^such systems ?^ith that of. the decimal sys- ' 
: ' tern. Place value arfcFat her concepts of structure are:, learned from the stud^. 



Quarters, nickels, . and pennies may be used to illustrate examplejs in base 
^, five using no 'more :bhan three places (digits). Since 5 pennies eg.ual 
1 nickel^ and 5 nickels equal 1 quarter, grouping of these coins lends 
itself to grouping in base five. . — . - —p ~ ' 



Class Exercises • 

^ , /. 

10. \Look at^the example in the diagram.^ ' 

(a) How many sets of five x's are shdwn? 
How many single x's remain? 

(b) Express the number of x*s> as a. base five 
numeral. Then read ^the base five numeral.; 

^^ylet 



11 



CoimLetV the chart: 



Base Five Numeration* 
Sets . V 



--X 'X X- X X X X X X X 

xxxx^ xxxxx 

X X X X V 



„£iyes 



ones 



XXXXXJ xxx^xx 
X.X X X X XX 



fives 



ones 



xxxxx xxxxx 

XXXXX 



fives 



ones 



Base Twelve 



Cx ^ X ITx ^ 
Cjc^xx^x^^ 

X ITxp 



Base Five 
Numeral 




In t|ie base ten system of numeration the place values are powers of ten 
and ten digits are needed. In the base five system, the pilace values are 
' powers of five and 'five digits are needed. / . I 

Consider next a base twelve system of nume rat ion ^^^tyfol lows that the 
place values in this system would be^owS^s of twelsFe and/Xhat twelve different' 
. digits would be needed.-, This'means that in. -addition to /he digits 0, 1, 2, 3> 
"^y 5^ 6> 7, 8, and 9 we. must assign two extra digits/ say T and E, to 
represent ten' and eleven. To represent twenty-three,^ the number of x's* in 



^the^dSagi^ below^ as a bas^ twelve numeral, we would need t9 group by twelve§« 



\ 



xx'xxxxxxxxx 



Since^we get one group of twelve and 'eleven ones, we would write IE ^ ^ 
- ' I • twelve 

Some' other bage twelve numerals- are listed lUre. See if you can verity the 

value of each. * 



* ^ sixty-two^ = 52^welve = X 12^^) + (2 x l) 

one huntoed forty = ES^^g^^^ = (E. X 12^) + (8,x l) 

two hundred sixty-six = = (1 X 1^) + (T 

^ . we ye ^ 

Although this addition of symbols to the system for- writing numerals 
inconvenient, base twelve has commercial *es.. Grouping by twelves lends 
itself to. the business world in activities such as buying eggs by the dozen 
and pencils ^>y the gross (twelve x tweiVe). * 




Base Two 



Another farailiaT system of numeration^ uses two as a base.> ^Commonly called 
tl^e binary system it uses only two digits, • '0 and 1, ' ^ 

See if you'carrxerffy the value of *,the following binary numerals. Remember, 
grouping is by Ivjro's inr the binary system. I / A * ' 

: . i A^teen = /f X a?) V (/x '2^) + (i x +• (1 X 2^) 

twenty-two = 10110^^ = (1^x2 (OX 2^) -P/l X^2^) + (iX 2]") + (O X 2^)' 



one^ hundred forty = 10001100 



two 



Because 'the binary • system uses only :two 'Symbols ^'it is 'particularly aclaptedrto 
Ihe "on" W "of f " -Tswitch requirements ^of modern" computers* Howevei*. becauL * * 
of the limited-mumber of ^digitsl. JLn^the system, it is hard t^'draw a good com- 



P^rison to th$ decimal system. 




0),., 




■ 3? 6' 



Sumnlary ' , ' 

j The following chart^ is helpful J.n understanding better the numeral 
sequence for ^lace value numSration systems with different bases . 



Twelve Ten Eight Seven Five ^ Four r> tl^ree Two 

*-l 1 1 1 1 ' 1 1 - 1 

^ 2* '2 2 ' 2 -2 2* • 2. 10 

' 3 '3 3 3 -3 10 ' ■ 11 

k k' ' k ' i+ ^ h , ■ 10 11 " . 100 

5 5 - 5 5 . 10 14 12 101 

6 6 6 6 11* 12 ' 20 * 110 



I 



7 7 ,7 10 12 , '13,^ . 21 111 

8 8 lO 11 . ^ 13 . 20 \ ' 22 ^ 1000 



9 . ^ > 11 • ' 12 1^^ 21 ^' 100 • 1001' , 

. T ^ • 10 12 15 20 s 2a 101 ^ ^ lOia ' 

E . 11 .13 ' li^ . ^ 21 23 102 1011 
, - . 

10 - 12 li^ V 15 22 OO. ' 110 ' *110b^ 

. * 11 13 ' 15 * 16 , 23 31 111 ' 1101^ 

12. ' 1^. . 16 ^ 20 ^ 32 ' 112 1110. 

Ik i 16 . 26 ' 22 31 . ' 100^ 121 10000 

H ' ' ' A'. ■ V ' ^• * ^' 

~15\' ij 21 : *23 32 * ' ^101 122. 10001* 

' 16 , 18 22*^ 2i^ 33 slCfe 200 10010 

^ n , 19 . 23 25 3^^ 1P3'\ -.201^ 10011 

18 . iO - 2i^ * §fe UO * . ^lio"-': ■ 202 ♦ 10100 



Note that the base naraeral always appears' as 10 when written in -that - 
pai^ticular 1)ase system.' Similarly, the second power of the base (base x base) 
is 'indicated by 100 in that base J , * 

It is important that teachers ^nd their students gain an undel'stStidiQg 
^of the structure of numeration systems with different b|ses, and. that they make 
Comparisons among, the systems. Memory* work is not 'necessary in this particular 
study. 

V 

* ** 

Class Exer(Jises « 



noryjwork is nc 

} ' ■ 



12. ^Complete the following table. 



Base 


place, Values 


Twelve 










Ten 


thousands 


hundreds 


tens 


ones 


Eight - 


« 








Seven 










Five 










J^our-** , 


sjLXty-fours 








Three 


• • 


t 






T\?o , e 





















13 • Draw a 'diagram, using x*s, to illustrate feach of the numerals given. 
Cirole groups of x's :as indicated by "the base^of each numeral. 



'ta)' 211. 



three 



(bO " idlo 



two 



(c) •ii3. 



four 



15. 



I'or ea^h^part of Exercise 1| jfrit^ the numeral in' expanded notation^ , 
I usirfg'exponenrt's'r" 7 ^ * ' ' < i 

Th^e^ diagram represents a set of seventeen objects. In eacfi case com- - 
plete the sentence giyen and theA represent the \iCimber in the corres^r 
'ponding 'jbase . ^ <. ^ I 



(a) Separate the. set into grbups of twelve^. 
There are twelves , andr J pnes. 

Ob) 'Separate the^se|i into groups of ten. 

/ The're are . y teng.^gg, . . . ones. 

(<r) 4^parate the set into, gr9ups of eight. 

There ^re • eights and> ^ ones. 













X 


X. 


X 




X 




-i 








X 


X 


x^x 


X 


• :? 


X 


X 








X 


X 


X 















ERIC 



39 



58 



4« 



(d) Separate the set' into groups of seven. . 
. ' There are sevens- and ones. 

(e) Separate "the ^t- into groups of fi^e.*' 4^ ' * 

There are fives and ones. ' . * * 

(f ) Separate the set into groups of four. 

Thire are four x fours, ^ fours and ones. ' 

(g) S'epara^^e the set inlo groups of three. * , 
There are three X threes, ^ threes and ones# 



fh) Sep^ar^rte the set into groups of two. 

There are two x two x two x twos, two x two x twos, 

^ two X twos, ' > ; twcJs, ones; 

2.^ Changing from One Number Base to Another 

' , . *In Section 2.3 w^' learned that a particular *set of objects may be' grouped Ijy 
tens, by sevens, or by other numbered groups greater than one. Ihis means that 
we can represent the same number by different niinerals when using different bases. 

Cdnvert SE^^^^^^g to bjase ten. • , 



3\welve'='(3 X12^) ^^^^ >Cl) 



Convert , 23T. , -^to base .ten. , ; • ' " - 

- r tvelve^ . t , * . ^ » , 

a- ' \ ^ (2^X 1U)M- (3 X 12) + ("T x'l) - 

/ _\ ' ' = ;288.^ +. 36* V 10 _ -'^ \' . 

= 11^ - ......... . 

■ - ' " ■ • ^" 



Class Exercises \^ ' • 



16. By means of expanded notation, convert each numeral to a* bajse ten numeral; 

'(a) -231^''^ • (c) *101011^ (e) 66;^" (g) 3Tr , .: ^ 

^ ' four ^ ^ ' V two • r ' eight twelve - 



Changing from Base Tep to Other Bases ^ , ^ ^ . 

You^haye learned how to change p. numeral wri'^en in base seven to the - 
cbrre'slDonding base ten numerals* -■It'.is .al%o possible to change f rom^ a base 
ten to a base seven numeral. Let us see how this is' done. • 



J i .• 



In basa seven, the values of the places are powers of seven. 



7^ = '7 = 7, 

7^ = ..7 X 7 = ' ^9,. 

= n ^1 xi = 31+3, 
= .7 X 7 X = 2i;oi, 

and feo on. 



• • • 

: Suppose that we wish to change from the base ten decimal, nuineral 12 tc 
a corresponding base 'seveh numeral^ Inslfead of actually ^oapi;f?g ^n^rks, we 
first think of /grpups or 'powers of slveii. What ,ig- the la?gls^ poJ/er of seven 
wh3,!ch is contained in 12 1 Is 1 largest? How about; T {^9) 

7^ <3^3) ? Only 7"^ and .1. are small ' enough to be. contained in 12. 
Hence, 7 ' is the largest power of sl^en included in -12. ' To'-flM hbw many 
3evens are contained in \ 12, we divide r ^^^^ . . * * 

* • " • ^ ^ . - ^ V • . J\ 



pp^lW^g^1:f.;i ^^evfe^^\C)0n1>ained in ,"-1^; the Jen 
+here_a>^]j>|^ ''-^■'^^^^^ -'.t-A ■ . •'• :.■!■.' 



'emainder 



. J_- I. 



The quotient" 

5 means that there_a);^]^|' p^^^;^n^-oY^r-:^. <]^o^ys are'abletp write. 4he base-, . 
tpn numeraii^lg as bA^^^^sfev^THu^rSc^ 



K Consi^l^ijext irh^-^^ 6k\^ Jo wri^fe thTs in base seven, \^e. first 

V tiJ^i^^i^th^i^iCges^ 611. This, is 7^ or 1^.9. 

,^.^V^^us, we can •"write; ' • ^^r'^T'*' " " I Tf^-j- 

-\ >*^ " 't ' ^, = (? X 1^9) + (? x7y+ (2 X 1). . , 

N.^^^^^^^'C^-^st divisi.On'. shown ei^les us to xepla'ce the first b3,ank 

-space with. 1./'- However J' tl^e.'rem^jider I5 still contains 
'/ \ the first '*^^ower bf .sevSri. A second divis-ion, this time by 
"> 7, , givers ,6'^ i?emainder ^t, 1. Wp-may now complete the • 
':>^ \ ^ seji^tence as/ . . ^ , > , • . 

'i^r'-' 4,, ' 6if = (1 X ii!9l + (? x'7) +,(1 X 1)! ' , 

; •■. -. • ... seven , ^ \ *• 



'■r,. 



1. 

' 15 ■ 

:7- 115 ■ 



Let us change the decimal numeral ^2h t© a base seven numeral. 
Recalling again the powers of seven, we select 3^+3^ as the largest power 
contained in ^2k. Dividing by this' power gives * 
a quotient^ of 1 and a remainder of l8l. " 3^3 | 524 

Next, we divide this remainder by the largest iBl^^^ ^ ^^^^^ 

remaining powbr of sevpn, We continue 

to divide each new remainder by decreasing , 1 — 

49 I iol 

powers of seven. Now we are able to write, ' lj+7-^(3 X 49) 



'ig, expanded form, the sentence: / 



1^ 

■ ' • • ■. h ^ 

28-*(ii'x 7) 

- -E-^{6 X 1) , 

52U = (1 X 3^3) + (3 X i^9) + (ii X 7) + (6 X 1) ! 

-(1 X 7^) + (3 X 7^) + {h X 7^) + (6 X 1/ • 

= 13^^ ' . < ' * 

seven * 

In changing tase ten numerals to base seven, firsx select the largest 
^lace value of base seven (power o^^seven) contained in the number. Divide 
the number by tl^iSj^power of Seven ^rfd find the quotient and remainder. ^The * 
quotient is the first digit in the base seven numeral. Divide the ♦►remainder 
by the next smaller power of seven and this quotient is tlie second digit. 
-Continue^tp divide each 'new remairifeter by '^§:th Succeedingly smaller , power pf 
sev§n^*-Lntil dil the^'^xemainlng digits ^the base seveh numeral^:^^-lPb(ina^ *. I 
In ct>nyerting basp ten numerals to base four numerals, the same procedure 
is used this '^me with di"Vision being power-s of four. A3 an example, 
change the decimal nUB^ral 53 to a base four numeral. The powers of four 
are:' » ' ^ ^ ^ ' 



' 1, m, ' = 16, = 6K, and so on. ^ ' 

^^hese, of course, become the place valaes of base four numerals. Successive 

division by decreasing powers of , ^ rp#- * 

V ^ 1^ I 53 • 

four give the results shown ✓ Thus, ^..^ 48-^(3 X^l6); 1 , . \ 

we may .write: . ^. ^ k JT-* (l x h) ' ' 



«53 = (3 "x 16) + (.1 X k) + (1 X 1) 

= (3 X k^) + (1 X h^) + (I'x 1.) ^ ••' 



1 —(1 X 




r 



As another example, 



! 113 = (1 X 6if) + '(3 X 16) "+ (O^x 4) + a X U 
' = (1 X hh + (3 X h^) + (0 X 4^) + (1 X 1) 




■four ' 



• To cjonvert base ten numerals to base five numerals, study these examples: 

/' 105 = (4 X 25) + (1 X 5) + (0 X 1) , V 

= (4 X 5^) + (1 X 5^) + (0 x.:l) ' 

780 = "(1 X 625) + (1 X 12^) + (1 X p) + (1 X 5)' + (0X1) 

= (1 X 5**) t (1 X 5^>'+ .(1 X 5^) + (1 X 5^);fi(0 X 1) 

= 11110^. . * \ 

five ' . ' ^ ^ 1^ 

V ' . I ' 

\ 

By divisions such as we have performed in e^lier examples, you may ye^-ify 
theafe cpnve^f^^ns. . - f ^ - » ' . 

' Thus, by^the use of the expanded notation, we are able to do conversions 
from base. ten numerals to numerals in other bases and vice versa. 



. 



17. Change these base ten numerals to 'base sever5 numerals: / 

(a). 509' 
...^ (b) 31- - / ' 



(e) 2560 . • 
•(f)'. 686 

(~g) ' ^*>'> Y? ^ 
jffiti) 2kgp * 



18. Change these base ten numerals to the base indicatedt4> 



(a) 85:=_?. 

(b) ' 21 = ? 



-four 



-four 



(e) » 124 = ' ? 



(c) , 250 

(d) ' 250 

■f.fve 



O .1 



i*3 . 



6^ 



■'•11 ./ 

—four 

1 



-five 



2.5 
1. . 



2. 



3. 



*Just .For Rin 



People who work with iiigh speed computers sometimete^ find it easier to 
express numbers in thi octal, or eight,^ system rather than^the binary 
systefn. Conversions from one system to the other can be done very 
Can you diRcovf ^r tl^^ mftthnri iigpt^? 



Quickly. 

? ^ o ' - * . 

An inspector rof weights and measures carries a set of weights whic^ he 
uses to check the accuracy of scales. Variods weights are placed on a 
scale to check accuracy in weighing'. any amotint from 1 'to ^6 ounces. 
Several checks have to^be made, because a scale which accurately measures 
^5 ounces may, for vari.ous reasons, be inaccurate for weighings of 11» 
ounces and more. , . • 

What is the smallest- number of weigh"6s the inspector may have in 
his'^^et, and what must their weights be, to checlj the accuracy of scaXes 
from 1 ounce to 15 ounces? From 1 ounce' to 31 ounces? 

This problem is related to ^he weighing problem posed in the intro- 
duction of this book. It is also related to the binary numeration 
systemf Do you see the relationship? ' . 

(a) Convert the base five numeral Sl'^S^T to a base ten humeral. 

* five 

(b) Convert the baae ten decimal numeral 2^,76 to a base five ncuneral. 



■Usp_ of base 'two 'thinking. 











'k 


12 


5 








7 


• "l5 





» / - - 


8 12 




9 13 




10 Ih 




• 11 15" 










ard (or cards) 



Directions: Malce a set of cards as shown. T6'I1' a -person to think of a 
number between 1 and I5 and tlien to tell you on 
it appears. 

You- can tell him the number by getting the i^um of the first numher 

on every card named . 

^* ^ ^ , , > - 

Example: The number I3 is shown on card6 A, C, and D» Add 1,' ^, 

' ' * ' '41 

and 8 'to find the number. ^ 



51 



k fuller discussion and extefision hit this card device may be found , 
on piage hi of the Teacher'^ Commentary for JunloT High, sfhool. Volume 1, 

pafE-fi. • . • . ' ■ • " ' ' 

.An interesting discussion and aetivities- on card punching a^jpear in 
a fr^e booklet^ Mathematics in Ac^on , which is obtainable from the 
Irfstitute of Life Insurance, 277 Park Avenue, New York, N.Y. 

In the marble* problem posed in the introductiorrof this book, the number 
of weighings required to locate the heavy marble among a; number of 
ftiai:t5les was determined. Complete the follOvring table. 



Numbei* - 

of 
Marbles 


I23^0o78i 


^ 10 11 12 13 Ih 15 16 17 i8' 19 20 
^ 


Jl 22 23 2lt 25 ' 26 27 2^ 


dumber 
of . 
Weighing? 


0 112 2, 2 







No\r write the base three numerals for thfe numbers from 1 to 28, 
Dp you j^See a pattern between the nufnber of weighing^ requlr^^d ^s listed 
in table^vand the :?ox^rfe'sponding base three numerals* representing- ^the 
numbei^^of marble? vveighed? Using this pattern, find how marjy 'weighings 
it v/ould take to do^a corresponding problem with 87 marbles. 

* 

Chapter Exercises * . _ , . 



1; -Write the following ba^e ten numbers using 
(l) E^^ian numerals * 



> ^(i) Base ^even'numeyals 



•(a) 19 



(b) 5-3 



(cy 666 



(d) i960' ' 



V/rite each, numeral below 1^, expanded notation, using the exponential 
form. « * ' ' ^ , 

(e) 17. 



t (a) X00^\ 



five 



(b) • 1110. 



two' 



(c), 201] 
^.{d) aiO, 



three 
four 



^ e^.ght * 
"^tvelv^ ' 

J ^^ten 

(h) 100 ^ 

seven 



i 



— 9 

In the base given, J-epresent one less -than each number represented in ' 
ExeiUJic^ 2. . , ' J . . , • , , i ' i 

Suppose you are paying each amount of money^sted in the -left Column. 
Bul^s of the game are"(l) that you use only quarters, nickels, and 
pennies, for payment, and *(?5 that you use the smallest number of coins. 
Complete the table. 



Money ^ 

Example ; 
29 c^nts 


Number of 
.Quarters 

1 


Number of 
Nickels 

0 


Number of 
Pennies 


Base* five 
NujSyral 


'a. 37 cents 










b^ cents 










c. 99" cents 










d. 15 cents 








^ £ 


e. 63 cents . 










f. $i.2U(l2i+ cents) 












Make up a base five system using 0, /, ^, ^, and □, for symbols , 
••representing the numbers 0, 1, 2, 3. Represent the base ten numbers 
a- --^2if in^ your- System. // - i« . * - . ^Jj....-J. - 



Represent ^each of the givert numerals as a base ten decimal numeral, 



) '?^^3^five 
, 36\ 



(c) T5E^ , 

. twelve 

(d) 20031 



Represent each decimal ijumeral iu'the base indicate^. 



^^a) 713 
(b) 



-sx^ 



-tvo 



, (c) 155 = _L 

(d) ^33 *? 



-tvelve"^' 



-rfour 



. Represent^ '21i^j^^^^ as a base eight numeral, 



ffERjC 



A. 



1^6 



65 



^ Answers to Clads 'Exercises -j 



1. (a) 

2. " f <^ ^ onn'iiiC i'l'^ ^f>(?)i I (in, I etc. 



3. 'First, arrange the symbols in t^^ same order: 



(a) 



on ur 
nnnnn mil 



It becomes aeries of additions. 
Add nn III 5 times. 



f^) r)nn/in/i/i imi . 
•_n n^nn' II 111 1 1 1, . 

' Mn/\n/\r{/\nnnAn(u(iiini 



Change to ^ Change to Q 

. '"^^^'^^ ?nn lu 



(a) (h X 10^) + (3 X io];,).^6,x 1) 



(b) (5 X lo3) + (], X IQ^) + (O + 10^) + (9X1) 

(c) (3 >i 10^) + (3 X 10.3) + (.9 X 10^) + (8 X IQ^) + .(7X1)'-' * 

(d) -(5 X 10 )+(2xio5)+(.5 X io*)4-(6xio2.)+{8xlo^)+(9xio-^)+(8 x 1) 



' 6. 




.A , 


ih — : 


/ c 


D 




Number ' * 
Decimal Numeral / 


Product Expression with 
Repeated (Factors j 

< - ^-f 


Exponential 
Form 


Powers ' 
of Ten 




(a) 


100 


. 10 X '10 


10^ 


Second 




,(b) 


10,000 


•loxioxioxio 




' Fourth 




(c) 


. 100,000 


^ '10X10)^0X10X3.0 


io5 ^ 


Fifth 




(d) 


^1,000,000 


Kl>^o>do>dOxloxlo 
loxioxioxioxioxioxioxio 


10^,^.- : 


Si-xth . J- 




(e) 


100,000^000 




Eighth 



- 7. 

tJ 



(|) ^fOO,000,000 

(b) 3,020,500 



^(&)/-5&,oo3 

(d) 6,(^ 



13 X lo'^ , 2.2 X 13 X 10^'^ \ 



.100 



10" 



.- 10." ' (a) . 4 ^ 



(b) 2 



(d) ^four> two, baj6 five 



1 ' . 



t. 



f 12. 



Base 




— ^ — 

place Value 


* i 

0 




Twelve 

Ten 
^ Eight 
• Seven 

Five 


One tho^and seven \ 
hundred twehty-eight 

Thousands 

Five hundred,, 
twelves 
Three hundred 
forty - threes 
One hundred 
,twefity tives 

Sixty-fours 


One j;iundred 
forty fours 

(^Hundreds. 
Sijxty fours 
Fo^ty nines 
Twenty fives 
Sixteens 


/ 1 ♦ 
< J , 

Twelves 

t 

• Tens . 
.^Eights-. 
'/Sevens 
Fives 
Fours''- ^ 


Ones ;' ' 
Ones 
Ones 
Ones 
» Ones 
.Ones 


Three 


Twenty sevens * 


Nines ^ 


» Threes ' 


Ones 


Two 


Eights. 


Fours 


Twos - 


Oness^ 



i3- ^a) 







X 


x\ 


X 


X xV 






X 


X 


X 1 


X 


X X I 


X 




IX 


X 


xj 


lX 


X xj 





(b) 



111. 



' ) fx X X x\ r x\ 
— ^^"^ 

.'-^ - w . 

(a) .. 211^j^^^^ = (2 X 3^) + (1 X 3^r '* ji' X 3°) 

,2 



(c) 


]x 


X 


X X 




X - 




'x 


X 




X 


X 




X 


X 




X 


X o 






X 


3c X 


w 





(b)- 1010, = (1 X 2^) + (0 X 2^) + (l,"x*FT''+ (0 X 2"") 
two 

:(,c) 'ii3f'^/==Ti^x ^' ji 'x hY'^'\3i k^) 



15.' (a) 15. 



twelve 



(b) ¥1. 



ten 



(£) 101 



(c) 21 



i 



eight 



(d) S3 



seven 



four 
(h) 10001^^^ 



1.8 .^.7 



16. .(a) -231^0^3, = ^2 X k^) +:'(3 X It) + (1 X 1) 
= 32 +■ 12 +■ 1 



ten f, 



353^^^^ = (3 X 7) + (5 X 1) 



21 



= '36 




ten 



(c) 101011^^^ = (1^^) + (0 x-2 ). + (1 x^^3) ^ (p ^ 22)+(lx2)+(l X a)' 
32. + 0 + - 8 ■ . + ■ + -2 + i 



(d) 212^j^^^^ ='(2 X a"^) + (1 X 3) (.2 X 1). 
' =18 + 3 + 2 



. (e) 66 



eight ^ 



'(6 X.8) + (6 X 1) 
ten ^ 



V- 



(f) i'+'lfive = (3 X 5^) + {k- >^5) + (I'xl) 



75 



20 



-= 96. 



ten 



(3 X 12^) +'XT X 12) > (1 X 1) 

1 ^ 



T0;^3j^^ = (T X 12) + (O.X 1) ; 
^ - 1S0> + -X) 



120 



seven' 



17- U) 509+ "-Tl3^ 

. -^ten seyen 



- ':_J:^ • - • 3 
3^3 . " ihri 



ERlCv 



68"" 



ten seven 



• .-ten seven 

U) 350^ = loio ^ 

^ ' *^ ten seven 



(e) -^500^ = 10201 

^ ten seven 



7 rii. 

^ 3 



A 



3i^3 [350 
/ 3*^3 



0 . 1 

2 I 

7 0 

0 



0 

T[0 
0 



2ii01 f2500 3^3' [99 ^9 F*9 7 fl 1 
2H01 2^ ' 2 * 

-99 '99 11 



(f ) 686^ = 2000 

ten seven 



2 


0 

49 fo 


0 


. 0 


686 


0 


0 . 


, 0 


0 


*^.o 


* V 


0 



(g) 6. =^6 

^ ten ' seven 



\(h) 2ii00^ = 6666 

ten ^ seven 



343 I 2U00 
• 20^8 



^6> 



>9 1352 
295 



6 

7 PJB 



I (a) .85^ = lilU 
^ ten- four 



,(d) .250. ■ = 2000.. • 
// -ten „ five 



: ' 1 

21 



1 

16 [21- 
16 
% 5 



1 

IX- 




^ ' ' COMPUTATION IN BASES OTHER /THAN' TEN ' V^ / -iCJ/a^ ■ * 



Introduction 



y^"^ One f)urpose of Chapter 2 was to reveei the ' siagjc^ure of the decimal system 
bx^xamining similar structures in other systems;,, fdr instance, base five. In 
this chapter, 'intended 'as a sequel to Chapter 2, opeTratiqns are p^f ori^ed in 
^4 some of the bases.. Such cpmputation^has t^, values fop seventh grade students: 
(1) It provl^ea- practice in 'the fundamental operations free from repetition 
1^ .the base ten wbril in elementary school mathematics j and, (2) it strengthens 
both their skills in and understandings of operations with decimal numerals 
''rather than just supplying more computation, : ' . " 



• '^SnphaMs here is placed- on base five computation, with suggestions and 
/ » probl'^mk f orr other bases . The teacher m^ wish to refer to the base seven 
study presented iri..Chap^:er 2 of the Stude.tit's Text, Matheuiaticsf for Junior 
High- Sclpol, Vo^ume^l,^ Part 1; and in Sttlci:^^ in Mathematics , Volume VI. 
Additioh an^,malti^!WfflSon facts should^'^h^^^ memorized but the process and 



^ understanding^ should b^' stressed. ' To^this^' en(^^cQ the atldition and multipli- 
cation tables, .liaye been developed, tl^y'^should be^ma^^.available to the studbnt 
for reference when doing compu1>ation. . Teacher^s .should tag^aih be cautioned 
against spending too much time on wdrk with other numbjerr^* baseik* We would hope 
that, poorer students may gain some understanding of the algorithms/an&' good 
students become proficient inl computations. We do rlofwant teachers>to drill 
all students to the point of boredom for better students,*'^ and frustration for 
poorer students. 

3.1 Addition ' ' ' . ' ' 

We are going to explore, addition in several bas'es other than ten, with 
emphasis on-^ase *five,.- Suppose for the moment that we are "moon people" and 

I • ^ ' ] * ' ' * * \- 

hat Tfe-counvby fives because there are five fingers on one. hand*. .Students 

begin addition in Ijase five by finding^ sums 6t simple pj!'oblems such sfe: _ 



J 



before we ^ can g6*fa3rther into addition in .base five, we 'shall consider 

• . ' k f ♦ . . ^ „ 



,-vhat addition algorithm re|iJ-7 meails in* 



se ten. An algorithm^'is' a way 
of recording -the -Uiough-t processes. In base .,ten ad^tion' 1^ us talk about: 

^ , * 1 35 = 3 tens + 5 ones 

+ 56 = 5 tens -I- 6, ones 



tens + ll ones 



tens + 1 ten + i' on6 = 
' 'S tens + I'One, ='91 . 



"To add 35. and 56^ "it is impractical^' to draw' 35^ x«^. ^nd 56- x's^l'group 

thea in tens and ones, a,nd 'then count the number* of tens 'and'l^he 'ntmiber of 

. ones, even though this is what we really mean by additioif 'of .^lole numbers. 

f 

To avoid^his cumbersome ^inethod, ve break the problem dcrw^uiiito several small 
problems as indicated in this figure. - 



XJZL 



I3IE 



TTT 



TTT 



TTT 



TTT 



T-rr 



I M I I 



' ' » ' I 



I I I '1 I 



I I I M 



f.l I M 



I ' I > ' 



t I. I I I 



□ □ □ □ a Q 



Let, us 'combine th-e small boxea representing ones: 6 = 11. Coinb|ning the 

, larger boxes representing, tens, .we have: 3 +' 5 =' 8. Now 11 " small boxes i& 
the -same as 1 large bo^c and 1 small box! The total, tilen, is 9 large 
'^bxes +.1 smsll box. This sum is recorded*,as a written numeral in the 
addition -problem. given ^kbove. ' ^ . ^ .-^ * 

. ' ^We ijiay think of any addition problem /4!n this way. In base ten i/t involves 
small boxes (I's)^ large 'boxes (lOJs), giant siz^.boxes. (100' s), econoirlj size 
lio^^es (a,_00O«s), i^amily size boices (i0,060's), and so on.- Thinking this wajr 
, in the last problem; we did not need to 'know the comb|.nation 35 + %\ we only 
needed to know ^5 + 6 ar^ 3* + 5. . if .this line of thought is pur.sued, 'one is 
soon' convinced that any\a"ddition problem, base ten, may be dorle' if one know^ 
the entries, in the table of additioa combinations. Likewise', addition in any 
base can be performed given the, table of addition cpmbinatioh's in that.}|^se. * 
Our algorithms exist to eliminate .this physical a^^roach to prbblems. Vfeen 
we perfor!ia> mechanically, the addition 35 + $6.- 9I, we are indicating this 
procedure without^thinking every step through feach tim^ as^we did earlier, 

^ li'et- us now make a base fi^* table tJf-^ddStion* '^^e study of subsequenfe.^ 
■Chapters i^ll reveal several properties which kllpw us'\o extend tne- basic ■ 



t' - - ■ 



^ . \ 'J- 



w 



Addit ion Table^3ase Five 



combinations to any numbe;r in '.the system Making an addition table for base 
five identifies. the tji/enty- five. .basic addition combinations to be used in 
tjomputation. ' 

In .teaching a seventh grade class, 
the/addi^ion table for base five can be- 
developed ^in class. This could l^e 
accpmplished by preparing th^ array 
and inserting only a portion of the 
i^t'ri^s; students can assist in de't^r- 
mining the appropriate -entries for th6 
remaining *5paces . , ^ , 

Now let us return to addition in 
.base fdVe." A technique teachers may ' 
'use with their classes is to demonstrate, with objects such as stars^ the 
I'ollowing additions in base five.^^ 



r 1 

+ 


0 


1 . 


2 


3 


k 




0 " 


^ 1- 


2 


3' 


I V 


1 


1 


,2 . 


3 




10 ' 


. 2 




3 


' k 


10 


11 


3 ' 


\ 3 


'k • 




11 


'12 


k 


k 


10 


11 


- 12 


13 



★ ★★★ 

k 

five 



+ 

+ 



^five 



★ ★★★ . 



10 



five 



"five 



12 



five 



The ^oncept of grouping by fives i§. to be emphasized*. * 

If the expanded notation developed earlier is folloved^^ thinking through 
base five addit io,n," then we have: (usfng the addition table) 



22^.' = 2 fives + 2 ones 
five 

+ Ik^. = 1 five + k ones 
five 



3 fives +'11 ones'** 
= 3 fives + -(l five + 1 one) 
= . (3 fives '+ r five") + 1 One^ 
= k fives +^1 one ^ 




Olf/serve that the notation *'ii o^Tes" is baSe five notatlcm being used iji..a y^asQ , 
•five problem. 'Here are several more examples express,ed in some whs^t 'simplified \. 



■/7- 



■ ft: 



' ^fiv^' = '2. ^^^^^ ^ ^ . ^' 

•'•Ave » • iviJ^ 




\ fives 



=.•10 fives + 0 ones ' 

- 1 five X five + 0 fives + 0 ones ?::'100- 
.■ ^ " ; five 



^^^f ive ^ ^^^^ ^ ^^^^^ "** ^ ^^^^^ 3 ^^'^ " V ' 

+ ^^3^ive " ^ ^^^^ ^ ^^^^^ "** ^ fiv^es'^-) 3 qnes . \ ^ ^ 

^ five X. fives + 11 fives + 11 ones A 
=» 1 five X five x five + 0 figre x fives + -2 f iV^ +. 1 .one 

= 1021 . 
five 

' * 

In e^ch of these cases it has been necessary to "regroup". Regrouping in ' 
bas$ five jheans renaming - . . *' . * 

" "^^f ive *^ "^^^^ ^ 

10 fives as 1 ^ fiVe x five • ^ ^ ♦ ' 

^ " ' I ive 

- . ^^five ^^^^ ^ fives as *1 five x five x five. 

This corresponds to the base ten regrouping which means rena^ning ■ . - 

10 ones as 1 ten . ^ ' * ^ « • . 

-'^(^, • «. . , * 

10 tens as 1 ten -x* ten • * 

^ ' ' • 
^ ' 10 ten X tens- as 1 ten ten x ten« , 

In any base regrouping involves an exchange between place value positions 
as shown; groups correspond to -the*. :^Qwers of the base being used. Thus, 

'/ . ^^five "^^^^^ - S^o^P fives, while 

^' # *^^seven "^^^"^ ^ group of . sevens, and • ' , ^ 

' *^^three ^ group of threes. .> > - * ■ 

The term regrouping us^d here is the same process often referred to in* 
' ^ base ten 'as "cariying." V/hen teaching addition in these and otlier bases it isf 
" "^^^^^ ^^"^^ stydents cohstriict addition tables for ea^ reference... 

■> •• ; • • • ' . • , • • 

■h? " / ^ ^ ' ""^ • ' '* . ■ . ' . ^ ^' 



lit-"' o ■ r * •-.•^ ..\ . : ,^-?3 



Addition Table , Bas^ Seven 



• Addition Table , Base Three 



+ 


0 


1- 

• 


-2 


3 


h 


5 


: 6 




+ 


0 


1 - 


2 


0 ^ 


0 


1 


■ 2 


• 3 


.k 


5- 


6 




0 


0 


•* 1 


2 


1 

• 


1 


2, 


- '3 


if 


5 


6 


10 




1 


1 




10. 


2 


"2 


. 3 


k 


5 


6 


10 


11 




2 


2 


' la 


11 


3 


.'3 


h 


5 


6 


10 


11 


12 










h 


k 


5 


6 


10 


11 


12 


•13 










5 


5 


6 


10 


11 


12 


13 




• 








6 


6- 


10 


11 


_12 


13 , 


11+ 


15 











A special addition- with regrouping occurs wjth denomina^ljoLUtibgrs . Tabie.s 'of 
measure determine the grouping. Several 'examples, ^ov 'that regrouping" 

0 

V - 



with addition of denominate numbers. 



3kZl feet 

* + ^890 feet ^ ;^ 

8311 ' feet = 1 mile + 3031^e6t 

h gi*ams , 2 decigrams 8 centigrams 

+ 2 grams 7 deeigrdms 7 centigrams 

\€ grams- 9 decigrams I5 centigrams 

= 7 grams 0 decigrams ^ centigrams 



1 m. 8 dm. 3 cm. 5 mm'.. • 

+ 5 m. 5 dm. 8 cm. 3 mm, 

6 m. 13 dm. 11 cm.' 8 mm. 

7 m. k dm. 1 cm. 8 mm. 

3 weeks h days- I8 hours 

. + 2 weeks 8 days 6 hoars 

5 weeks 12 days 2^ hours 

. = 6 weeks 6 days 0 hours 



Addition in base faVe pr in. any other base may be checked i)y' renaming 'the 
numerals in decimal notation and adding. For example: , " — 

^' 

' Base Five Base Teh 



21 «^ 
five 



11 

+ Ik , 



ten 



The addition^of two numbers -is reVesented below iir^fo.ur dif f erent Jbaseg , 
'-Verif j^. that each is the s^ame problem simply j^xpressed in a different base 
f ix>m. therotrtTS^s^ 



Base Q^eri 

299 ; / 

326^ 
ten 



Base Twelve 



twelve 



- + 23 



twelve 



Sase Eight 



•Base 'Three"' 



32002. 
+ 1000. 



three , 
three 



232 



twelve 



"50^ 



eight 



33002. 



three 



Addition in bases otjier tl^an ten is included in a seventh grade mathe- 
matics progj^am because it helps to clarify addition in decimal no'&'atioh while 
az ^ae^oame 4,ime illustrating certain number properties. The words "r<2group" 
, or "rename" are found in many commercial textbooks; they are^pref erred by most 
elementary school teachers over the term J' carry/' which they replace. An, 
application of regrouping occurs in "Addition with denominate numbers^ as seen 
in the examples given in this section,-^ ' ' • , ; . 



Class Exercises ^ v 

,1. Complete the following rable Sho\ang the bas\c addition Jcrabinat^n^ for 
base eight* ' . '•' ' ' 

♦ ^ Addition J^able, Ba^se Eight - . , ^ 



+ 


.0 


1 


2 


3 




5 


6 


T 




















1 


















2 


















3 




































5 
















* 


,6 

* 


















_ 7 



















2. Add the following, piloting the base in which each is iJritten. 

*^ ^3i#'^ » (-"tk^f**.. ^5^' 



"^five 



^ = ) ^"^^eight 
\ g°^eigl>t 



+ ih 



five 



1 



J' 



V 



Check each .addition in Exercise 2 
base ten. 

Add- as indi.c^ted. and cheek using base five nuifer^ls 



first changing the numerals ^to 



(t). 35 
■ + 10k 



ten 



5. 













Add: 










(a) 


- two 




■'(c) 


^3five 




+ llr ' 

, two 






'^Sfive 






32nve 










^^five 




'^Sfive 








+ 


^3five 



(d) 2k 

2h 
2k 
2k 
'2k 
2k 
2k 
2k 
- 2k 
+ 2k 



(e) 26 ' 

seven 

26 

seven 

' 26 . 
seven 

26 

seven 

26 

seven 

26 

seven 

+ 26 

seven 



Explain the connection bei^en .the addends and trie sum fpr each ^art. 



- 3-2 Subtraction 



4^. 



Most people learn to subtract in base ten by practicing certain subr 
traction combinations long enough to 'become thoroughly familiar with' tijem. 
Suppot^'^we pretend f^ the inoment that you a® not know, the answer to the sub- • 
•traction 9 ^ 5» The ^answer can te^found in the base t^n addition table. The 
questHon you really need to answer is "^/hat number, when added to^ 5, yields 9?" 

3- *®. -5 -6 




^ 



'57 



^6 



The table show^ that addition may ^ used to solve subtraction problems 
Siitce ^^5 = 9^ i"t is Implied that 9 - 5.= Subtraction is 
operation of addition. In a latfjr chapter the concept of i,nverse operations^ 
will "be discussed in more detail. 

Using only the base five addi^on "^^^^ verify that each of these sub- 
traction .problems is correct: , 



J 





2 = 

five 


^five 




h 

five 


^five 


■^^fiye ' 


five 


five 















Jr A simple subtraction problem in base five, .where no regrouping is 
necessary, is shown below. 

" ; / 3li' . ^= 3 fives + k ones 
five ^ 

21 = 2 fiyes +' 1 one 
five — 



I ive — ^ 

' ^ 1 mve + 



3 ones = 13^- * ** 
-^five , 



More difficult subtraction problems involve regroupinSf Jiylst as we reviewed 
regrouping in addition^ let us look at an example of regrouping in base ten 
subtraction.*^; ^ 4 ' , 

^ 55 = 5 tens + .5 ones =• h tens + 15 ones 

- 27 = 2 tens' + 7 ones = 2 tens j^^7 ones ^ 

2 tens + 8 ones = 28 



Let us consider a similar subtraction prob^Bfusing base five numerals. 
Notice how* the logic of the bage ten subtraction process using re group ing«ha§'* 



been followed. 



kl . =A fivess*»+wJ, one = 3 fiyes + 11 ones 
live ^ ^ 

- 25^. \~ 2 fives -i- 3 ones = 2 fives + 3 ones " 

five ^ ' ; " 

. ^ ' --.r-.^ ^ '1 five + 3^one^=*l3 



five 



The diagram telow illustratesyhow the, same problem can be repx'esent^d by * 
showing regrouping, as the partitioning of a seti. This method is frequently 
helpful Un explaining ^t he operation pf subtraction to students. 



^1 
23 



five 
'five 



^ Base Five 



X XXX X 
X X X X X 

x/x X x;x 
X X X X .X 



X X X ,Xi:^X X X X X X 



X X X X X 



X XX X X 



Another example of subtraction using base five numerals is shovm here. 
Again note the use of regrouping. ' 



1 five X five + 0 five^ + 0 ones- 
2 , fives + 3 on^s 



= fives + iO ones 
= 2 fives + 3 ones 

2 fives + 2 ones 22 



five 



Following a similar procedure, te^cl^ers ^m^iy guide students through sub- 
traction problems in' otiher -bases • For example: 



21 
12. 



three 
three 



2 threes + 1 one 
1 three + 2 ones 



1 three + 11 ones 
"1 thi^ee + 2 ones 

~' ' ; — 

2 ones 



"three 



grjiiped 



as 1 three and, 



Note here that the 2 threes and 1 one were re, 
11 onyes in base three notation. * ■ ^ ^* - 

. Subtraction in any base may* be checked by c^angihg^the numerals -^O; decimal 
notatiotv and then performing the corresponding -subtraction with b§se ten 
numerals,. .As an alternative procedure , teacher's may prefer the addition 
method of checking subtraction prol^ms^ This procedure gives more practice 
in using notation in bases othejr than ten- Each of the subtraction problems 
Qf this section is checked here using the corresponding addition. ^ 



Problem;''^!^^ 



5? 


five 


'100*... 

, five 


•r**^^^three 

^ three 


■28 




• 22n;; 


^three 


- 27 


■ ^^fi^e^' 


^-^five 


+ '27 






+12 ' . 


^28 • 


^'%ive 


"^"^five 


' ''^ ^three-' 


,55 






21Tv, - 
.three 



Check: 



" • - 1 . 

Just as with addition, the subtraction of denominate numbers provides 
opportunities for students to 'develop skill* in regrouping numbers used in 
expressing measurements. This functional^aspectf of ^regrouping is i^lated to , 
the study of measurement in Chapter 12. Here is an e^$ample of ^ subtraction 
with denominate nujnbers: 

6 m. 3 cm. ^ = 5 m, 103 cm. = ^ b. 102 cm. 10 mm. 

-2 m. Ip cm'. 3 nun. '= - 2 m. 1$ cm. 3 mm. = -2m.' Ig^^cm'Ts 3 mm. 

,3 'III. 87 cm. 7 mm. * 



Clacs Exercises " ^ ' 

6.^ Perform the indicated subtractions^ noting the base in which each is 
wi^tten. ' ^ ^ 

twelve -^seven -^^eight 



7» Check the subtraction in Exercise 6(c), both « 

(a) by verifying the subtraction in base ten^ and 

(b) by using addition in the oijiginal base. . . ^' 
j0 * * 

8. For each pair of numerals, use =, >, or < to' make a true statement. 



(^) l^seven"-, ^O^our ^^^Hvo ^^^three 



Ier|c 



. 60 



3.3 Multiplication 

. * ' • i i 

Multiplication is included in a study of bases of her than ten because it 
» reinforces Ktal^tipli cation concepts in base ten, it server to .illust'rate cer- 
tain* number properties, an^^.t is a vehicle fopr multiplication 'of denominate 
numbers. ' 

The number of ^basic multiplication ^ombinat'lons is determined by "yae base. 
'^Vfiiile in base five there are ontly »25 basic combinations, base twelve ha3 1^^, 
and base two has k. Developing the multiplication table for^base five iden- 
tifies tlie basic multiplication combina- ' - ^ ' \ 

tions to be used in computation. Multiplication Table , Base Five 



Teaiji^ieirs may wish to develop the table 

as a class activity. This rJlay be 

accomplished by preparing the array 

and inserting only part of the entries. 

•Students can t^hea obtain appropriate 

♦ 

entries for 'blank^^^gaces . The teacher 
can offer guidance as indicated in the 
following discussion. Once ' completed/* 
the table should be left o'n the board ' ^ ' ^ 

for easy reference by the students when doing mult ipli cat ipn and division. 

/ST^riSiUiUiitional technique that teachers iriay use to help stu&nts develop 
these basic mutltipli cation facts for the table' rela;^ets multiplication to 
repeated addition. Multiplication of/counting numbers is a shortened form " 





0 


1 


2 


3 




0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


h 




: p 


2 


h 


11 


13 


3 


0 


3 


11^ 


Ik 


2^ 


k 


0 


k 


13 


22 


31 



of addition in the special case where the addends are eq.ual. 

7 



For- example. 



hlvQ ^ ^five 



may be written -as 



k^.- + k^. + k^. . The '-multiplication, can thvts be 
five five ^ five ^ ^ ^ / ■ J^^ 

illustrated by objects in an array composed of thr^e rows of h objects- each^ 



X X X X 


X X XX 


X >; X X 


X X X X 


X X x-x 


*-;>}C X, X X'- 


. five -f-lve~- five- - 





!Ehe objects ar^^^gj^ped by fives ..as shown ^t' the right.' 'Both "Efe sum of ^ 
the addenda and thp p/oduct of the fagtors .is" 22^^^^. Notice that the,j)ro- 



duct 22, 



■five O'^'^Y - places in^ the milltiplication table,"' for ^f^y^>< ^five 

"and for 3^^ * X 4/ - Thi-s illustrates the commutative property fox the 
-^five 'five ♦ 

multiplication of ^ whole numbers. ^ 



61 



80 



Before ve consider ^the ujje of the table in multiplying with base five ? 
' numerals, we^^should look again at multiplication in ba'se ten. In multiplica- 
tion we not only use the basic/multlpli cation facts, but aJ so a kaoi/ledge of 
the powers of ten.^ Although you are familiar with the multipUcatlon algorithm 
--we review it here. . " " / 

732 ' ■ ' ^ 

. ' ^ '^32 - 7 X (700 + 30/ 2). 

(7x2)- ' - (7 X 700) + (7 X 30) T^Cr^ X 2) 

210 — (7 X 30) = (^'900) + (210) + ilk) 

k900 (7 X 700; ^ ' = 5124 

5124 ;^ 

^ ten . * , ^ ^ 

In vei-tical foim the multiplication s]iovs partial products and how they « 
are obtained. The mliilj4.U4^ati^ shown in horizontal form uses the distribu- 
tive property. Because' 732^^^ is a three-.place numeral, we recognize that 
we have three partial products (j x 700)> (7 'X 30), and (7'x 2). , Takifig 
the sum of the partial products in each .fasf ^^^Mfty^es renaming. - 

Now let [i& Wamine a similar multiplication using base five numerals'.,^ 
Consider the product: ' ' 



2„. X 2kf^, 
five five. 



The vertical form of: multiplication again showa^the partial products and how* 
they are. obtained.- ^ i ^ ' 



five 

- ^ ^f ive • . . / ^ 

(^five ^ 2^ive) V V ' 

>• 130 '(2^. X hO^. ) . * 

five- .€ive^ 

, • . ^00 (2^. X 200^. ) ' ' 

lo?:,. ^^^^ ^^^^ ' ^ 

.five • ^ , 

Sometimes ^it iqr helpful to the stVde^ to. express such a problem usitig . 
eicpanded notation^ so that the partial products are listed in horizontal form.^ 
This .clearly shows how the basic ^multiplication ^f acts from the^table are' used. 

^^^f'ive = "^^ >^ five^) + {k X five) .+ (2^0^)"^ ~" 
^ "5f ive " . (2xone) ^ 



;.ERJC 



2 ' i 

(h X five ) +^(13 X five) + (4 x one) 

= (1 X five^) + '(6 X five^) +..(3 X five) + (4 x one) 
five . , , \^ ^ 



7 62 -81 



■ \ 



Multiplication in \ase five may be checked )?y ^changing the^uineral's to 
base .ten numerals^ performing tlie multiplication, and comparing the t'^o products, 
as 'in the foirowing:* ' ^ . " * / ' 



^^^^five 
^ ' ive 



. 72 , 
.X 2 



ten . 



.1 ^ 




A base system of numeration makes the computation of cervtain *produ.cts • 

-routine/' In any base. .the numeral 10 names the base. For example, 10^ 
. / ♦ - N ten 

mames ten, ^^fiyg names five^ and 10^yg2.ve ^^^^ twelve. 'Shus, using ba^e 
^en numera.ls, 10^ 10 is the. square of the base and is written 100. Using. . 

*base five nume^s, 10 x 10 is ^Iso the square of the base and is 'ATitten 
100. Itojice tj^at in any base 100 denotes the square of the base. Similar lyj^ 
10 X 100 in any base denotes t^ie base times the souare of the base and' is 
written 1000; * - 



We show a use of this property in the following problem: 

' ; 3^^fivc = t3 X five^) + (2 X five)- x onej 

(1 X five) "+ (0 X one') 



X 10^. 
five 



Using base f^VQ» notation throughout this problem can be rew^^itten as: 



X 10-,. 
fwe 



10 



five 



^ ■ [3?,K(lOO^,^^x 10,i,J]+[2x(l0^.^^x iq,i,,)]+[';x(l^.^^x 10^.^^)] 
^ [3 X 1000^.^^] + [2 X 100^.^^} + -[i. X 10^«^J, • /■ 

- 3t)00^ive ^ 200^ive ^. ive ' . .. ' ' 

The- ^aj3?i^ protj^em written inT^iortenea ;"orm appears simply ^sj 

*?^^five • ' ; . * • V . , ; 

^ 'X 16^. . ' ' 

f . five ^ , 



'3000; 

32U0. 



five' 



"82 



63 



7 



V 



' -tor multiplication an other "bases it is^ desirable first to develop the 
tables showing the basic multiplication combinations* Base seven and base 



. three tables are' given here* 



Multiplication Tab3>e , Base Sev^n 



X 


:• °' ■ 


-1 




^3 ' 


k 


5 • 6- 






0 


0 




0 . 


0 ■ -0 ' 


' 1 


0 


1 


■ 2. 






5 ■- ."6 


2 


. 0 • 


2 


1+ 


6 


lA 


13 °3a 


3 


0 


3 


"6 


12 . 


15 


21 2lt 




i °' 


k 


. 11 


15 


22 . 


26 . 33 


5 


0 


5 


13 


21 


26 ' 


3i^ /1+2 


6" 


0 . 


6 


15 


-2k 


33^ l+i-' 51^ 









— -^^ y 






1 




1 


2. 






• p 


0 


0 * 




'/I 


• 0* 


1 . 


^2 










2 


0 


.2 ■ 


11 ' 


i 











Some examples of multipllcatioji. in these ba«es are shown here*- 



• 563 ' 

^5even 



pllcatiqi^ ir 



3^2 

seven 

X ^63 • ' ' 
seven 



^Pseven '^'^seven^ » 

h20 — (5 60* . ) V 

' . ^"^seven seven . ^ 

V seven a seven) 

; Ifli^l 

seven- 



1356 — ; (3 ' X ^k2 ) 

-^j^^ Wsev^n .vseven\ 

30U50 (6(0 X 3^2 ' 

— — ; s^ven - • seven 

32136 



seven- 



212 



'''X/^^*''^ .-X 2 



•three, 
three 



^121. 



^^three 



thf^e. 

" ) X 1$.. 

*/three - 



201 
X 20 



>^'2thre4 : j\ 10^2'— {24^^x121^^^:^) . 
X 10^, J.y ' ' .^^ ' 



"three 
Jthr^e.^ 



11020 



thtee-o' 




)'^\ ^^210;-^-XlO^^'^^^Xl21,^^^^) 



.hree-^ ".^"ttTr*e ^ _ 2222^^^^^^.:- _ 



^The multi^XiioatLQnfet, the'^ r^^it ma^aisd^*4![eje4cpressect Msj-ftg the folloylng 



development: 

-i* *i 




Y 



A epeciaO^ aspect of *grouping .in multiplication is found in obtaining 
pfortducts where denominate numbers are concerned. For example, "How* many weeks 
an4 ilEQrs are in three, groups of, 3, weeks and h days?V 

• *• - ^ * . * - > • ^ » • 

\ - s" 3 -weeks + 4 days . - ; ' 



X -3 



9 weeks + 12 days 
10 'weeks + 5 days 



^In this example days are grouped by sevens to make weeks. 

. Many i'te*ms are weighed by poundjS and ounces. -..For example, .John is 
mai-ling i| . |?ackages, ©ach of which weighs 2 pounds and 5' ounces. He 
nee^is toM^now th^ total weight of the packages. 

2 pounds^ + 5 ounces 

. ^ * 

• • ^ ^ o pounfl^ +, 20 ounces 

• ' ' * = 9 pounds + 'k ounces* i 

From 11.nea3jr4a€;^surements we "find pix)bl ems 'such *as these: 

o 

ft. T^lin.^ 



h yds^ 



16 yjls. Sf ft.' 28 in. 
'19 yds. 1 -ft: k tn. 



2 m. , 35 cm.'' 

X^ 

10 m. 175 -cm 

11 . m. 75 cm 

> * • /'' 




. Clas£ 



ircises*. 



7S; , Multiply as indica-ped: 



^ ^(a) 



X 2^. 

five 



^ ^ five 

' X 



10. MiilV^l^ly as 'ihSicated: ' ' 



: (a) ^ ^00 



300 n 
f , seven 

seven 



m 




' .(b). 200. * 

t . three 

^/x 



11. Check Exercises/ 9(a) and 10(a) using base ten nianerals< 



12* ' (a) What is "lO^r X 10^. ? 10^. X 100^. "? • ' * 

five ,^ five • . five five 

' . (b) Jfeat is 10 ^ X 10 ? '10 X 100 ? 

^ ^ seven seven seven seven 

* ^ • • , . 

• (c) \^at is 10.^ X 10. ? 10^ X 100^ ? 
^/ , tvo two two two 

/■ " ^ . • ' 

- . (d) .^What is Jihe pattern .yOu observe in (a), (b), and- (or)? 



'13^. Compute the following^ regrouping as necessary: 



r 



,(a) il^- yds. 2 ft. 5 in. (b-) 2 ra, 27 cm. h 



f- 



X 



X ^ 



3.^ Divisibn 



Teachers may^dsh 1;o reg^i^^ the*, topic of division aa opijional f or 's.Qpe 
classes, or tjerTreS^ lt~ axo'ng with the study of multiplicai^ion. Both dis- 
c.ussioij dnd exercises are included here for those who wish to pursue tlie ^ 
'Section. -Once again, te^^chers are urged not to spend an excessive amount of. 
time on this work with other numbei* ba^es in their seventh grade' classes. 

For- eount^ing numbers we may thinly of multiplication "as 
repeate,d addition. As division is ^o undo multiplication^ 
we may think of division as repeated subtraction. Th§ 
following' example- shows continued' subtraction of 5* from 
^0. We may ^^ndicat^ tjiis process , by writing 20' -^ 5 = 4, 
where k represents the number. of subtractions possible 



before reaching 



a .r.emainder le^ss tjian *5» 




objects pai": 



This approach to division may' be shown ^with a'set^of 20 " 
titioned into subcets of ^ives. The model shows* ^ subsets, each^ containing 
5 ♦ members, 'thus illustr,^ting 20 -f 5 = 4. • , 



Perhaps the most useful technique for teaching division relates division 
to multiplication* As examples; in finding the missing i;actors in multiplier- 
tion problems such as'/ ^ . , ' x 



irx ? = 20 



and 



5 X ? 20, 



we are actually^inding the missing quotients in the corresponding 
p^obl 



lOnding^cdvision / 



' 20 4. .4 = ? 



. and 



20 + 5 



^Studehts should 15 e^ well drilled in the relationship between these two opers/Klons* 
Not only mil this help them to feee how the multiplication tables in various 
bases can^be us^d to do division problems, l:?ut it will also give them good 
backgixjund for their work in'^ algebra. ' 

Consider the following division problems using base five numerals; 



lU. 

five 



"five * five 



The corresp'pnding multiplication problem 
can be written as: 



2 X " 11 ' 
five five five 



times what number gives 11^. 5 
five - ° five 



The iriissing factor, 3^^^^ • can be found in the base five multiplication 




table as shown** Thus, we have the quotient:' 



• y , 'mother siifiple divisions using b^'e f ivjLTgtunerals can be perfdrmed in a 



■^■^f ive ^f ive " ^Sive ' 



similfir way usin^ the 



base five ifultiplication Jalple. Use this method to^ 



Verify each of the. following: 



Tive ^five 



"^fi;v€: 

I 



■ five ^ five "^f iv^ 



'1^ -^2 * =t 1| 
''^five five • five 



While the usfe of physical' models is a good learning device, we cannot 
depend upon drawing models |to represent, divi^^ons/ where larger n^imtoers are 
concerned* Nor can we always find quotients by direct inspection of tlie mul- * 

rtiplication table. Consequently |Using an^ algorit|hm, which is, a. way of record- 
ing'.or of processing ohe^s thinking, (is helpful^ I ' . N / 



Think of computing 76O 20 wi€h decimal numerals using two forms, of the. 
^algorithm shown. 



Either 



» * 






/ . 


/— 5 




f 




rrSo 
600 




20 1 7^0 
. 600 


30 


160 
160 




160 
160 


■a' 


0 




0 


■3« 



f the divi^on -records the thinking required/to answer the_ 



division l^Qr-h 20 = ? which is suggested by the sentence 20 x ? = 760. - 

In terms of partitioning a set, we may consider that: ^ 

' ' \ . ^ 

(l*) a set of 7^0 . objects has been parl^itioned into 20 
^ 4 equivalent subsets, each containing 38 m'embe^sj'or 
(,2) a^set of 760^ objects, has beien partitioned into subsets 

.-(^ntaming 20 members each, with a total of 38 such subsets. 

To ^s-^ sucl^ an algorithm /with base five numerals we need to recall the 
role that- the vai*ious groupings' such as 



play as 'factors ife multlpli catijbnS . ^ For example; 



10^, , .100 " , 
five' five' 



and 1000 



■five 



23 



five 



23^. X 100^; • 

-f?.ve- five 



^300^ 



5ive - 

/v*^five five fivel*^ 



We 'can use these f^icts tt> do^^Cert^h divisions -such, as: 



230five-^l°me^23,,^e 



2300^, . 
five^ 



Kioo^, . = 23^. 
five fpLve 



♦4 

f. 



1000 



five ' 



-^^ ''How -do we- approach a division. such as 233^/ k^, ? Let us use the 
; - . . ; live . five, 

^^%iv°^.^^Sorithm ahd certain base* five multipiicatijpn comMnations . 



'^f iv- I Vive 




(^five X = ?2^five> 



^We ^.^five 

4V 



^•3fiVe)«. 



Note that the products Ifsted at the right in the illustration slpw the 
corresponding ^ultiplicationa needed. Each, of course, comes £rom'a basic 
multi^G.ication foand in the table.. . * "* 

We can apply a similar jorocedure for divisions with two-digit divisors. 



23 



five/ 



1 321^1f ive 
23000 ^ ~ - 


1060 


hlkl 




. 2300 


100 


I3UI 




*12^0 


30 


101 




101 


2 


0 


1132^.^ 



' 32OGO 




five 
(remainder) 



^1000 



100 



1101;.., 

five 



ffhese two divisiojis may be expressed simply as: 



.and 



^3rive#.^^32^ive 



r ^ ' • . \ J 

5'243..\^^ -5- 32^. , ^ 1101^. with remainder'' 11^. ' . 
five^, five ; five ^ * five 



:r Thetse divisions can be checked using base ten numerals. Teachers may, 
prefer to check division problems by using mu!ltiplication in the. indicated 
base. ITh.^ tv?C) division examples in base five are checked by this method. 



TooirV 




It ife suggested t-liat, divSidnTrTa!^ than ten be *aipprpached by ^ ^ 

conjstructJlng the ta&^e'of ba^^ mdIti^ltcati(m|jD^^ fol* -bbat base. ' 

>udh an, approach *sm?5ejigl inverse of mui-' *^ . 

;iplicati*on. To^^hlye ^eani?^^ ;djvis^on^r^^^ must.^^late to^ JiuUiplica- >>^^ ^. ; 



/ » . Class Exerci ses 

* ^ •• — : ^ • / 



. Perf^ip the indicated division^. 



(a) 112,,,.„ 4,,..„ ^5) 302 --^2.. 



five five 



''five ; :^^fivfi:"/' 

(d), roifO.. + 23^. 
' ^* . five --^five 



15. Set up a table of multiplication combinations far base three. Wrfom 
the indicated divisions and ^heck by multiplications ' • ' . ' . 



(c) , 10010 . 20:^. 

- " three three 

(d) 1220., ^ + 12^. ^ 

- three three 



Chapter Exercises 



1. Use the array you made in Class Exercise 1 and add each of the following. 



Check jcour answers "using base ten. . 





(a) 


^^^eight' 




■ 20^eight 
















•1064*. 

eight • 


.(d).. 


- eight, 










5^'^eight 



44 

eight. 

+ 237 , ^ 
eight 



i 

% 



2. /subtract in b^se. eighty using the numerals In parts (a), (b)^ and (c) of 
" Exercise 1. Check your subtract^n using base ten numerals. 

3. Multiply -using b&se eight niunerals: 



X • 5 



height 



(^) 741 . 
^ eight 

- eight 



4;- Divide using base eight numerals': 
^ightf3^^' ' ■< 



.(^)^^3,,ghtJ'51«>eight 




5. Write a division 'sentence suggestedby each of the following product^:^ 



*(c)^ Base seven 



26 



seven seven , seven • 
33. 



^-seven ^ ^seven 



n X n 

S"even seven 



seven 
100 

seven 



(a) Base' ten: 

, 9 X 8 =: 72 
.ve X Bo 

5 X n -= 25 
if X n = 24 
n X 10* = 100> 

(b) Base, five: 

?five^ 2f iYe " -^-^f ive 
' t ^ive^^five.= 31fi^e- 



6. Find the value of each n (noting the 'base" indicated) in Exercise 3(c), 
'7*. Some completed problems are" given below; name the ba*se in which each 



problem is stated, 
(a) 32 



. (b). 63 

■252 



(c) 2k 
X 4 
132 

(d) 33 
X 14 

■ ..242- 

33 

1122 



.(e)-, 13 



8. In base ten the finral .digit of ari even number 3,s 0/2, h, 6, 8.^.^ 

(a) For- base two tlQUjieration, what ife the tirialL symbol of Ian ^ven- numbir? 



9.. 



(b) Answer the' skie question for^baLe threei 

the square 



^ base t^n numera^ion.ifche final di^it of 



t>r a number is 0, 



1^ 4,;.5,"6; or 9^,\ . . , 

(a) jin bas? t\lp riot^^ilon what may be sa'ij. about thej final,, s-ynibol of the 1^ 

o 



(b) 



square of. a /lumb'j^r? 

Answer- the same-qWfetion -for ]?ase threeV 



^ lO. it possible to substitute..base*ten digits. for the, letters is 



ft- 



,SEYEN 
4- EIGHT ' 
. //ELEVEN ^ 



. ; 'SO tWtja correct addition result.s? A letter ^aiwpys reprejw thei^same. 
t;\ - . " ^^S^"^ ^pd to 4igit is' represented by more than one lettei^. "^^'^ - / ' i * ^ • 



Answers 



ers to Class Exeycia^ 







\ 














0 






3- 










0 




1 


2 


3^ 


ir 




o 


^ 7 


1 


. 1 


' 2 


3 






6 


7 


10 


1 

•2 




3 




5 


6 


J 


1 r\ 
iSJ 




3 




2; 


; 5 


6 






11 


IP 


J, 


), 

# 


5 


6 


7 


10 


11 


12 


13 


5 


5 


e 


J ' 


10 


^11 


12^ 


13 


\k 


.'6 


"6 


7 


10. 


11 


•12. 




14 


.15 


7 ; 




10 


11 ■ 




13 


11^ 


15 


16^ 



2, 




five 






•22 = 
five 

'*Ofive = 




(b) 


i ve - 


■I' 


4^ 





Xb) 112_ 

five 



- (c) iiOO . . 

eight. 



(d) 616 . 

^ eight ^ 



(2 X 5)>+ (2 X 1) - 12 



(1 X 5)> 
CV X 5) 



M3 X 1) = ^ 
t (0<x l)V'2p 



X 5) + (3 X 1) 
(1 X 5)'+ (iv ic_l). 



= 23 
= 9 



(d) 



■^•'"''eTghF 
201 ". 




(1 X 5 ) + (1 X 5) + .(2 X 1)= 32 
"(IX 8^) I (7 X 8) ' "(7-x I) ^- m 

;i,.x li = 129 
) = 256..' 



(2 X 8^) + (o x 8) .+ 
= (^V 82) +- (o-x.S) •+ 



- r 

(Ol.X. 1 



321 . n. 

eight 
616 / 



ht 



(3 X 82.) + (2 X 8) + (i X 1) = S09 
= (2 X 82)-+. (7 X 8) '+ (5 x'l) = 189 
= (6 X 821) .+ (1 X 8) ; (6' X I) = 398- 



+-318 



ten," 



393te„.' 



-5..- (a) 110^,^^ |. 



:3?0five. ^ 
f^Sfive -■ 



^^l 32D^ 



■+ xov 

♦yt. ; t.en 



■five 
five 



139. 



ten 



five 



.(d) 



(e)* 260 



seaen 



/-I 



-ERIC ' 



•92 



•1: 



10. (a) -aioo^^^^' 

\ 12. '^a)^. '100^,^-, 10,00^,^^ 





















■ ■ 'f 

(u) = ■ 


) (c) < ^ 






(c) 13^0!^^.^-^ 










i 



13.' (a)/'lii yd., 1 ft. 3 



seven 



iti-: 



ihi) ii^gardlesS of the base. used, 
• 10 X 1^ 100 and 10 xTlOo'= lOod. 





(a) 


■^^five 






(V) 


lii2 


five 






X 


m 

0' 


1 

1 


. 2 




0 


.■^ 




■ P 




1 


0 


'■'1 


\2- 




2 


0 


2"' 





^ (V) II m; 37. cm. 

>(d)' 21:'. + remainder 
/ %^ five ^ ■ . 





(b)" 11. . r 

^ ' thr^e-., r*- : 

(o) * -X'.--^^ 

. three • ft.' -" 
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Chapter %" 
— ^ 

MATHEMATICAL SYSTEMS 



Iiatroduotlon ^ - - ' / 

Throughout the work of .grades J, Q, and 9 we are concerned with, the 
' devo^j^pment of v^^ous sets of numbers together with ope^rations on. these ^ 
^numbers ♦ 'It.is^st as Important* that junior high school youngsters seethe 
structure of these s^yst^ms as that they be 1|;b le to manipi|late the element su*^ 

J,oif any specific system under some given operation^ ^ ' ~7 

In chapters 'to foflow we shall carefully explore various number systems 
and their properties as they, may be^ developed in the junior high school. 
However, in this chapter we shall explore several abstract systems in order 
to illustrate and name some important prp^grties of numbers. This is not the 
manner in which we re commend, that the^e properties be* developed*f or all 
seventh grade youngsters'. ^ For them we suggest an introduction via a more 
concrete and familiar situation such as will be explored in the ensuing 
chapters . The abstract development .^escribed here could then well follow 
later in the year. , . , ^ 

•Youngsters enjoy working with abstractions, ^^fgp^ially after they have 



' completed athe mathematics program of grades K-6. Often this helps t item .to 
see Hnathematics in a new light and to see 'the structure in what may have pre- 

- viously be^n a jumble of unrelated mechanical procedures. . 

^ ^ It is also true, hox^ever, that seventh graders may develop th^ haVit of 
asking vhy this ciaterial need'be studied. ' "Why do I havi to know tKe commu- 
tative property?" thiy will as^. As thesg various pxxjpertiea are developed 
in this chapter, 'examples of their applica,tionfe'are also occasionalljf given. 
SucH a procedure may veil bg followed as you present this material to ypuJ 
^t.udents. ' llowever, you may also have to admit periodically that the "pjayloff" 
"fo'r th^se properties will not come ^ until a later date. ^ Tne 'd'lstriiutiye, prop- 
er^, for example, is very useful in the st^dy of elementary jAge'bra. Much 
like a good mystery novel, we are developing the essential ^Brcua^es of the' / 
plot at this time, but mtis.t wa'it until a lafer date to unravel the re^t.of 
. the stoiy. ^' . ' . ' " T " 



h.l * ginary Operation ' ^' * 

^Given a ^et of elements, a binal^ operation ^ • ' 
. , ^ is^a rule whe^liy to etach pair] of ' \slem^nts of the se^^theJe 
, correspond^ Exactly one element. -^^^ f - ' ' j 



Seventh graders will be familiar with th^concept of "a binary operation 

from their work in arithmetic, although perhaps not with the language* .JEach- 

of the fundamental operations of arithmeJic--addition' subtraction, multipli- 

^cation, and divisron--is a binary operation. For example, addition is a 

binary operation in that thie operation assies exactly one number to aay two 

^iven numbers^' Thus, given 7 and. 8, we likve 7 + 8 = I5. Similarly^ 

multiplication is a binary^operation; given the numbers 7 and 8-, we have 

7 x^8 = 56. * % ' 

* * . .. 

The term binary is used to emphasize Ufie -f act thgit such operations are ^ 

only done witH tfl^ elements at a time.. Even* in ^3^tion we ^o not add three 
numbers at once; ve add two of thein and then to. that sum ve add the third! 

■^5s-^btra^Jiion^^^^inary operation? A;;|>hough 7 3 ^ we should'note* 
that the student who has had no experience with negative numbers, .is not able 
to find a numbe^r to correspond to 3-7. However, thol-e is a definite number^ 
that corresponds to,- 3 - V* '^d we do, therefore Qonsijier subtraction ia be 
a binary operation. Some students will recognize -ohat 3 - 7 = "i;, .whereas 
others Mil learn this fact in a later course . * > 

(It* is interesting to note that not all mathematicians will agree on thi^ 
•point, gome will argue that the operation is not a-binary one unles-s^'it ^cq;:^- ' 
duces a result whi4h is itself a member of the original set of elements .J 

An interesting way to intrpdMce youngsters to this concept, of an opera- 
tion is to have them "discover^' the meaning of certain abstract operations. 
Consider, for example, * a binary operation symbolized by ^ * The symbol * 
is a sign of the opera^on. Thus,. 2^3 tells ^ou to. operate on ' 2 and^ 3 
in a certain vay." Following are^ several illusti*ations of the use of this 
operation. See if you can discover the meaning of ^ . , . 



2 ^ 3 

V 



5-9 



5^-2 



8 ^ 13 




In this case the binary operation tells you to add one to 
the two , given numbers. ' Vhat is, f ox ^y numbers a and b: 

^ a * b = (a +, b') + X: 

Note, that you als6' obtain the same result by d^f injlng^t^p operation ^* In 
-either of the' follovdh^ ways: ^ 

. ' * . ^ ■ a * b '^10-^ 1) t ^ • 

. ^ a.^ b^i a + (b :+*l) 



4; 1' 



ERIC 



4 H % 



V 



3' I 




v' . . .-^ •' - 

An^ interesting classroom activity is to have, youngsters invent their own 
binary operation, present ejfamples of its use, and allow ott^r nj^nibers of the^, 
class to discover' "f-J-s meaning. Yoi^will neeji to set up some sort of gviide- , ^ 
lines here^or this activity can soon^^^t out "of^hlnd. For exampfe, it will ^ 
*be almost impossible for a class tp ^discover the. meaning of a.biriar>' operation 
that means you are to increase the first niunRef^by 5^ decrease ^the second* ► 
number by 3," and then find their product! *Be sure. to keep'*the meaning of ^ 

^ison. The class exercises be^l'ow are examples of thlsr" 



the operation within |rea 
type of activity. 



Clas^ Exercises * 



• ♦ If 
» * . ' 

Use* the examt/les given to discover the meaning of the operations Oj 

■ '.305 =.6 
• 3 03 



3 03 = A/\ , 
'k l-lk = 8 



.U. 3 

3 

'•5 



1+ = 10 

0"= ^ ■ 
1 = 11 



,5- 3U'k = 5 

2U8"= 2 
7 U 5' = 0. 



3 A.5 = 5 

7 ^_1 = 7 ' 
6 A 9 = 9 

8 A 8 = 8 



I 

mF 02 



V 



A Mathematical System ' • k 

1 » * 

A mathematical system is a seVo^" elements with onW^ or ,more "bin'Ay jppera-- 

: • '^'^ . ' -^ • ^ . . • 

tions defined^ on the set* The -elements do not ha*^e to be numbers, although 

.they most often, are as they are ^encfiUniS^red in a seveYith .gtade mathematics 

'-"-.'*' '. " ♦*> 

class. It may be interesting first to explore the properties of an abstract 
. • _ " S ' ' 

- system vh^re the el^m^Qts aae not^ numbers • ' ^ ' , • 

I L^t. .us consider a set, M, <^f>-'6imenta^5^, ^ 



r 



;ERIC\ 



-I' 

Also consider a Unary operation, that' comDinei any^ t^o members of set .M 
Wq can define this operation by means* of xhe following table: ^ 





• 


-< 




■□ ©\ 




A 


A U ^ ^ 


« 


□ 


e ®\ \ A 




© 


© \ AD 




\ 


\- A'D ©.. 

» 


f * 

♦ 




• s 


• ■ ? 



Tiiis talle. is reaa by -locatint the first oi t;;o, given elements l/iHrte ^ 
^ov headin^c to the left of the table. 4^ second element is tnen located in 
the c61u¥n7:eaaLnca" tre top of Trie t^ie% -^^ve retail -'h found vixhjLn the 
table '.'here t:i^ ro.v and joIVt,!- intersect. , For example, p f ind \ , we 
first look ' ' * 





A D © \ " 


.. A 




]•■ 


P 




A ■ 


, > 


' © 








• 





I J 



er|c 



in the row -headi'neE at' the left -qS the tabie until we find the first syjribof ' 
□,' and th|n move to. .tke right to -the colulnn headed by the secopd- element, ;\ 
to find thel^'it, A, Thus, □ ~ \ = A-I In a similar manner, verify th^t' 



• each of the follqv/ing is correct:'* 
t 



, A ~ ©' ©' 



78 



97 



We now have a 'mathematical system consisting of the set"^ M and the binary 
opera,tion Note that it really d<?es ao^ matter what the^peration ^ 

means; the operation i^^defined by yae table and ve leary^bou^ it by com- 
paring the table^to discover the ^rojrprties. Here iz ji wortHwnile to let 
'studenrs examine the table and attempt to discover s^e properties on^their 
own. discover? vr^at can you ^scoj^? 

For one thing'^ all of the entries in the t^Ie are Members of set M; 

n9 nev symbol appears. We descrit)e this property b/ sa^'i^ig. that the sQt MA J 

• * ^ • Z''^' / * ^ ' 

is , closed with respect ttj the opera^tion - Thi6 is the closXti^e property . 

In general; 

\ 

A set Is.said^o be^ closed 'under 
a bT.napy operamon 
x /^nd 
X 01/ S. 

wfeole yfumbei^ is closed under \ddition_be cause. the-.s urn- i 
i/a y^le number. .you seVtha^: Va^ set oi^ whole 
er ' syfetract ion? 

^«iia-/e]^e can discover from the table 'given at-tne beginning 
Coij6are /^our answers to parts (a) and (b) of each of the * 



rnus^'Hhe 



of any tvo T^hol; 

numbers is no 
^ Let us /^e* 
of tUis section. 



following 



l),/(a) □ ~ 

(b) 0oVO = 




em^hts 
an eleme 



if for 



of S, 



2v (a) \ ~ □= ? 
(b) □ ~\= ? 



Cb)^^^^,^A= 1 ., 

you see \.Y^^X. thi,e ^answe;rs. are the same in -each pair?"*" indeed this will 
for anyA)air ox" elements selected from this tatle, as you can verify' 
inatioy. We say that the; operation ~ is cemmutative . ' By this we. 



' result^ is independent of the drder* in j^/hich the opr^tion is 
Not all operations are commutative. In generals 

An operat'ion *^ defined on a set S 



is said to be commutative if for auy 
elements x and y of .'S: * 



9 



/ mere iA an easy way to discover wfiet-h^r or net'an operation i& commu 
tive if orie, .has actable .that defines the.-Operations . If there is symme-ftr 



2ommut- 
symmef'ry 

v/ith respect to a diagonal line drawn from the uppej.left to the lower right 
corner, /ihen we have commutativily. 



0 

ERIC 



/f 
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'A 
© 



A..a0 \ 




\ Ad©. 



Note Xf^at eajh elenent oTi one side of tne dotted line is s^^mmeuric to ar.d 
"corresponds to a like e^em^nt'dS- tne other side of ttne 1-iae. Results that 
^'come from combinin^^ two elements' in different order always o^jsOr in these 
correaponding- poslj^ons' in^ the table. Hence, reerderip^ .tne"" elements 
operated on doe^ not change tHe resirlt, th'ese corrbsTOiming. entries must 
always agree. ' ( • ' ' > , 

Of course, i^t is not always*' feasible 'nor possible to construct a table 
«t,hat definesT an'^operation. For ejfemple, if our original set of elements were 

' . » » . ' 0 

. to consist of the of, real numbers, we would have an, infinite collection 

-that could not be accommodated in^^ 'table. In such a* case the , diagonal lin^ 

'- ' '. *• 

test for commutativity could not be u-s^d.* , ■ ' ' • ' ' / • 

» ' Let^o consider one more property in this sectiQri, -this time 'involving' 'V 

three element^. Since -a birlary,,operatioa relate's only two memb^s of a set, 

ve ne^^^'^o make us6 of 'parentheses in order to determine whuiK pair of /Elements' 

to combine fj^ar^st. V/ithout parbnthese$.,„ the operation mlgh^ be ambiguous. 0 



Fol* ex^r 




consider the problem,. 



f one divided from left to right' the Vesult is ^(1^2 6) = 2^ and 2 2 ='-1. 
On-, the other "hand; if one divides 6- p'y 2* fi^t, the re^ui'E is 12 ^,(6- •:- 2) 
= l5 ^ 3 ^ ^^u.s, the problem, as originalj^ sta4.ed, is ambiguous unless, 
parenthese*^ a2:e' ujsed or soi^e agreement is made concerning the ordqr in whic^rT 
tfie elem^^9 '^re ^groufied f^r the blnar^^ gperatioS^.. On t-he other hand^^a; ^ 

^ ^ iffigWs'^ lin^ce a2 + 6)>^=l8^2-20' ahd, 



IS pot 



s±8|j^emen.t suohi'is 12 + 6 t*^^ 

aist5'' 12 + (6 + 2i =v 12 +*B = '20. li^re' t'lie grouping.4oes*^h6t 'affect the' 
result.' Of course^- addition stili' remains, aginary opoyation; only two ele- 



TiteirtrS'^OTe "aadeeret" ^a^ime^r^ 
are grouped does not affect 




iUat in addition, the way' the elements 



whereas' in division i-fe does. 



Now let/.us evaluate' an expressi<^ inxolving' three elements of M 
keeping .in min.d tliat operations vithin parentheses are to "be done first. 



(®/D)~A=\- A 



-0 



vJ9^^e the' sane Vhr^e Tel^ment's are ^fouped^in ^ diJ^i^enx, way : 



\ 



Nqte that the ^resu]<^.is the same in each case. That is/ j' * 

. / • (e A =©-■(□ -A*- - 

v^ill tnis be tr^ie for all arrangements^ of three elenien-cs'^fvo^ pet M ? ^ 
Evaluate ^he folios-zing: - ' " ^ ' 

/ • - ' • . 

• 7 - (b) \ <© ^D) = ?' (b) (\ .0) = • 

/ , YcJu shouTci* find that "the answers for ea^h pair of exajnples.afe the same 
a^d this will be^'ue for any similar ari^ngement^ of three^elemen&s ■ f 2X)m set M. 
p}^ say>that the oporation 'is associat'ive . In general: ' 

An operatipn ^ def ?:ned on a set S , ' ' * ^--^'^ 

is ^aid to be associ*ative i^ for any - ' ^ 

elements /y, and iZ of ^ 

(x* y)'^^z^"Ot'^ (y z). . .* ' . 

You should ^otV^tiraVit is not possible *to tell whether an operation is 

associative looking at actable. - Kor may one^as^^j^^.associatiydty -^Yi^the ^ 

^bas-Js of several examples only. Actually ever:y^ combination of three element^ 

vfould have to be tried in order to prove associativity. On the other hand> ilf 

Just' one example aan'be founA ^hen.the propei:ty doejs not hold, then the opera-- 

,tion is not associative. Likewise, if the math'ematical system is not |lo^d, 
*- * * t'?'^' " • 

then the associative property cannot hold. ' ' * ^ * ' 



. Class Exeriiises 



Use the following information fpr Exercises 6-I3: 



A h, c) 



D.= 4l, 3; 5; 7) 



b' c 



© 



c 
a 



c 
b 
c 



a 
a 
b 



:3 7 

5 7 
3 1 
7"7'' — 5^" 



. 9 



6. a®c = -? 

7. 3©T = ? ' 

§. °a®(b®cj\ ? 

(t©.3-)-©T= ?^ 



Is tj^e set A ^losed with respect to. @ ? • V . • 

11. Is the set L closed with respeef-.to, (+)'? 

12. Does 3 05 = 5 ©3 ?' Is the? ope^-ation 0= ' a conimutative one? (Try 
7 ©3 and 3 07.) ' i ' 

13* Is the operation 0 a commutative operation? 



For each of the fpllowing described spt's and operations determine' 
the set is closed. Find which operations are commutative and which* a: 



associative .' 



/ 



. lif."-SBt: ,Ail'"counting'^m«nbers between "25 and 75. 
^ Operations Cl:frosy'the smaller' ^ number . 

Example: 28 . cpmB^'fed with 36 produces 28. 



5. Set: .All even numbers betw^e.n 39 and 6l^. 
Operatipft^r Choose the -first number. ■ *^ 
Exai]^pl0! 52 • combined 'With -^6 produces /§;2; * 
k6. comb*ined with ^2 ^produces 




-32 /lO- i 



1 



, 4.3 Mathematical Systems .- Additional Prop^eirties . ,1 , - 1 ^ 

Let us^ retHfi-n to set M of the previous" section and dlseover several 
'admtional properties of the *mathematic^al system developed there //VSf con- " 
v^nience, here , again is thf table ^defining. the operation. ~ r> \ ^ 



A 
□ 
• © 
'\ 



AD© \ 



^^U ©\ 
□ © \ A 
© \ A □' 
\...A □ © ' 



Now note the foliowing: • 



Dwing: •N^ 

'/ : o~A=a 
• .. ©~A= Q 



•A~D=D 
A~®=.©'- 



• -A~A=A'- 





* that nlmi^eifT- Th(Us;'fot*^ny ^l^mbeI^^ , .. 

■ -ii . '^^ n + (3 = Q +.n = n,. ' . • -^^ ' 

' i 'The^ number; •'1. plays a correspoi^tding role with respect to "mulfiplication.^^^ 

For- ar^-. number ri'^ •* * . . * ^ . y ^*^"' * \ 

'..-'■/"' \ ■ ' • . ■ -.' 

• / . . ■ - , » n |3. = , 1 • n = n . 

I • > - ^ ^ •' ' 

Likewis^, the ^glement ' ^^ZA plays the same role with* the ope_iation - . • • ' -v. 

.. r.-® call such elements , 14ehtj.ty elements , An Identity, element does 'not . change 
- ■ ttLe"*iaentity^(p^ any eleaent with which* it is .combio'ed through the operation. 



In general* 



i 



An element \L 



is said^jto -be^n ideptjty element 



for the 'Operation 



defined on afsot S, if 



»x'^I = I^x'=:^x for each element of • S 



Note that 0 .i-s the identity element for Addition, and that^-1 is the 
i dent it;>^ element ^''or malt lp!l/**ca'^ion .• Is there (.n identity \leiijent^ for sub- 
traction o rjf or* division? . Explain you,r answer. 

As andther exampie consider the following liable for an operation whicn we 



First c;oniirm that* the c^eratior 



4 



A 
B 
C 
D 



C 
* D 



.Ik^'Ai 
B 

B..: c 



"At is a commutative orfe. 



Is '^l!f5re an i^denCity element for 'i^-^ — Tould it be rj^ ? If so, ^enAiq\7 
must t^e element^ A behave with ^respect to'the operation 'Ar '? Is^' B- 'A'^A * 
= 'A "A" F = B ? W«»^fi^]lj.*5'rom^ the table, that't^e answer to ^he qu^st/foV'^'s 



"no" ar>d thus-, , A ^ canltoi beTarr -Identity el^ent. Neither eani B 
identity element since A^^x- B* is* not ^. However, D is an ^ identity^ l^t ^ 
since " ' ' , • ^^"t * . 

.A ^ ^ = D^ir A, = A, 
1 \ • . . -n* ^ -A- B= B, 



an 




,Jn^€he^j£reti3Te ITdmp^^e th^ column under D wdW^^the coXumn un(3le^ -the . Com- 
pare the row to ^j^^^Sht of with the row to the right of the*^ J^T • ;j^st 
do you notice? Does this sug^e^t a-, way to look^for^an" i (^entity* element when 
you are given a table for the operation? ' 

VfneneVer ve have an identity elemeVt for an operation, it may be that we 
al^o haxe what are called* ijiverse elements ! When the 'operation is .multiplica- 
tion f^r real 'numbers, the identity etSeme^^ft ,is 1,..- I^. t|ie 'product of two 

a. and •b,./..is* th.e multiplicative identify, 1, therx we ;:.4ll each. 



timbers 
of the]* 

tiye^iriverse of 3 ^.s 



of the|*numbers the multiplicative invgrse of the\ other. Thus, . the* muitiplica- 
:,iye. Jmverse cf 3 J^s , -j sipce 3 x-,^ 1. , YouXmay recognize the mnltipliea 
t j^e inverse* of a number as its l-eciprdcal. ' \. . • ' ^ ^ > 



3i 



A, 



■8h' 
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* Su{)pose,the operation, is .addition. Here 0 is the identity element and 

we call two nuinb,ers adUitive inyers^.s, if their sum is 0; that is, comhjiniiig 
the tvo numbers by addition gives o:^* For exaijjple, the* additive inverse 'o^ *3 
is 3 since '3; + ("s) ;= '0 We say the additive inverse of a number is it^ 
opposite. ^ * . • • » ^ > ' ' 

/ Let us feturn to-'the set M described earlie'r in this section. Recall 
■* • • • ♦ ♦ 

. that we found that the set contained an ^^ideati^ty ^element, namely A,. Now let 
us ^see if each element has an inverse with respect^ to the ope^ration' . « For 
,^ample, to determine -j^he inverse of Q we must find some element to coinbine 
» witn H that will produce the identity We find this to be \ 

^ LJ-N = A/' Similarly, t-he inverse of \ is [T] since \ -0.= A* 
inverse of A is A ^^^^ "the" inverse^ of © is 0: . 



since 
The 



I^generaJL:*. 



A-A=A 
©-•0,-A 



^ . 'I^wo elements x and • y of set S 

^ • * are ■-saxd:~tC5'"be i nver"s"e's^ "f~"eacFL . " ^ , 

|.-' • . . other under a binary operation if ' - 

Jie, ^ - ' ' * ' ' • • X -y = y ^ X - I ' ^ 

- ' ' * . where I is the ivientity element "for 

the Rxyen set S.. . » 

^ ^ lt*x^ possibp-e^t^hati withi^ a given set only certain elements have 
InvSrdes. , HoweV^f , it is ampossibl^for any element's to have inverses if* 
th^re iT^no'^^ntity element, x *^ * * ' » ' ^ ' 

-.T^ "con-epts of identity'and inverse element^ ^are important ones in ^he 
^eyelojpmfent of mathematics . ^ Let's pauaV tp .coftfilder several illustrations of' 

their use in elementary mathematics. ''Additional* illuetrat'ions will be given 

' ji ^ » ^ " 

in later chajDters . ' ' ' - 

..>••. * * . 

TS^.e ide<itity element for multiplication,, 1^ 'ia ue'eful in explaining 'the 

'principle /involved in. simplifying fractions . For example: 
' . *. ■ 7 • . 12 " H ^.3 " • 



3 ^ 



85. lOi^ . \: 



* « 



^^.^"^imilat proce'Uure used in simplifying algebraic fra'(5tion^''' 




WSp i(i^ke use- or both oi\the concept^'developed in this section iif solving 
simple equations. Below is a detailed exploration of the solution foi*- the 
eauatiorr '^^x + 3 = 7. (»0f course, we normally do not go through each of these 
steps' i/i this formal -a marnier.) Note thp us^ of identity elements and inverses 
of el^ements in this development . 



2x + 3 = 7 , • , ^ 

(2x + 3) + ("3) = 7 + ("3) (The* a(iditive inversWef ' 3 is '"3) 

'2x>(3 + 3)=7 + (3)^ (By the associative property for additi£>n)' 

2x + 0 = 4 (Here O^is t^ie additive iden'tity-) 



^ 2x 
|(2x) 



(|.2) 



Thus: 



X. 

1 • X 



' * -(Th^ multiplicative inverse of 2 Is ^\ 
1/ ' * ' ' * 

oW (By the associative property' for multiplication) 
2 (Her^ l-^* is the murti'plicative identity) 

2 ^ ^ 



Ciass' Jbcercises' 



Use^ the accC^mpanying table to 
answer tiie, followirtg^ questions 
relativJ^fo\s^t K= {a^h, c,d, e) , 
and* operation . ^ given in* th^*table. 



16. b c ^ ? . ' \ 

' 17.' (a * a) ^ d = ? * ' , 

18. ' e ^ (d -'e) = '? 

19 • Is the set K cj.06ed vijtji respect to the operation * 7^ 
20* Is * a commut at i vex- operation? * ' , . ^ - 





^ a 


h 


• c 


d 


e 


a 




e^ 


■ a 


^b 


c 


b 


e - 


a 


,b 


c 


d 


c 


a 


b 




'd 


e 


d 


b 


c 


• d\ 




a* 


e 


c 


d 


e\ 


\a 

\ 


b ^ 
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^ ■ 




1 



4' 



/ 



# '' ' 

21 #^ Does the- set^^ K contain an identity element with respect i o ^ ? 
» . II'^SQ/lwhat'is it? « , . 

22;y*R^e''*tlie inverse of each of the elements of set K. * 



\. \ ^ p\.oz\i Arithmetic 



[s fan are 



all important 
, they should 
long before 



The nomerous properties''that we haA^ explored thus 
Qnes .with ^ich seventh" graders must becbme familiar. Of course 
become acquainted^ with the concepts, if not the actual 'languafee, 
they ever enter the -seventh grade . 

* It is freg.uently ditficult to convince ju,ni6r high achool youngsters of 
the Importance of these concepts if thei<;,are explained "^nly in torms of 
or^ina^ arithmetic. They se% little to /get excited about^-in the fact that ^ 
2" + 3 = 3 + 2^ or. that 5+0 = 5. It is for this reason tHat it is often , 
advisable to present these ideas in ufiique settings where possibire 
this depends upon the background ^nd ability of the group ini q.uej;tion 



'One interesting rnathematical system that junior high school, 



enjoy exploring is clock arithmetic 
reasonable to s^ tlTat 8 + 7 = 3. 



On* our twelve -hour cl<)ck it i 
(That is, severf hours BXt^t 3 P 



..." V ? ♦ 

it will be 3^o*clock.) ' No^ we^can set up an entire mathematicar syjstem based 
on addition on the twelve-hpur cloxik. Youngs'fers can be encourareii to com- 
plete an addition table for this system, and to' explore its propertijas. i 

.Similar activities can loe dev^loped'aroiind the* twenty-four i:oujr( clock 
used in the navy where - 9 + 11 =r 20 and 23 + 5 = if. ^ * • j4 



Of Hcou,rse 



youngsters 



s perfectly 
* clock 



Class Exercises ^ ^ . * " , * 

Consider the elements involved in a ,twelvfe-hoUr *cldGk together with-tii^* 
operation, of addition'.' '. ' • 



23. = ; ^ , ' 

2^^, 11 +*ii = ? * - ' ^ 

25 • Does this system have an identity .element? If 

26^#. What is the inverse, of 5 with respQct^to ^a^dition? Explain your ansyer 



f SO, what is it? 
E 



\ Let us finally %\irn oujfjaitention arithmetic on' a clocks with f*ewer 
p®s5tic 



Lons. Consider one with a set^of flive symbols: {0^1,2,3, U}. 



we rusJy introduce a/ "binary operation on iMiese symbols by considering * 

^clockwise/ rotations / ^his definition will be\in terns of adding or combining* 

one clocltvis© rotation/ w>th another clockwise Jcotation.^ For this reason we ^ 

call th€^ operation addition and^use'the symbol >. * ' ' 

We/ shall eoacider the starting point to be the position labeled 0. 
i ' I I ' * ' ^ 

/(This ^s s-yandard practice, although we could have used 5 any other 

symbolV as ^ell.) For example, 3 + means tfiat we start atw o and' move 

» tp po£iti</n 3. ^From th^s position we move h more ste^ to arrive at 

- ^ ^ X - •'^ ' f , ' ^ ' , * 

- ppsilfion TJius, '3'^'*- ^ produces 2. We might simply write this as 
3^+*^^ However, this type of ^itlanetic. Is an example of modular arith- 

^ ^ meto-c where such an additi-on is usually writ"^en » * 

• 3 + = 2(mod 5) • ' - 



and i^ I'ead: 



\orc 



^"Three plus four is eq.uiv^lenf-'^o two^ mo'dulo 5." 



The \i(ord "mod" stands for modulus or modulo. 



Is customary in theory of numbers to treat two numbers as equiva- * 
lent in a given modulus 'if they haV-e the same remainders when j^iyided by the 
modulus. For example, '1 = 2(mod 5) since bbth*'7 .and 2 give, a remainder 
of 7/ wh^n divided by 5/ However, in* the application of this idea to our *^ 
clo^^k -aerithmetic, w^ restrict ourselves only to the elements in the finite 
seV (0/1,2,3/0- Ex^ples and discussions of this application .may b/ found 
irj ^ny- [junior high V>9oks^. Thi4 approach through clocli arithmetic is'-a 
simple' way to $tart such cy.scussions^ and, of,. course, provides opportunities " 

^to examine again, some of the^basic proi)er^ies ve^re. developing . ' / * 

'In th^s "example -the , modulus is 5j ' which means xheV^' are five,.^ '-^^ ^ 

positions on the face of the clock. The symbpl' = ihdicates^that* 3. + k and:> 

*2 are eq^uiyalent on the clock. VerifjMjhgt each of the' following ife correct: 

2 + 3=0 (mod 5) . . , • • * ' ' 
U rf- >f = 3' (mqd y)' ' / 

3 + 3 =^1 (mod 5) - • ^ * 
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A second operation may also, be introduced op the srabols, 2^ 3^ 

Sinee^fe^ijs opei'ation is related in a familiar way tp th^ ope liation^ that we u 
hay^ c_allQ(i ffdd4^ion, this new bina;ry operation is calleq multiplication and 
the familiar X si&tbol is "u^d. * * \ 1 

;Sy multi-plication on ri^ls clock, ve shall mean^ repeate^ jjlockwise rotations 
Thbs,^ -2 X h means + and 
of the following is co3^ect: 



^ means 3+3+3+3- Verify tbat'each 



X 4 =. 3 (mod 5) 
^1X3 = ^ .(mod 5) 
31 X 3 ^ ^'(mod 5). " 



^ . Here are the completed tables foi: addition and multiplication in this 

' • . ^ ! 

' ^%tem. Sevehth graders sliould be encouraged 'to 'complete and use--but noz 
I ' ^ . « ^ r , . — J 

^ memorize^ -such' tables. In ^ seventii' ^rade clagrs you would (iormally develop 
these tables rather than present them in completed fqrm as is, done here/ 





+ 


0 


1 


2 


4 

3 




X 


'0 


1 


2 [.3 






, 0 


0 


1 


o 


.3 




'0 


0 


0 


0 1 


0 


0 




1 


1 




3 


i; 


' 0 


1 ' 


0 




2 


3' 






2 


2 


4 


h • 


0 


1 


2 w 


.0 


2 




1 


3 




' 3 


3 




0 


1 




3' 


9 






4 


2 


* 


k 


h 


0 


1 




3 


J. 


0 




3 


2 


1 



We ,can once again explore eacii of these systeuas' for the various jjroperties 

need to explore 

that includes^ two operations . Consider xhese probl^s: - ^, . 

' (a) 3 :j (i^ + 2") s ' ^(b) (3 X )0 + ^' .■ -. 

I^emember, ^ operate* within the par^^i'Sheses first • 'Note that we obta'in 
the sairfo^iiresult either way. Is thj.s^ a p^^ern' or an accident? Do we always 
get the same answef""£f- we. add before we mu?bi]fdy as we do when we multiply 
^irst and then 4dd? ' . 

Try each of the fallowing "pairs of. problems: , 



(a.). -2 X (3 + M 
(b) 'k xJ(3 + 2) 



an.d 
and' 



\ 



(2 X 3)^+ (2'x h) 
X.3-)' + ih'^x2) 



erJg 
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, The answers ar^ the same for each pair and will"* be ft>r *all possible • 
similar eombinati^ons 'of three elements. We say that multiplication distribut*^s 
ov€5C additioil. In shorty we c^ll this, the distributive property, a property 
that relates fhe two operations of addition and multiplication. , > 

^ * \ 'Given a set M and two binary • ' ^ 

: . - ^ ' P^er_sii.5ns_-.t land o^.deLLped , ' , , 

^ — on »M*. - The" operation ^ distri- , . ^.-^ * 

' I buteS over the operation o if * 

^ > • ^ * (y o z) = (x ^ y) o (x ^ z) \ ' ■ /' j 

for all elements X; y, ar,d *z * * . • 
of set M. 



riot ice tBat? Ihe definition here is ^ite general and i^ not limited l^o^ a 

'set of "numbers and the operations of addition an'd multiplication. It is true 

^that most of the applications to be enoouiitered by students involve* numbers. , 

However,' the definition is more general." In fact,^ when working with sets, the 

operations, of intersection and union are each distributive over the" dt her. . 

-You can verify by means of Venn diagrams th^t intersection distribulies^^^ve:^.,. 

union and also that Union "distributes over intersection. This is (jutti^diS-'^j! 

ferent from the case with numbers where multiplicatidfL is dist!ributiye*^%^.' " 

respec^b tp addition but addition is not distributive respect to multl-:'. 

j)lication. ^ * * ^ * - / 

. • / 

The distributive property is a very important one for jUnior high schooJL " 

youngstets . to understand. It forms the basis for the work that,;^fiey do later 

in algebra in bot]j multiplying and fdctoring.~ ^'or example, tTie distributive 

ptoperty is the justification for. su^Jh statements -as: * • , . 

' . . 3ai4T 4v c) = 3ab 3ac 

X y +-xy = xy(x + y]^ ' .^m 

' \ (x + 4)(x + 3).= x^ + 7x,4^ 12 : .^'^^ 
• ' < •• . % * J** ' ' • ' 

The dist}::ibutive, property also forms^be basis for e:^laiiting many ,6f the 

usual arithmetic algorithms. For example, consider the prOduct 9 x 37: ^ 

: / r 9^>^37 = 9(30 + 7) = (9 X 30) + "(9 x 7/ * J ^ ' ' ' '"^ 



In ai5o15her' f orm; 



I 



37 

270 
333 



*(9 X 7). 

(9 X 30) 



^Of course, we abbreviate the work, l^ufit is nevfertheie^s <'base(i upon, this most 
important ^property > ^ . • ^ * 

* Although this cj;iapt"§:r h¥s Uncluded several examples thdt indicate^the 
importajice of the Various opei^ies developed/" iilos€ youngster^ will have to 
* accept* this importance .oYi ^th at first* Later (jn t^Jyu^^roperties are used 
more extensively to justify what otherwise would appear as mecharpuaal opera- 
tions . ^ ' 

An interesting item^hat can be -described to seventh graders is* a hypo- 
thetical computing machine that has room for only one decimal place. Thus, 
•^he machine would compute .8 X .7^ as .56 * and' round this off to .,.6^ and 
it would compute .8.x .h as .3 This is an ^xaihple *of a non-associative 
• operation. For example, suppose ^ihe machine had to compute ♦.o x .7 X .6; 



whereas 



(.'8 X .7) X .6 =• ;6 X .6 ='.4^ 
.8 X .8 X A>= .3. 




This helps jsSudenfs see that not all operations obej^'the various propertjL 
^ listed in t^iis . 



/ . ; 



Class Exercises 



( 



The two taWfes below^dgseribe a mathematical ,ly's tern composed -.of the set 
{A,B;C,D} and the-^nSo^perations * and'' o. 

C 



c 



' 27. 

I §9. 



B 



Do yoa> think 



A 
B- 

C' 



C 
D 
A- 



A 
B. 



B 
A* 
B 
C 



distributes j)ver_ a 





A' 


'b^ 


C 


D 


A 


A 


A 


A 


A 


t ' 


A 


B 

« 


C ^ 


D ' 




A 


C 


A 


C 




A 




7 





llry several examples. 



Do 



think .o' distributes over * ? Try several examples. 



Find the identity elemerfts for .and o. 



^.5 

a Chi 
prox 
fort 
8: he 
'atst 



Conclusion 



The major objective of the worK developed iX this chapter has been to ' 
eve •some appreciation of the nature *of a mathematical system.. Each of the 
erties develop^ is of importance and w^l'be farther exj^lored in the 
l:3omint>. chapters <pf thib text. Junioa/high school youn^^s need to see 
^properties as they relate to foliar sets»of numbers as well as to ^ 
ract systems. In general, they enjoy and' have many opportuniti^ fo;* 



creativity as they explore these abstract systems. 



A ^ binary operation is*^a^rule whereby to- each pair ot' elements of a ^set 
there corresponds exactly one ei,ement. " ^ . ' , ^ 

A mathematical system is a set^of« elements with one or more binary opera- 
tipns' dssf ined In the set. • , \ \ ^ ^ 

A set is closed under, a b'inary operation ^f every t^o element^pf the set 
combined hy. the operatdlon give a result .which is an element of*i^the - se?.' ^ * • " * 

A binary operalibn is commutative for every two elements, the result 
of conjbining them by the operation , is ^independent of thd^order. If * is th^ 
olperation and x and y are the elements, then x ^ y,= y ^ x. 

' r. , " * n • • • • ■ ^ 

A binary operation is associative if, for any three elements^, the' result ^ ' 

of. Combining the^ first with the combination 6f the second and third is the 

same as the result, s^f coijibining the com^feinatlon'^of the first and second with 

^ •* ' » • . ' < ' »> ' ♦ 

the third, If * is tne operation^md x, y,— and z ^are'the thre^ elements. 



then' 



: ^^"^1 i'Y ^.t) ^ {x y.) ^ z. 



/ 



Aq identity 'element' for ^ binary operation defined on a set is an element 
- ~ of M:he set'^vhich dolfe not change an^t* element with which ''it is combined^ ' 



Two elements are inverses of each oth'er under a binar^^H^jation ,if .the 
^w^a?esuit of^-thitgi^ operation^^n. the two elements is the identity' element for 
tHat operatiop. ' y ' " ' *- ^ J- w 

distributes over the binary operation o provided. 

b) o (a^^'q) 



tot all elements b 




ERJC ; . / 



,.,,92 '11.1 • 



/ . 



Chapter Exerbises^ / 



1. ^ CorapXete an addition arrd a multiplication tatle for a mod h arithmetic 
; ' using .the or elements M = lO,l,2,3). (Compare the entries of 

yqoir table with thasg' in the fables given, fpr Class Exercises 27-29. . 
Let A.= 0, B b 1^ C = 2,^ and D.= 3-)^ V 

2. Use the tables from Exercise 1 to complete eaqh of the following: 

^ ' (a) 2 + l'^ . ' / ' (d} 3 X 3 • > ^/ . ^ .\ 

(^) 3 + 3 ' / , . (e^ 3 X (a-f 3X ^ ^ /\ 

(02X3 /' ^ , ' \ ^ , / ^ 

3- , Answer each of 'the following about the mathematical system of mult ita.:j. ca- 
tion (mod ^) . ' ' • ' • ^ ^ 
' .(a) Ts the se,t closed/und^er the operation?* * 
• _ (b) Is the operation commutative? • v . • 

(c) Do Vou think that -^he operation' is.^associative? " 
^, V (d; Which elements h4ve inverses*^ and what> are the^^paip of in^er'se, 
^ . elements? / • ' . ' 

(e) IS it t-rue that if a product is 0 then at le^t one of .1?he factors 

■/''■' 

Consider the.sef of elements . {E^ 0} and the>^in&ry operationi^ '4-^ 
.defined as /follows: ,1 




+ 








E 


0 


.0 


0 









« « 






.E 






0 



(V) , Isyeithel*-'":Qperatioli commutative \ 
Vvb) Is there an identify eleme];^ for x- in this set? 
(\) Is X distribu^ 



over ^+'? That is^ does a x (b + .c) ;= (a x b) + 
'v^' * (a X c) for all replacements*''of E or 0 fol*^" a^* b/ and ^ c ? 



(d\ Is I + distributive o-^t ? i 



For each of the following described'sets and operations determine whether 
the set is closed and firid which "operations are commutative or associative. 

5. Set: *^All coAnting numbers less than ^ ' ' ^ 

Oper^ion^;/ Multiply the first by 2 and then adSTthe second. ♦ 
ExampX^:' 3 combined with 5 produces 11 since 2*3 + 5 = -11. 



I 



6. ' Set: /All counting numbers. 
Operjatloh^ Raise the first number ta a power whose* exponent is*the ' 

•second number. " • 

Ex^ple: 5 combined wit^v 3. produces 5^. ' 

7. Cpnsider a system formed. foi l o^s . Pla cp <lndex pard, marked as in^ ^ ^ ^-1 
/he diagram^ in "standard position" : , ^ ^ 



Let us use I to tnean leave th^ card in place.; V •mea'hs to flip the 
card over using a vertical axis^^ 



V: 



A 
D 



B 



A. 
D 



H meana to flip the card over ufeing.'a horizontal axis. ^. 



A 


B 


< 


D 


C 


D 


C 




A 


B 



R meanc to rotate the card halfway arsUnd in the^aii^ec-fiion indicated. 



D 
A 



Our set' of ^ eleketlts is (I,y,H,R}. The operation will.te "AIJTH" which 
" ' - ^* Jn eans>,|>c ^ do o*ie ^th^-ng "and th^n" do another. * Thus, "H AIJTH V*' means to Tlip 
the, card over using a horizontal axis^ and then flip the card over*fegain uaing 
vertical axis. Try it witn an actual card. You should find that H MfHV=R. 

/ - 

i.-^ire6dy giveil ^or.^yo 



i) .,Comp%te^ t£e^^^^lo\^^ the operation ANTH., Some^ entries 

^ Vare^-Mre^dy given tor/^yofef-^^^*-^ - T / ^- ^ ' . 



AUTH 



' R 



V H R 



Vr 



sR H 




H -J? 




4 



; Examine tbe table fccr'xhe operai3<ipn AOTH. 
(1))^ Is the se^t closed under the operation? 
* . (c) Is^he operation conrniutative? 



^ ^d)^ Do you think* the operation ^is associative? , the operation table 



several examples. 



(e) .Is there anr identity^eiement for the opeya"^loh MTH ? 

(f J Does each element -of the set have an. Iti verse uader the operation 

J/ 

mm ? 

Let sets A, and C.* be definM'^ follows: 
• . ^ A = {1/2,3,^5); B= {3,^/^7,8}'; C = {1,3,5,8,9). 

(a) Show that the ope;*ation ' U/union) dlstribi^tes over -the .operation 
; . _n -(i,Qt^z:section) . ^That/^, . a'^U (B 0 C)' = <A U ^) ^ (A 0 C) . 

(b) Show that . A 0 (B-li,C) M ('Afl b) U (A H C) . 



) / 



ERJC. 



H. 



1.^ One^ 
Note: 



2 
/3 



Answers to > £bcercis,es 

,5s than the stun of the two numbers/ a o f L (a + t>) - l/ 
This^can also be written ^3 (a -/ 1) + jor sl (b - l). 

The av(Tage, of the two niuiiKfirs. a T b /i ^ ^ ^ 



p5. 
6. 



Twel,ve 



14, Closed, 
'^choose 



The larger of the two numbers If the numbers arf different; tha^ nuxilber 
if thej 

^* XLThg^gug 

m.nus the sum o^the't^ numbers . ^ a LJ/b^ 12 - (a +'b). 

b 9. -.3 V 101 Yes 11. Yes 

12. Yes. Nb; 7©3 = 5 whereas 3 © 7] = 3- YJu need find^ only' one counte 
example to show that coinmutatlvity ^djbes not fiold 

13. No; c A b = c whereas b A c = a 



are the same. jj ^ 

of twice_the first number and'fthe seco^^ number, a - b = 2a 



commutative^ and asSociatiyjb'. <Pt71s tz'niier stood ^hera \hat. 



00 ^elecli 



th^ smaller number" means 
same. Ojhawt.is, 32 combined witiji' 32 pfdduces 32.) 

15-.. Closed^id* assoeiativ,^; not commutative.^/ 



'that number if botiu,are the 



16. 
22. 

23- 



b A 
f 1 


e 


18. 


c : 


Elemen"^ 


a 


b 


c 


d [ e 


Inversq 


e 


d 


^ c 


b 1 a . 



20. Yes 



i* * 

21. ^Yes; C 

9 



^ ^2h. 10' 



25. Yes; 12 

26. The inVerle of 5 is' 7 since 5 + 7 ^ 12, th^ identity element 
fgx^ ^dlt|or).y- 

^o . For ^^ampl^*, B (Co 
(B * C) d. 



;28; 



Yes. For 



B ^ C = D, whereai^v , 



B^,^ D) D o^A|=. A. ' \. 
ixample, ^B o * D). = B ;o A = A, j aifd ^£ o"*-C)*(B 0 p) 



^29. TiW identily^ element for is -A. ^ 
fii^ identity element for o is B, 
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chapter 5" 



Introduction' 



-INTRODUCIND NEW NUMBERS * ' • ^ 



. * In 'this chapter sh^ll examine in detjail some of the different nmriber 
systems th^t are encountered in the seventh grade. ' In some respects the 
treatment w^ll^lDe that Sis given in a seventh grade course and .in other respects 
the treatment, will ^e a bit -more advanced. Though seventh grade mathematics 
does not .normally include a study of negative numbers we shall introduce them 
in this chapter. There are three reasons for doing so. (a) The introduction 
of negative numbers Is in many^respects similar to, the ijitroduction'of rational 
numbers and thi^s strengthens 'our unde*rstanding of this process, (b) Negative 
numbers ar'e commonly introlShsg d^in'-y ie eighth grade and junior high school 
teach'ers either te^ah* eighth* grade Jpr wish to be knowledgeable In the subject' 
matter their students will les^rn iri the' i^ollowing year's, (oj.v^me youngsters 
will have met the negative numbers 
have more such youngster^ in the fut: 

The development of 'the* real i^mrfej^^sii^e^that we are about to trace in 
this and the next 'four chapters ia^rlmarkable achievement of the hum^ mind. ^ 
These chapter's will present the*r jsult of .over four thousand years of human T 

arQ. many ways in which this development may 
the counting numbers. • / 




may expect to 



thouglit. In our modem age there 



be carried out. We shall begin vr 



5vl The Counting Numbers and the Whol 




^ Although the counting numbers are exceedingly abstract, they\do not ^^#» \ ' 

^ frighten us, for-'we are very familiar with 'them. At this p^aiticular time let 
us ^a<jjce;pt the count ing^nifmbers and sonle of their properties aM build on them. 
'/ The , properties of the Counting numbers we sfish^tO build on in the beginning* 
^^a^e pj'op^rties oft^^ggr ^^i^Iofts, ,fee binaiy operations, addition and 
multiplication^ of the' counting numbers were introduced by man to ' enal^le *him 
<;o make greater use of the co^^'Kng nuinbers* These binary ^opera^ijone^pjcfkj:^^- 
tp have some very u s e ful ^ro^erties . BdtH ^dditiori and multiplication are 
bixiary operations which, are closedL, commutative, and associative. That there 
'are two binaiy,.(5pemtipns J^hicTx h^ye,.tfe^ is itself uajbfu]. 

and interesting, bu^ the jutllisty and-lgterest is much increased by tie fact 
that these op^a*at^ns tire Ihter-relateS^ for theti counting numbers we have the 
^U.stributive"pr/^erty: * a^l^ -i- CA^^;^h"^ac? - , , - ^ J 
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^What do mean when we say a property holds? f9r example, >:^^t .us .look 
at mult iplicfet ion. What cLo we ineah when we. say mult fplicat ion '^is\coimnutative? 
Certainly no one has verified all the possible prpdactsTit is most unlikely 
that the "product* ' ' '» ' * j - t '\'^> # 5^4^>^ 

98.76859^8329573 X 897869^97857^^3957362 
has eyer been computed and equally as unli^kel^ that the product 
897869697857^3957362 X' 987685948329573 

has been computed. I^evertheless, we assert with complete confidence that 'the. 

* ' . > • • . \ 

products are the same. .We fearlessly make tiiis' assertion because we may derive' 
< ,\ * » ♦ 

it from our definition of multiplication. In»the abstract systems" of Clj^pter k 
we decided that an operation is cctoimutative b/ examining a tai^le. The table 

, serves as'the definition 0$ the operation; it tells you "how to operate on two- 
of ^ the elements of ^e system to produce a* resulting element. From the tSbl^^ 
which la the d^filiilion of the operation, we -derive the properties^of the 

' operation.' Thus, in ClmptWT-a^ systenl'was shoW -^o^be conmiutat'ive'by exaiftin-' 

ing a table. r --^ .\ , . • • ^ ^ , 

• ' ' , . , r ^ /'> - \ 

For the counting numbers there are too mdny elements to exhibit a^miiltiV^' 

plicatiori table. To investigate ihe properties' of multipft'c^ti'olf 'we* must go* 

baek to a_^efinitioh. Multiplication of counting ritimbers is.best defined in. ' 

termfe of sets, though some^timea it is done as repeated ^addition. iTo show that 

^ inu^.tiplication "bf bojxnti^ numbers is commutative we go.\iack to the def iniffion ^ ^ 

and derive, loSffccadly, that the property holds. Sach a development of the 

counting numbers may be found in many sources. , . ' • ^ ^ v " ^ 

The count ing Vumber 1 ha^_a property shared by nojother counting number. 

With respect to multiplication we have ^-1^ ' » . . ' 

1 • a* = a • 1 = a ' ^ >- 

^ere , a represents any counting number. In Chapter ^4 we learned to calxLv-.an. 
^"^lement with this property sin identity element. Since 1 'is fi^n *i(3^entity V';^ 
, element with^re'spect to multiplication^ it is callfed a mul-^iplicative identity .. 



C^ass Exercised - a " ' * * ' 

l.'^We know that 2 is' another name for 1+1. ^Jjse^hTsl^^a^Gt-an'd- a VTO^evit 
^pf the Operation^ on the /counting numbers to show that ' 



a • 2 = 2 2 . 
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2. The distribute lavtell^ us 3(5 +.6) = 3 . 5 ^ 6% Whyl 
^,that\ 3(5;+ & + ^V^^3 • 5 + 3' • 6.-^ 3 8 ? 



■it true ' * 



3% What^ properties of the coanting numbers are used to show that 5. (6*"« 9) ' 

. ' .=^9. (6.5)? ". . • - ^« 

J^. ' Using the properties of J^he counting numbers,'<i»how that - - 

^(3V li) "+ (5 + 6) = {(6 + 4) + 5) + 3. ^ " 

.5. Among the counting numWs an additive identity would be a counting ?. * 

number' x with the, property that , ! ' ' 



* x+'a = a + x 



for any couniihg numbei* a. Do the ^ounting numbers have an additive 
identity? ' ^ / ' * ' 



.*Th^ prope3rti^s^ we' haVe ref er2Ted\t6 above ^•are^' prgpefties of "two "very 



•gped^l ]d1 nary operations, addij^ion and multiplication., The counting numbers 
h&ye other 'properties that are equally interesting a'nd at least basic, 
Amon^yte^esels th$ property of order^. Given two counting numberh. we say 
that i^^ey are equal or that one is greater than another (or smaller)'. We -raay . 
use thf/.i;iumb&r .line to represent order that exists among the counting ^ 



number^. \ 



% 



• Of dourse, the- idea of order for counting numbers exia;fes-2si^endently 
/Of their numbel- line* representation. -For example, if set Xiisa^^per sub- 
set of the finite set. B (ACB '^here A /b), then the number Of.el'^ents 



in set A is less than thd, number of elements in ^et B* 




'Small /(Children learn this ^at:^onship' lo^^ either 
numerals. oz: the number ^Xine, ^A^bhild know^ that five pieces of candy are 
better than two Ipng b^ore lj| 'kh6ws the meaticLng of> -^he symbols'^ in. the • 
- :s^enterice "^,2+3." * ' '!}^\ ' 
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V/hen we ad;3oin to tY^ set of counting numbers the npiber' 0, ve call the 

collection thus obtained the set of whole numbers. The Whole numbers sh^re. _ 

,with the counting numbers .many arithmetical properties. For the whSle numbers 

TOe5*e"*^ari" t??6 'iDlrjaj:^ ' Qpe ^addition and multipli elation, ' tliaiJ are ;*closedy 

commutative ^nd associative. The ..dijsrtrj,butive law holds, connecting .the two - 

operations . . The adjunction of the number 0 provides an additive identity 

to the Set. ThuS; with respect to addition we have - , — . 

' ' ' a 

^0 + a = a + 0 = a ^ ^ ' ' 

4 ' ' ' . / 

where a represents any • counting number. 



• - • * ■ 7 . 

5.2 Positive Rational Numbers * 

: V 3 

While the counting numbers have' many desirable fq^tures, the^ also suffer 

f rom numSrous serioUs deficiencies.. There are many elementary ^uestionrs that, 

we would like to answer, 'questions that tie asked^ with counting nlimbers, 

that cannot' be ansjwer^d with counting numters. *Two boys wish to share / 

equally five pieces of t^andy; how many pieces- should each boy, Receive? » 

Gasoline is 30 #cents a gallon; how much gasoline may be ptirchased f or $2.XlO ? 

A man is ab*le to.w^lk ten iniles in' four hou^rs; how far he walk in one hour?53»i 

These questions and many, others are reasonable ones that we wish to answer. * ^ 

However, -we* nave learned to go outside the system of counting numbers to find 

the answers. Most of us ha"^e learned to do this in a piecemeal fashion. We 

learn about two equal parts of a cake, two equal parts^ of • an apple,' and^ so 

on, eventua'^ly cpming to the concept of the number we name i . The same 

'1 1 " d ' . 

-projCess le^ads us to concepts, for -j^-anc^— and 6ther unit^ fractions . 

In this chapter we wish %o give a syfe-tematic int!roduction to' rational 

numbers. To this enii we abstract 4*rom th,e problem? which lend to.r^tibnaX. 

numbers their -commoi;i feature. Though rational numbers seem to have evolved 

in many diverse ways,_tliere^Ja-^a /:ommon feature'. Indeed all ^o s i t iVe^r a t i on al 

numb^ers^j^ solutions of^equationS stated J-ij term^ of counting ^nurabeV^. The 

s^uatiojis \ ' . ' - * . ^ A * ' ""^ A ' 



I 



2x =*5 \ 
30x =' 20(y 
kx = 10- 



are staled- with counting numbers. However, the solutionp^to the equations 
given above .are cot cotinting^'numbera. The solutfens (^.t t^ese equations pro- 



vide the answers to the questi^s of 'the preceding parag^ph. Thus, while the 

auestions seem diverse,- the eqaation approach points out their Similarity. , 
' - ' • -■' " ' * • ■ ■ .' 
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If .ve^^strict ourselves to counting numbers^ we would ha,ve. to say 'xjaat 
the solution set of each.o'f the equation^^ 2x = 5^ 30x ^ 26(2)/ and hx = 10 
3j.sJ;he empty set. Of course^ we may write equatiohs that havfe nonempty sblu- 
,ion sets in terins^ of cpynting^ nuijibers. • 

y * 3x ='6 \ 
X . 19x = 513 ^ 

\ r ' - ' • 

Our state of mind at this point may be ^compared to a carpenter who has *a 
rule marked in ihche? without further subdi-^ris ions . He is able to work fes l^jng 
as the measui'emetits he needfe a^re f^ll inches\ Since most lumber ^o^s not 
measure airhole nUmber of inches he is s^on apt^ to run i^to trouble.' Our 
mythical carpenter, may weli de^^^at many small children and soir;e adults do; 
ii^enU marj^:lnga., .To>.^ir^usf er .m^^^ments, a_ cjriild will i^noi-e the me^kings 
^between the inch markings on his.rulf/ir^and make a pencil 'mark. Real carpenters 
With real :rdles^ will also invent markings. Listen carefully to good ^-arpen- 
teps tallying ahd you will hear such things a^/'a fat seven and three sixteenths 
Th^ir ruLe^ are not adec^uate for their r^eeds,,^and -dhey invent new' quant^^s^ 
perhaps not very precis, jDut sufficieat for ^their needs. < 

There *;are manj;- ways and ievelc through- wliich rational •numbers may be ^intro 
duce^ through expSrlence, ]as children learp^-them^ or through ordered palrs^ &s 
ome texts and most^ MthematiVians do J^hem. We will take a middle" course tliat 
ties-^n irith seventh^^ade SMSGVtexts.' " - r ^ - ' ■ 

We ,wilL ^'invent" nuAbers tb Wrve us betcjiier in certain real, life situa- ' 
tions. ^he coace.pts of ^ ^ • • ^ introduced physically . 

usin^ibandy.bars, cakes, pies, ^lass^^ of milk, and the lilce. A candy bar 
split ^into two -e^qual ^i&ces *coi|[veys ,the idea of | to a 6hild. T6 the , 
^equation 2bc^ 1 will carry the same 'concept qf i . ^ ; ' 

A pie is\ut into" four equal ^ pieces / on^e of which is then eaten. How. much 
remains? Again to us^ the coricept is probably clear^ through .the equation 

kx = However, the child needs the physical examples to strengthen the Con-' 

' ' 3 " " ' . \ ' 

cepti of ^ . As the chy.d develops, we pjjlnt puli to him that ^ is the^najne 

of ^ number with the prbpearty that |^ 3* ^ Ih other words, it \s tjie 

12«- — =8. 
12 • 



'Solu^h -to-' the' 'eqiiat/on 4x ^ 3. - 

• Likewise, Y2v^ ^lumber with t^he property that 

It is the solut^op^ to th% equation 12x = 8^ \ \ ^ 



Actually, Ve invent merttally ^ class ^df numb^rs\ -that are solutions of 



equations in the form 

bx = a ' (a, b counting numbers). 



Once, this is assimilated) ^QractionS; rational numb e 1^3, ^artd their rela- 
tiohship to each other losd their^mj^stery; * j 

We have mentally invented'numbers 'that 6re solutions of equations of this 
special form. - fo continue oufr discussion it vill' certainly be convenient to' 
have hames^for these numbers . Collec ti\%ly "l/e call them the positive rational 
iMifers . The individual number^ ar^ solutions of^ equation* and >can be named 



from the equations . 



The numbgr that is a solution of 2x = 

38 



1 is named 



•The number that is the solution of^ 3%'^^38\ is named ^ , and in general^, 
the pumber that is a ^oltitlon t)f bx - a^ a and^ b counting numbers^ is 
named ^ofnXeach case we Introduce a symbolic 'name^ a- fractign , for the 

Concept of a, r^jlonal number.^ 



Class Exercises 



For earch eqi^ation^ give the solution in tile form ,r- y vith a ahd^b 
wliole numbefrs/ . ' ' . , 



(a) 3x;= 11 ' 
A(b) 6^ = 15 



♦ (e) Ipx 93 
y - (d) 8x . 9 



.Write an equation for which each of the following, is the solution. 



(a) I 



( = )• I 



Let us. pause to"^eflect on this introd.uction to positive rational, jiumbers. 
Th^ child learns about rational number^ through physic^ experiences. Most 
^0^s build upon tftese experiences to show that ^ National number i^the solu- 



tion of an equation. 



Thus J a child will agree that y has the property.« that 
4 • ^ = 3«- We have adoptejd'a different view. ^ We"*" started with the equation 




d introduced the solution. The 



end result, of the two methods will be the 



We^*ii£iye indented some numbers and.gjven them names. So far they, have 
only one at^^l^ute; they may be psedVwith counting numbers to make true sei[i- 
tgnces. We wisn^J^^ake the positive National i^umibers, and us^ .them to form an 



algebraic system. TrI 



^w^-l be' done in Chapter 6 where two binaiy operations 



.will be, introduced on the set of positive 'rational numbers. Though we wish 
to ^i-^e §in abstract de^velopment of rational numbers, we shall not Ignore our 
^' previous/ less formal; knowledge. * Rather we shall, use this knowledge :to_*' 
suggest the cLLr-e<2tion of our abstract;, approach. ^ , -< 

5.3.% Equivalent Fl^actions ' 



r Some of' tl]e tiroblems that cyoncern us here should def irtitely no.t be made 

th& cor^cer^ of 3unior high school students..^ Statements that those students - 

accept with^out hesitatior>' will be examined in^dptail here.i* The ^development i 

giA^en for -l^he teat^her, to help shed light on t^iie structure <>£ the rationar 

»> * • * 

.qumbfer system*- * ' ' 

From previous exp^erience. with rational numbers^ everyone aiccepts the 
' Ic ' . 2 

r statement that --c and^ -j^ name the same rational number, t^t us see, how ' 
''this conclusion jnay*be reached without .cu<t1?i:n^ a cake* Inta four parts. E^gm 
our nptation^ ^ najnes" a solution of the/equation ' 

. ; . 2)5 = 1 ^ - . 

while ^ names a solution of the aquation * . ^ j 

To avoid prejudgljjp' the matter^, we have used* x In one'^quation and y in 
the other ^ 'thu/P in no* implying the^^two soiutiorjp are'^n^cessarily the same 
TJie equation 2x = 1 h^s a solution whlph we have named ^ ; that is^ 2 " 
and • 1 are two names for the same-Jiumber ^nd^we-,write - ' ( ' 

- * ' ^' * ' ' i ' ' 

^ • ' 2" * ~ = 1. * * ' ^' 

•\ ^,..Sinci.e^ .2 'and« 1 name the. same number^ the products 2 ♦ (2 * ~) and 



^2 • 1' "VilX-'also name the same number: 

. ; - , • ■ 2. • ;(-2 • i) ^ 2 r -1 



2' 



Student s.^-will »eadiiy /accept" that this implie^'J 
But the last equation above ife in the form of ^y = 2. 



• 4 



Thus,' it is concluded that* the solution of 

* ^> • % * . • 

is 'also the solution of * * , - \ . C * 

. ''^ \ % = 2 ; . 

1 2 * * • ' 

or that -T and - -r ^name the same rational nuinber, 

I£ we carefully look.' at this reasoning, we see a serious ^ap. We, have 
fallen Into .the errdr of stating, * , ' * ' 

'^'^ ■ ^ - (2 • 2) • I ='2 • (V • |). ."^ ^ . * • 

We have lnadverteni?ly used the associative 'law in a situation-where th^re 
is no oustifd^^;ion*for its validity. , ' ^ 

Let us^ pause once* again ^o?* some reflection. We ai^ attempting to adopt 
a~ state of mind in which we invent for ourselves the positive rational numb^s 
and some |»j:operties of^these new numbers. To do this we must be careful that 
we do not use a property that is not of oi^r making. We ^ do*' not** regard ourselves 
as completely free in our invention Tor -experience, has taa§ht us tfiat^ertain 
properties of binary operations are most useful. Thus, ve shall aim for a 
^system with two binary operations that* are associative and eommu^^atlive . ^ 
Furthermore^ we shall want these operati'Sns, if possible, to be connected by • 
a distributive law. ' , * ' ' , ' ' - . "r<«^* 

Thjas, w6 want to construct a system in which 2 • (2e»^) = (2 • ~ ^» 

* ' d : 2 

There is*no guarantee that such can be done. However, from bur previous atgue- 

ment we db know 1$ vdll be impossible to have an associative binary operation 

unless we agree that' — and t- name the- same, number ♦ ^ 

. o ^ ^ ' } J ^ Jill ^ ^ 

While the teacher shoul^d^be aware of the deNfeT-opmente of the preceding 

paragraphs, their content is not appropri^ite -for junior high school atudents. 

jBy'the SaJJie reasoning we; are led to the conclusion that — , — , , 

and ^ -should name t\e same number.^ That is, the solutions of ,,each of the 

following- equations are equal: ^ . ■ ' * 

^ Ox = 2 ^ ;^27z = 18' : - • - 

^ ' \12y = 8 ' " <^x.= 32. . " ' . , 

Beifore^^stating a formal definition of eq.uali-ty let us lo.qk at« another 
.example. *'^Bie^nuflibers .-^ and, ^ are solutions ^of the equations 36x = h 
axid tiy = 3/ respectively) 36 ^ = ^ and 2? • ^ = 3. To compare these 
two statements ,<.,1^-4J5 mul"^iply th^ first eq.uation by ^^^..27^ and the second 
equation by 36^^ T'^Ct^.^ ' ^ . , , ^ -'^ 



3^ •••127'- ^) ='36 • 3.' '^4 

'The nombers _2f and 3^) were chosen gjLye uniformity to the left-hand^sides 

of the -two statements-. - Both now contain the product df the two factors 27 

; and-36 times the respect4^ve* numbers ^ 'and ^ j. The right-haad sides, . 

y^XrM and 36 ' 6, both name 108.^ Thus, we see' that ^ and must 
» ^. - - - - jo* 27 . ^ 

.<,jbpth be ^pplutions of the same equation, (27 '36) • x = I08, and hence should' 

be called names for the sam^ number. How may .we decide when two symbols narafe * 
• th^ ^same rational number? , - , ' ' ♦ ' 

- a' c ' "* 

Definition : The •symbols" and ^ name the same ''rational number if it is 

true' that ^ . 

' -V ^ "^"bdx = ad 

' and. ^ • . . , 4i 

' , ' >r' bdx' ='-bc " ' • > • . 

** * ^ * * 

are the same equation, ' . . 

,0, This definition is applied irT 'several examp]<es th^t follow; - 
'7- ^ ' . 

^ ' 18 27 ^ ' ' 

Example : Do the^^ symbols ^ aim ^ name the same rational number? By 

direct application of the definition? we get 

• * (6^ • ' 6iii>x^ 1728 i-- ' 

and » * ' ' ^ • 

^''^'^^ ~ ' (6V •^96')xV^. .^27 -or 6ll|i^x =*1728', ^^^--^^ 

Since -the equations are identical, we conclude thej two n^ed rational 
numl^erc arg^(iuar» ' ^ ' 



^ Example ; Dp and name the isame rational* numberf ' 

\ ' We examine the equations 



(64 



300)?c = 112 '^oav^Sr* 19,200x = 33,600 



and 



(64 /• 300)x = (>k^f<yk^ or 19,200x = 38,528, 

s 



As these equations are not identical, we conclude the two^l)amed' 
ra'&iofial ^numbers are .not 4c uai , , ^ 



Notice *that irTMcih case the actual test df equality i§ ma^e by coj^^aring 
equations. The teac^^ev should' understand that this development i| g^ven here 
to emphasize the importance of the equation approach to defining r^itional 

nuraber^s. On the other hand, it is apparent from the above^ example that the ^ 

- a ' c • / 

test of equality for jy^e rational numbers r and ^ can be made simply by 

' - -V. ■ ^ ' ^ ^ : 

comparing the products ad and be for equaliifty since these are the .products 
that appear on the rl^t'side of'the equations. Henc"^, it«is more common f&jH: 
the junior high sch^il^jtudenj: to cpmpare ratidnSl numbers using t^ffollowing 
definition: . > " ' . /->->^^^ ] 



The^ symbols - 'and - name ^ the ^a^y^^^ra^^o^^^ 
number if, and only if ad = be. 



•The teacher should see^ clearly the" coirtg^ison between this definition and 
the previous one as will help to give background and understanding to the 

teaciy-ng of rational numbers and proportions in the junior high School. 

2 9 • 11 • 

^Symbols such as - , ^ and ''name rational numbers since each is 

the solution to an equation in th^ form**bx = ^a where a ^nd b are counting 

numbers. Symbols in the'form^ ^ tha^l represent the Indicated quotient of two 

quantiti,es are called fractions ► ' When convenient we oise tfte...Wfillziin05m...t.ermi.-,. 

•nolpgy "numerator, denominator*' with fractions. If \xi the fraction r .both 

• — * * b , 



a and 
number . 



re counting numbers, then the fraction names a positive rational 



We name rational numbers with fractions; each rational number has many^ 

fractional nameLS . Fractions -^hat name the sarge rational number are callerd 

^ equivalent fractions . Now tUat the language of f ractioj?'^and rattional numbers' 

has been developed we will not hesitate. to~^ay^ The number.- \ in place of the 

numbeiT' which is named by — • t , 

2 / .^V ' • ' 

From Class Exercise' 11 we see that ^every countyig number is a positive" 

rational number. (The set of ^co4^ing numbers- is a subset of the set .pf 

positive ratictial numbers. J Counting numbers have many names; some of the 

names are fractions. \ 



lo6 - H " 
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/ 



Note: Exercises 9 through 12 ar^ an ^essential part of the development of • 
' .this.^sectioit» « 



^ . ^t^l ^ fnd* ^ ^name the same rational number? ^ i 

(^) Do an4 YY5^name the same rational number? 

■ ^ * ^ , . ; . 

We know '2 • 100 =5 • 40 • May Ve conclude from this statement that \ 
-r and name the same nyunber? ^ ; 

10. If ad = be (a, b, c, d counting numbers), may we conclude that 

and — name the same number? ^ ^ ' 

d - 

11. Do the symbols k -and r--, name the same number? . ■ * 

1 . , ' 

12» -Use the definition tp show that ^^nd name the same rational i 

'number* The equa^tion for i may be Written as 11^ • 3x = 11 '1,! 

/ ' 1 11 

Does this, equation show that - and — represent the same number? 



5*4 Order ' * 

A vaauable repr^ntatit)n of the .c(^ting numbers "is the nunibeT line?^. 
Can every" positive rational number be repl'esented 'Ss a poiat of a number 
line? The counting numbers are usually represented as follows: ^ 



"* tH 1 H 1 1 1 1 H 1 I 

. " . . ' !• 2 3 i^ 5 " 6 ' 7 8' ' -9 

^There are Other ways to represent the counting numbers oa«a line -as in 
/ this figure: . • 

' — H f-^^ — \ 1 1 1 1 1 ^ - 

'j ^ 2 ' U 1*3 6 8 5 ^9 7 • - - ^- 



\ 



It is clear that evQry counting number be Represented as a pointi of^>$.he 
line in thi¥"" pattern ^ Ne v e rth e le ssT^T^^^^^no rinally reject this representation 



It •!& rejected as it does not contain the "infomiation on order indicjated.'by ^ 
.the'rformaX r epresentation* The concexd Lj^f iprder .also e^cists I* or '.the r^^lonal 
^ ^ numbers , and we=-wotii;)d iike^to^-lndiTce^^i^Hife^ ^epre^^ntafion 
.of l:ational numbers. Order is .;anQther aspect of rational numbeijs of iwl^icjh we 
t)^e intuitive ideas. Let us make the intuitive ideas,' gained f^rom 0^ 



precise^ ' ' \^ 

- , The numbers — an<i ^re solutions of the equations 2x ~ 1 ' 
4x = 5/ respectively. * We see that ^ and ^ are not equal (meanirii 



are not names for the same number) since the equatidi^s 



and 



(2 



(2 



l+)x = 1 
l+)x = 2 



8x-= \ 



8x = 6 



;xpeylenc^, 

and . 
g Jihey 



are -not identical 

Si-nce^ ^ is a solution of 2x = 1 and of 8x = •'h^ 
solution of • i+x = 3 and of 8x- =6^/ we have 8 * ^ 
Reasoning informally^ we'.might say eight times three 
eight y.mes one-half . and hence th^t^J^reej^foi^hs ^isl^reate^^^ 

Let* US look at another example. The laumb^^ and arejsolutiQn 




of the.^equations^ 23x' = 13 and Ifx = 9, respectively • 
and ^ name the same number?. We examine the equations 



olutiQns 

Do the fractions ^ 
^ 23 



ffnd 



{23 " 17)x = 0,3 ' IT 



^or L 



The eauations are not. equal since 221 does not equal 207 
13/9 



we conclude that ^ ^ — Further, since 391 times ^ i. 
391 times ^ , , we ^ason intuitively that* ^ is greater tlHani -r^. 



We 



see from the fee last two exar^ples that the National nimyers ^ and 



■J can,J>e ojrdered'by comparing the products ■ ad and be 



This, reasoning guides us to a fonnal definition 
Definition 



Let r and ~ . be rational nuiribers with 
b ' d 



counting numbers, 
greateir than ~ . 



If. ad > be, we say orr 
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108 




Therefoi>e, 
eater than 



and d 
b 



is 



'7 



. ■ / The reader may complain that the definition is difficult to remember.* 
Son)i6 practice t^th it will help and one may always return to the test for 
•^equality and reason -as we did above. ' 



, Clags/ 'Exercises . 



Note; Exercises \ 15 and 16 are a,n essential p&rt of the developi^ent of 
this section. . , 



15. Insert in the box the proper sign ^ <, >, or = to make tVue statements. 



, . 27pl8 , 



• (=) .ffip^ 



• ih. Insert in the box the proper sign ' <, > , or = to ma^e true statements 




(a) g^nip 

(b) 

, . 18 r-t 90 



(1; i.nf . 




\&/ 11 '-'132 



^^l^ ^*^^et^-.aj,.^,^' and- k' be counting numbers. Show that ^ ^ ygj^ . 



.6^ Let - mid be'^fractions. sUch that < . Let k be a counting 
number and show that, ^ J /t ^ ' / 




Exercise^ 15 and 1$ partially show thaX: the order relation of the 
* \. \ ' . . ^ ' / 

rational ,numb*ers does not depend on the particular fractional representation. 
^'r ^ \ ^ \ 

^-Nov that a definition of or del* has been introduced we Jnay systematically make 

rational, ftuiribers correspond to poihSbs on a number line* As an example let 

. us search for a\pfi>int corre^ijonding tb ^ . It is readirly shown that 

f29\93'r ' ^ 

I 2 ^ J < f while! r < r = 3»i '^ 3?hat is, we would like the point ^r^epresenting 
9 , 1 ^ • \ ' * J . 

. to be between \the points whose coorclinates are 2 and .3* Which point 

between 2 and p ^sliojuld we choose? Here we fall back upon our idea of 

measure!;Oa a line I ( See c Chapter '12 *• ) ♦ 



ERIC 
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Here the visual representation of the positive rational nuinbers on the nuiuher 

*•>•*'! ' ' ^ ^1 

line indicates "Wie relative magnitude of the rational plumbers. Each ^ unit 
coires ponds '"^0 the same' distance. ' ' . ? ' r 

— A:^ino2^e custotnary approach to the ordering of th^ Vatlnnnl. numLexs— aruL-to_ 
the number line begins -iatiiJJ:i&--fta:^i5^ line ' itself ^ For exeunple, the line 
bretveqn 0 and i^ divided into four parts of equal length. The end^ points 



of the parts ^re labelled 



3 



and 1. Al^o, the sair^^ segment is , 

1 p o 

divided intq five parts of .equal length with end points labelled ^ , , f > F » 
; ♦ * U * ' 5 o ^ 5 • 5 ^ 

— , an4 !♦ By in&pection, we determine that — is greater than 7. Thi3 
^ ' \ . f lU 664 

procedure becomes unmanageable for such fractions. .as and \^^i2 * 

we aije forced to use the more sophisticated approach, of our definition. For 

children, the geometric or physical introduction is recommended, quickly 

' c ' \ ' 

followed by the algebraic approach. * - - * * 



Czass Exercises \ 

17 • Herej.rs a possible correspondence or rational numbers and points on a 
line. Criticize this correspondence^ 



16 



.'-■V 




. 2, J 

-H 

2 



I I I I > 



Z' 3,115: 

3 4 8i& 



5 -5 ' Whole- Numbers and Rational Numbers 

, have conf inedparselves to equations of the form^bx = a, (a, b 

counting numbers)*^ Let us extend our horizons and examine equations of the 

form bx = a where we now let a and b be whole numbers. Though we now 

have changed the' setting of our discussion to include zero, much' remains 

• . , 

familiar. All the equations involving counting numbers are still with us. 
There are, however, some new equati9ns Some examples .of th^se areV. f 



Oy = 17 .Ox .= 5 . ■ V V 
3z' = 0 5x = 0 . - ' \ 



,r«t us look at,-spm©:9f4]jese. exsA^ 0,, 
anH ^nunfcei^is 'd^ ^lr&^^tter^f4^;■ makes us xule put eauations the ' 
■fohn Oy = 17; Ox = 5j ■ Ox = a where & ^ 0. ^The 'reader should bec'^e 
indignant at'^the suggestion that we i:ule out the equation. Ox >5 and^^hould- 
^demand tftat more- new numbers be invented so as to solve equations of. this form. 

' Indeed, it would be possible to make up sucA nev^e^ents; ho.vever, ?vhat 
are the consequences? We, .would, of course, have to" give up th^ resujt/t;^^^, v'-^''" 
the produpj^of :^J_^^^r^^ is o. We would have to'^ive up t^e^^s-\^ v. 

tributiv^ Uw which could no longer hold. The whole structure of arithm^ic Is^,, 
would collaps^e. O^e " ^^ilTisNnpt worth what would be lost and so we do n9t/^:'\ 
allow such invention. Since ;L now ex^lu^e/the possibility of solutions to \\ 
Ox = a where a ^ 0, ^ we are An essence saying that the corresponding , symbol j ^ 
— has no meaning. * f ^' , 

Equations of the form px = 0 do have solutions . Since the product of 
q and any number is 0 we may substitute any number for x to obtain a 
'true statement. But the equation Ox -^9^ does not define any uniqueJtnumber 
and so the^e , equations .are also ruled out. ^ Thus, tfee co±^respond^.ng symbol ^2 
also ha^ no meaning. Indee|, tliese last two results lead us to the statements 
We ^ cannot divide by ze 

. FinallV, there the equations of the form 2x = 0, 32 = 0, . 5x = 0, 
bx = 0, (b a counting number). These equations have 0 as absolution. 
With our original hotation for fractions, we denote the soKition -of 2x 0 
^with an^^ thySolution^ of * ^ =^6, '4"^ 0,t.^fi%h ^ . ' ' 
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Class Exej^cises / 

' — . • < *" 

18. 'OJse the definition to show that the fractions . % and name the same 
' rational number and that this number must be identified with 0 



^r If'the product of two numbers Is .0 it^ multiplication mod 5, imiW 
-rjL ^^c^o^s be zero? Answer the se^me question f o?- multiplication 



one 



\ 



% ' . ^ \ ill. 



^ .6* The Integers 

In Section 2 of this_chapt4r we observed that the couixiing numbers^ do not 
provide a system rich enough to contain solutions to equations such as 3x = ^4-. 
This provided the opportunity to introduce some new numbers, the positive 
rational numbers.' If we return a^aln to the. counting number^, we find another, 
class of questions stated in terms of 'the counting numbersf that cannot be 
answered \d,t'h T^ountiilg numbers (or with positive rat3,onal nuifibers ) . The ques- 
\iions or, equations which were used to introduce the rational numbers Were mul-^" 
tiplicative"ifi nature; now we lojDk at those which ai*e additive.^ 
, Here are some questions: , •? , 

•(a) John is now 12 years old. How old will he be' l6 years from r>qw? 

(b) Mary had 5 Beatle records, She received h\ more, for her birthda/. 
How many Beatl^ records does^~^e now have? ' ^ 

(c) Mrs. Smith 2 books of trading stamps. She wishes to ob-^ain a 

■ three-piec'e towel "set. which requires 97 ' boo^^ of stamps. HcW many 
more books does Mrs Smith need? -t ' / . y 

(d) , The constitution requ^ires that the President of^^the United StatW be 
• ' 35 years -old. John Us-now 2?. .In how many y^ars will he be. . 



eligible to* be president? 

The answers to (a) and (b) are obtained by using the binary operation^ of 
« • - f ^ • ♦ . • 

addition on the counting limnbers. - Problems (c) and Cd) may also be phrased ' 

as addition problems: , '^'^ - " . 

^ V ' ' ' , ^ ' 

What number 'whem added to ^ 2 yields th© sum. 97 ? 

What number ^when kdded .to 2? yields the sum 35 



Put in terms of open sentences 
' (op^n sentences; 

+ X = 97 ' anS 27 + X = 35 



\y ykt want the solut-ioa sets of Jbne equations 



These are the equations w'e waiit solved. However, we have learned a systematic 
attack on such problems through subtraction and we immediately fall back upon 
it by solving - " ... • • 

97 - 2 = x^^* ' ^nd ^5 - J7 = ^- V • ^ : 

There are other, questions that iftky be asked in the framework of counting 
.• ' ' . . / * . 

numbers. ^ .y ' 



(e) What is. the, solution set of '^9 + x = if ? 

^, (f; .What is- the solution set of 5 + x = 5 ? 

* »| 
If we confine puf selves to /the counting numbers, we would have io answei? that 
^ 'the sblunqn sets of. (e) and (f) are the'em^jty set^ That is, there is no 
counting number that*may be added to 9 to produce the sum h, nor is tt^ve 
any counting number that may be added to- ,5 to produce th6v3um 5. (Recall 

that 0 is not a" countifig number.) - ' ' 

, , ^ " ^ ,• ^ * ' , 

^ This presents a most unsatisfactory situation; some equatio'ns lik^ 

^ X = 9 haye* noneii^ty solution sets while bt'hers li}ce Q + x = if have 

emiAy solution sets within the framework of the* counting numbers. Yet we' 

frequently want solutions to problem^ that take t^e form of question (e)^. 

-•For example: ^ 

(e*) Mary has 9 Beatle records. * Her father can tolerate only k of 

' them. What can th^ father do.'j^o mako'the situation "t/olerable? 

A drastic solution would have^^^he-f^her destroy 5 records. • 
. •»..,'' * 

(e") Marvin askecf for directions. He xfas told to make a right turn at' 
the fourth light. Through an oversight Marvin went to the ninth , 
^ . y light. Is there any way for^Marvin to return to the fourth light 
, (U-turns are allowable.) . ' /— '' '\ ' 

Again we *wish' to devel6p numbers to ansXa/the questions we can^ask. 
However, there is a difference -this *time. The student generally has ^^ad some 
experience with the solution of the equation 2x =1,' while rarely^ does the 
student have any experience with a solution of the equatiofi x + 2 1. Thus, 
before a study of]^ equations ;can be^su^ccessfully started, some informal 'back- 
gr6und experience 'is useful^. This is commonly done by returning to the number 
line for counting numbers. Recall that certain uniformly spaced points'-'on the 
llne-cor!responding t^the^^unting numbers ^re singled and named 1, 2, 
3, ... • One other poii^tO^as been marked and najied 0. ' ' ^ ^ 



-—I ^ 1 ! 1 — ; — i — ■ — ! 0^r^. 

0 1^2^ 3 k 5^6,' 

We wlllViow extend the number line to the left. Many devices ere.,usecL 
to Justify nankng points to the*left of 0; thermometers .^.bank accohnts, . - 
altl'];ude above and' below sea level, .and.dist^nce . 26^ us simply say that 
points on one ^jortion of the line have been named and that we wish to" nairje 
points on the^other -portipn. V/e could use- 1,^11, III, IV, ^V, VI, ... . 



4 



It is mor6 convenient and much more useful to ijiake use. of the Hindu-Arabic 
numerals. In order to be abli t6 differentiate between those nailing points 
to the right of 0 and those to the left of 0 we use the symbol " " to 
detidt^ numera^ls corresponding to points op the left.' , H 



-3 



-1 ^ Q^:^ 1 ' 2 . 



Frequently paints to the rigl:^t of 0 on the .number line are name(|^"v^ith 
the symbol + " to emphasize, the distinction bet;ween thes^ and the on^s on 



the left of 



0. 



For^example^ 



1 names a point bne^unit to^he left.pf 0 
while +1., names ji point one unit to the right ."'^ "T^iese symbdls^re reajd /[nega- 
tive, one" and "p6sitive one", respectively; Of cQurs^e, 1 and 



two different 
different numbers 



way^ of 



aip just ^ 



naming the .number ,,1 whiie X and "l, 



Note that on the number^line we hayfe now locatejj. a point opposi^^j^^fc^ ea^h 



counting dumber: is tl\e oppositJe of 1, 



so on. ,For every counting nUmber b^||fthere is a corresponding negative 



2 is the opposite of /2, and 



number. 



The opposite of 0, is 




Recall that the pumber line is admirably suited f or/Uescribing additiTor^^^ 
of counting, numbers* To, add gcounting numbers w^ "add" porresponding seWents^. 

^ J ^ ..3.+ 2 =,5, 



•0^ 1 ' 
I 1-^- 

4 

-I- 



-i/ 



g (D' 6 



Now if we^ interpret " " " §is meariing we go that amount 'to the left, we*may 
perform "additions" of other y/egments (all segments .begin at O) . 

/ 5 + '3'= 2 . ' • . ^ * _ 

-I »^ 1 1 • I \ ^ ' 



s 



5/2-1.0 1 {2) 3 \ ^ .-.^ 

The figur^e'above inMcates the addition using the segment bet Veen bl,^ and 



it 

5 and the se^ent between '0 . and *"3. 



Class Exercises 



20. Use line jsegments 'to perform the following additions: 



(a) 3 + f _ 

(b) = _ 

(c) 5 + '6 = 



(d) "6 + 5 = ^ 

(e) , "2 + = 

(f ) "3 + 3 = 



With tl)ifs interpretation of combi-ning segments we now haye a physical 
method to solve e(iuatior;is of the form, a' + x = b, a and b counting numbers 
This is oempare^ble to the afds used to learn about fractions. 




v^vW^feample; Solve the equation 2 + x = -J, 

0,1 2 ' 
\ 1 



•-I 



— •- 



3 • h 

2 + 5=7 
X = 5. 



In other words, we must move 5 ' units to the .right from 2 in order to 
reach ?• \ 

Examjple: Solve the equation 5 + x ^'^^ 



2 3' k 

/ 5 +' ■'*3 = 2 



-t- 

'8 



\ 



In this^fcas^ we must mqve 3 units to the left;f rom 5 \ in order to 
reach 2. r * - ^ * " 



Class Exercises ' i " ^ ^ , 

21. Use the method of the above' examples* to solve the equations: 

(a) 2 + X = 11 , -^(d) ' 5 + X = 5 ' 

(b) 5 + X = 6 V • ^ (e) a +'x = 8 
-r-. (c) 2 + X = 1 ' ^* ' ' (^) 8 + X = 2 



V/e see from the class exercises that solutions to equations of the^ f orm 

e = f, e and f counting numbers, can be posi^^fe,^' zero, and negative. 

The ^collection of all solutions 'to equations of this form is called the set of 

integers > Eacl^ member of the set is called an integer. 

The set of integer,s is sometimes represented iti^the following" form: w 
* ■, ^ " 

< , I,= {•••, "3, "2, "1, 0, 1/2, 3, ■-..). 

I W^'see that the s§t of integers consists- of: * ^ 

the set of counting nUijbfers, [1,2,3,...), ' 
/ ^ , called the positive ^ integers ; . ' ' ' 

the number zero", 0 5' 

' ' the opposites oj the set o^f , counting' nuiffoers, 

^ ^ {"^^'^^ 3>«««), called the negative integbw% . ^ 

The siJbset of the integers which* consists of, the countirig numbers and'-*'*' 
the integer •O is called the whole numb^s . - • 

The e:x5tended rjumber line natur^lljr i^lt:roduces an ' ordering jof. tW iategers 
GiVen two integers we" locate them on tiie extended number line and call the one 
the right the greater. * !rhus, 'we call 2 :'%nd 1? > 93. The -latter 
example sometimes causes uneas^pss Smgng student^. The essential. point is 
that order on the number line involves direcLion, which* is the.extension of 
the notion of order of the counting , numbers . • * . 

Insert in ^ the box the proper Sign >, ,or < to make true statement's: 

* (a) ^'hdh / ^ ' ^ Z) el^im +76 

(b) '"3D "2 ^ (f). ii+'lDB . ' - ^ 



^3\3'^ . ' > ^ ''(g). 5 + "tDs 



(d) "19D;i7 ^ ' * (h) ^ 7 + llD 9 + ^13 

0 ' . ' 



^ 0ur discussion of the rational numbers in the previous, sections developed . ^ 
only the non-negative Nationals . With our knowledge of the integers we now 
can confplete the set of rational numbers by including negative rationais. 
r Recall that the set of whole numbers was extended, by including their oppo^ites, 
to form the set of integers. In like fashion, we will extend the set of positive 
"rational numbers by "including th^r^ opposite s . ' , ' • 

Hence^-^^o each positive rati^al number there is a corresponding negative 
rational ni^jnber. Some of the^/e** opposites are ^own on the number line below. ^ 











'15 - 


— mH — 1 — — ' — — 

'^ B-j A 0 ♦ I 8 


1 ;i 1 1 

3 3 ; 


O 

/ 



The complete set of rational numbers now includes all positive' rational numbers, 
all negative rat^onat'"'r56irfbers, anfi zero. / 



'5*7 OrdeVfed Pairs 

It should*be clear from our discussion in this chapter that each positive 
^ rational number can be introduced simply an ordered . pair of counting numbers; 
:that is, by a pair of counting numbers with the^lements of the pairidistin- 
guished as "to first and last numbers. ' The notation (a,b), a and b o counting 

numbers, is used to denote an ordered ^pir. Thus, we can represent rational 

" ' ' . 2 ' 

number like €wo-thi^ds an ordered pair (2*, 3) as well as by a fraction - . 

^ Likewise, nine-halves can be reporesented as (9>2) as well as With' this 

ordered pait i|||bation, it is .clear which member of the pair is the f irst^jnember 

and which is the^ast ..''thfe Svd'ered pair (i!,3) names a different number from 

the ordered pair^ (3>^.) just as jthe fractions ~ and ~ name different 

, V lumbers . ' ^ • - 

We say th^t two pairs, ia,^)) and* (c,d), are equivalent if^^aS' = be. 

A rational number. Is a set of all jequivalent o'l'^red pairs. The ordered pairs 

- (9,i2), and (75,100)- ' ' . 

.^all represent the same rational number as do the corresponding fractions 



The method of Secti(Jn 2 that develop;5 the rationale by the" equation method 
' lis essentially 'that/ of SMSG whilfe the method 'of ordered pairs of this section is. 
\' ^ suggested^ in some other elementary texts . • We believe the equation method to be 
♦ f'yChe most satisfactory for young students, but for completeness incluQle the* 
^rdered pair method. ^ ^ ^ \ ^ * ^ ' 

In the equation method the experience of the sl^Udent is used, to.motivate 
a belief in the solution o^ certain Equations. An ordered p^^lr^pproach also 
^ u^es the student *s experience, but in a more foimal ,wa^. • * 

■ • w ' • 



Class BKercises 



23- Vfrite each fraction using the ordered pall" notation. *\ 

. i * . ■ ,(c) 



lE . • . - ^'^^ loo • - - 

2^.~ Indicate which b-^-dered pa^rs name"^*same ration'al number, i* « 
(&} (3,5) and (6,16) ' - "1c)^(6,6) and. (9,9) 

-^i.,^^ (b) (5,7)"^ and {1,3) ' (d) (5,1*) and (15,12) 

- ' — * 

* ' We ^have seen how the positive rational numbers can be defined in terms of 
solutions to equations 'of^the fom bx = a while the integers ,can be defined 
in tenns af solutions equations of the foi^n ,br^$^x = a, where in-both cases 
va and b ■ are Jbunting riumbers. * . > 

To make the analogy betweeg^ the introduction of positive rational numbers 
and the inte^rs complete, we may do the following* Let us say xhat. we mentally 
„ ' construct a ^lation to th^" equation T+ x = f.. We know that among *tiie count- . 
ing ^umbers ^fhere is no soXutton.- However, we! ,;have a physical interpr^^tation 
A>f a solution on the number line. . Suppose we deno.te the solution of *7 + x = .3 
3. #7 (say "three sharp seven"). so doing,' Ve are saying thai^/3 #7 
< .'has the'$i)^ppe.rty that 

^ ' ^ • , 7 + (3 # 7) = 3. " . 

< r • . 3 

"K Just as c may be.lntearpreted as representing . 3 * of 7 e^al parts of a 



circle,^ wfe may think of 3 iPY^ as a name of the point obtained by perj^ormipg 
, ' * the 'additipn^3 + ^7 on the number line^^ v _ ' 

erIc V;';...", ' 



i 



Are 'there^ other equations that have the same solution as 7 +*x = 3 ? 
Consider* the^ equation 3^ + x = 30^ We can denote its solution by ^ 30 # 34 
sinpe % * ^ ^ 

' ' 3i+ + (30 # 3'0* = 30. ' o 

On the number line the solAition may be^obtained by performing the addition 
30 + 3^1. However, we -find on ^e number,line that the point n^e'd-frora the 
addition^ 30 + '3^ ds* the same as that* nWd from the 'addition ' 3 + 
^ Thus, our invented names for these solutions, 3 # ?• and 36 # 34, must rep- 
resent 4: he same nulnber, '4. In other .words, 

> 

3.+ "7 30 +'»"3^'= "4.^ ^ 
The solutions to 7 + x = 3 ahd 3^ + x = 30 are e^quaP. Here we have 
the same situation as for the positive rational, numbers % There are many equa- 
tions that lead to ^rtumbers we would like to call the same. Jhis is handled in 
precisely the same way. We agree th^t different symbols may be different, nam^s 
' fbr the same number. For fractions that najne solutions of mult/iplicative 
equations the determination is made in terms of products o^ counting numbers. 
Two fractions'^ f ' * f ' the' same' number if and only 'if ad,=; be. For 

additive equations, equations'-^f thQ form a + x = b, a and . b counting 
/ numbers, a determination i's marde in terms of sums of %unting^ numbers . If 
(a + b) and .(c + "d) *ar^ names of solutions of b + x = a and d + y = c, 
respectively, (a; b, c, d counting numbers) then they .represent the same 
number if and»only if > * ' • \ * ' , - . 

a; + d = c + b. t» . 



' While the notation 3 # 7, JO # 3^, and 7 # 3 is, of coUrseViiot 

standard mathematical notation, it^jdoes help to emphasize to the reader that 

the integers can also be treated as ordered pairs of ^le numbers. The 

ordered- pairs usedin 3 # 7 and 30 # 3^ represent the same integer vhile 
; "'Pp*i If tf ^ ^ 

the ordered pairs in 3 # 7 and 7 # 3 do not. • * . 



OLass > Exercises ; . ' ' 

25. Indicate //hi«h of the two suriis represent the same integer. * ^ * 

, . i"' ! 1 (a) -3 / ""K'' arid 5^ + "51 i - ' ' ^' 

* : (b)/ 17 + ,"26 ^ and + • ' • 

i > ^(c) :12 + "12 and 17 + ^ • . ^ ^ . ^ » 

26 • J^ndlcate if ,the two symbols iname the same in^'eger. * ; 

' (a) (11 + '■7)\and h (b) /(8I + ^99) and "j^ (c), (10+ "12) and. ""2 - 



'5.8 Historical Note " . 

In iatroducing the positive* rational number^ before the integers we have 
followed historical /-precedence. Sometime before 1700 B.C. the Egyptians were 
using positive rational numbers. We have been- able to date this knowledge due 
to the discovery of several Egyptian manuscripts. The best known of tfiese is 
called the Rhind papyrus. An excellent outside assignment: would be a rejjgr^ 
on the Rhind papyrus, (^le Encyclopedia Britannica , 11th edition, is a fine 
source.) Though less well known., the Babylonians of ^,000 years agp also had 
* a kno^edge of rational numbers . ^ ^ * ^, . 

The devjelopment of the integers came much later, as far as we kno\fj» When 
discussing the orcigin of ideas one must remember that civilization is not 
static. Many great nations with complex societies have come 6nd gone. Relics- 
of these people are hard to' find/. if indeed any relics still exist. Knowledge 
and libraries are always the targets of despots. The library at Alexandria 
was wantonly destroyed. It is "Said. that Shih Huang Ti, the empeij'or of China 
in 221 B.C. ordered all 'books of learning destroyed. You will be able to 
supply^ some modern instances of attempts to destroy ^nowled^. Nature also 
conspires against the "preservation of knowledge. , {Manuscripts written on bark 
do not lojig survive. - \ 

There is evidence that ajx appreciation of the! integers was deyeloping in 
the fifth* century A.D^ Another lOCJo years were tOj pass 6^fore the integers 
were completely absorbed.- A complete arid rigorous develoj^ent of our number 
System waa notvgiven until the l8th century? * 

A modern development of the* number system would not follow the historical 
pattern of development. Rather, one would, afler introducing. the counting 
numbers, proceed to the integers. From^the integers^ one would> develop the 
rational numbera*'( positive and negative ) 4and then go on to the systetn known 
technically as the real numbers. \ - ' ^ 



Chapter Exercises > , 

1. Show that M5 + 6 + 7 + 8) = (4 -5) + (J| . 6) + '{k • 7) + (4 • 8). 
'2. Show that (jj(3 + 4) +' 9) + s) + 2 = 3 + ^4 + (9 4. (5 + 2)) 
3. Give two other symbols which name the same rational number as does^^ . 
What is improper about an improper fraction? ' ^ ^ 

5. Does — name' a -solution of 35x = 77 ? Does \ name a solution 
of 21x = 27 ? ' 

3 15 f ** 

6. Show that ^ ^and^ — name the same rational number. Show that j and 

^ name, the samer ration^il number. , . ' 

7. What counting number may be used to name - ? ^ ? ,-^51 ? ^ 

^ . ^ ^- * 

8. Is there a counting number that^inay b6 used tp name ~ Z ^ ? ^ ? ^ 

^ 2 4 3 k 

9. Order the following 'rational numbers beginning with the smallest ' 

3»J.3*3^3^3- 
2 17 1 ^ % ' r'Z ' 5 ' 



10^. ' Order the following rational numbers beginning with the .smallest:' 

2 9 6 7 18 5 14 - . , - ' 

7 ^ 7 ' 1 \ 1^' 1 \ ij T ' ' , 

.^^^11. Order the following rational numbers beginning^ with the smallest:- 

8 11 - 14 99 
- ... 9 ' 12 ' 20 ^ 15 ' 100 * 

^ 12. V?hicti of the 'following statements 'are true? ' * t 

|a)' The integers are oppo^ites of the counting numbers, 
(b) Zero is an integer. - , 

I (c) The set of whole numbers includes only the positive integers. 

I ' * ^ (d) The int^g^ "X7 ife. less ^,han the 'ijiteger | "15 . • S L , . 

I I J (e) Every integer can expSressed a^s^ the solution of an equation jin .^ihe 
, ^ form a ,+ X = b;, a. and -b counting numbers. 



Answers to Class Exercises 
1.* Write 2 • 21^^" as ' 2(1 -h i) and use the distributive property to 



arrive at 2,^2 = 2 +-2. » ' ^ 



2. The distributive law, a(b + c) = ab + ac, on th^I left side tellp. us 
something about th^ sijiji of two counting numbers/ The product 

3(5 + 6+8) involves the^sum of three numbers: It is still possible 
^ to use the distributive^ property, for 5+6 + 8 m^ans (5 + 6) + 8. 
That is, 5+6+8 may be regarded as the sum^of two numbers, one 
named 5+6 '.and the other named 8l Now write 3(5 + 6+8) as 
3((5 + 6) + 8); From the distributive property this may be written as 
3(5 + 6) +'3 • 8. One^ other application of the distributive property- 
-gives the required result. 

3. There' are many ways to do this ^problem, all requiring the use of the 
properties of the counting numbers. Here is one. ♦ 

*t ' 5 * (6 • 9) - (5 • 6) '9 Associative property of multiplication- 

= 9 • (5 • 6) Con^mutative property of multiplication 

= 9 • (6 • 5) Commutative property of multj.plJ.catioh 

. . ^' ' / , ' • 

h* This problem may also be done in many orders. To group 5, and 6 

together we think of 5 + 6 as one number and use the associative 

^ propei*ty (a +* b) + c = 'a + (b + c) . All properties used apply to 

addition. j ^ , 

. / (3 + if) + (5 + 6) = 3 + + (5 + 6)) Aaso'ciative Property 
I V "** + 6)^+3^ Commutative Property 

} ^ =;a+ (6 + 5)) + 3 Commutative Property 

* . = ((^ + 6)' + 5y+ 3 '-Associative Proj^erty 

Commutative Property ._ 

p. ,> Ho, f'ojp the counting ^numbers to have an identity with respect to 
addition there would have to be a counting number whicli 
would give the sum JL.| (Remember, 0 is not a counting nu 
.pr.ove something is truje Ve must show it trUe in all cases To 
general statement is< not true, it^is enough to show that^ it does not 
holdJtti one special capre, as we have done here. 




• 7." (a) 7x=.2' (b) Itx = 3 , (c) 12x = 5 



8. 
■9. 



(d) lOOx =^90 . 



(a) y^s 



'(b) 



no 



LOO " 

To apply the test we 



Yes. The number named by - is a .solution of 5'x =^2 fihd is a 

name for the solution of the equation lOOx = hO. 
con5)are the equations ' " ' 

100 • •5x =100-2 
and^ ^ / . ' 

5 lOOx = 5 • ^0 . . . \^ ^ 

*4 * 

Thejjultipliers^ lOb, for^ the fil^st equation, and ';5, foi^ the second 

eqiijation we^e chbsen so that the left^and sides of both test equations 

are equal. Hius, to decide if the two equations are the same, we need 

^oi^y compare the two right sides. 

The answer also follows directly froni th^ statement: ^ = -r if and 

D d 

fonly if ad = be, b and d unequal to zero. (See;vanswer to Exercise 10 
below.) . ' ' 



10. 



Yes. The number named by r- is a solution of the equation bx.= a-' and 
c ' . D . * , . 

is the name for the solution of the equation dx ^ c. To apply the 

test we compare t^p equations • * ^ * 



dbx = da 



•*aTi(i 

5 



^bdx 



be. 



The multijpliers, d for the first equation and b for the second equa- 
tion, were choqen so that the two left sides, of both test equations areV 
equal. Thus, to decide if the two equations^ are ^ the same^ we need only* 
cohipare -the two rigltt sides. 



_If ad »'"bc^ ^ and ^-j. name the same 



number* 



11. This question cannot be baldly answfered yes or no. The symbol is 5si 
name fojf ^ solution of the equa^ipn 1 • x - h. The equation .1 • x = 1^ 
£ilso has a Counting number as a solution; namely, x = h. We agree that 
these two symbols" should name the same number. Our intuitive notion of - 
fraction* corroborates this agreement; jths of a pie vould be !f pi^s. 



'123 



142 



12. ,Ye's. The equations for ^ and' J ^ are, respectively, 3x = 1' and 

33x = 11. To* perform the test of the definition^ we examine the equations 

• . " ' " ' \3 • 33x = 1 • 33 



3 - 33x = 3 • 11., 



Since ^33 = 3^ 11 we see that the equation 3 • 33x = 1 - 33 may be 
obtained f roia ' 11 • 3x = 11 ; 1 (multiply by 3).- The test of' the 
definition requires that we multiply the equkfion for ^ 33x = 11, 
•also by 3.^^ Thus, b:^ noting these facts we can assure ourselves that the 
test is satisfied and save some 'imfl.tiplications. 



13. (a) > 

Ih. (a) < 

(e) - 



' (b) > 
(b) < 



(c) > 

(c) < 
(g) = 



(d) > 



(d) < 



15. Thi-s may be -readily seen by using the test of the' definition. 

The equation bkx = ak has. the solution x = ^ . . 

bk , 

' ' • ■ ■ ^ a ' 

The equation . bx?.= a , has the -Solution ' x = r . 

b 

Multiplying the 'first by b gives 



bbkx = bat 



.^i^. Multiplying the second by "bk . gives 

I ^ • bkbx = bka. 

* ' . ' * , 

16. We khow from the given information that of < de. It follows that 
of ^* k < de k which proves the assertion. 

A ■ - ^ . • • ■ 

17* To satisfy bur physical intuition ^regarding, rational numbers, we would 
like a segment corresponding to ^ .to be twice as long as a^ segment 
corresponding to t- . 

t. . - _ ^ ■ \ 

18. j We return to the equations j 2x ?f 6 and 5x = 6k Multiplying by 5 and' 



\ 2, respectively-, we obtainj > 
I ' ' i 

^ . ' ' ' 5 : 5 vO =i 0 

* ^ .2 \ 5x = 2 . 0 ^= 0. 

^AS:^ these %wo equations ar^ the same, ^^and name the same rat'lonal ,^f%j^ 
^ i number. Mol-eoverJ the equations ^x's 0 and 5x =: 0 Mve iO as \ . 
5^'. ^- ' ' -solution so we identify 0 with ~ and^.^ r ' ^ -''.^f^- X.^ 

Ierjc . ]■';. : ■ ;:>:■ ■ ' i ■ • 



i 



19'. Yes for mod 5. No for mod 1*, since in ^dditl^ to having "at least on# 

factor 0 t6 give a 0 'product* we also have ' ^ 

• ^ ! ■ 2 X 2 s 0 (mod h). 



20. (a)' 7 

21. (-a) 9 



(b) 3 
(h) 1 



(c) "1 

(c) ".r 



22. (a) < i 

(b) < ! 

(d) <; 

23. {a)"(/3,8) 
2i*. (a), jc), (d) 
,25^ (c)' 

26. (a), b), (c) 



1 

It' K 



(h) • (9,16)' 



(d) -1 

(d) 0 

(e) < 

(f) r 

(g) «;<- 

xta. =_ 



(e) "6 (f) 0 
(e) ,0 - (f) -6 



(c) (5,3) 
( 



(d) (1,100) 



* ' Chapter 6 • 
BINAR? OPERATIONS 



Intjfaductlon, 



In Chapter 5 the rational numbers were introduced and 



rine?^) 



Igmtnodated on the 
n the rational 



number liye. In this chaptei* binary x>perations will be defi 
'numbWs and the pr9perties of these bihary operations will be investigated. 
When we formulate the definition of these binary operations we will want the 
arithmetic of rational numbers to reflect our past, experiences 

should be 1, 



For ex^ple^ 



In an idealized form - 



our experience dictates that 

a pie plu& a pie is a pie. %his is, of course, idealized; it is e:etreiely 
difficult to put two halves of a cheery pie togethe7'to hav^e'la whole pi^. We 
shall also find ourselves motivated by what we regard as des'irable features of 
a* number system. ' ' ; - 

In the last chapter we looked first at the positive rationals as the^et^ — 
of all solutions to ejtuations in the form bx = a where ^g^.-'^ndr'^b are ' 
counting numbers. Vfe then introduced zero as a rational number by consj^d^ring 
-all solu^ns-to~the-efcLuation .bx^= 0 where b is a count ing^u^tjerT Last,. 

J we-took the opposites of all the positive rat i o n&ls jto.,fei€''the negative . . 
rationals.. These three sets ^ the positive rationals, the negative rationals, 
and zero together forin^the set of rational numbers . The counting numbers, the 
whole numbers, and the integers are all contained in the set of rational n 

^ bers and hende. eaci/;Ls a subset of the sei of ratio;ial numbers, 



0 In naming these numbers we agreed, to identify symbols such as k 
counting num>er and fractions sucji as |^ with .a rational numfeer. Thou 



ith a 

symbol^ k and ~ have different geneplbgies, we agree that they name ^e 
s^e number. The words "horse" and "cheveau" have different origins but tlJ 
name the same animal. ^ A person who speaks both* English and'^ French w(3UXd^ 
\ the|'TOrds* interchari^l^ab]o:;^d^ upon the sit^atUn. When we def ipe binary 

W^atlons for the rational ^iMbS^we shall want t|ie def init ions ma4 in such 
a \^ thai they 6g!rcl with the known deH'hitiohs for the .counting, nvun^ei-s. 
" . .;[ The^^point of vi^;^ of the last chapter will al^6 be used in this 'ihapt^r. 

we" are inventing rational nunibers. We KaVe a 
' certain aiiiount of intuition to Vide us and to\ifggJ 




itfggdst the. final form-Jof oi 



^^^||^-^°^\ knowiedg^ of rational numbers is l/hat rgained f rom tafc^g them 
a^;|oj.utions of-equa1|ions.. To 'proceed, then, wywiil .make extensive dse o^' 
Jta§ defini^g'^kn^ This paint' of view is (different'' fifom that giUn'in 



Inpslj^texts.l 'For e 



'le, j.n Mathematics for Juijlor k'igh Scljool , VolTL, it is 



assumed th^t there are rational numbers j^hat binary operations are defined " 
on them, and that these binary operations have certain pro;fexties. In thi§ 
text, for teachers, ,v,q pref^ to show that it is not necessary to make these 
assumption^ since they cap be shown to follow' directly from the definitions 
of |he operations, ' • 



Addition 



Let us begin with ,an introduction of a binary op^ation, addition. We 
start with some simple specific cases to illustrate the mefhod we will use^ , 
Suppose we w^sh to .find a rational number to "be called the sum of i and ^ .* 

To mathematically motivate this sum we return to our meaning of — . We think 

1 ' ** ' 1 « 

of ^ as a soliltion of the ^equation 2x =k 1 ; that is, - has the property 

« 1 1 ' ^ 

l^hat . 2 • — = 1. wTha symbo3^s 1 and 2 • — are names- of the same counting 

X 11 1 . 1 ' 

nui)iber. As we wish to define^ — + -r , let us try to involve -r and rr in a 
.' \2 ^ '2 , 2 *" 

sin^e "fetvatementi. One way to d&t this is to write the true -statement; 



is an9ther name for 1, Thus, 




^ + 2 • i since it is another name fqr the sum' of ^ 




This statement is true since 2 
meaningful Tio W3rijjte 2 ' " 2 

the counting* humbers 1 and 1. .In our treatment as yet,^we do noV hav^ a 

\ 1 1 L * • ' ' ' 

meaning. atj:achea. to^the sum- ^ -i^-j^^.^ If._I±,J.$^pQfi$i'ble^to define (^perati9ns 
©n the rational, nCunbers suoh jbhat ^he dis^ributi^ law hdlds, then-we wou^d-*be 

able ta=^tain:?ir<pni\ , - .ft^^ 1 . - * 



the statement 




If the distrJi/^Jutive law is to hold and + ^ is to 'have a meaning,*^^ m^st 

'XI • ^ " I'f ' ' ' \ 

agree that — + — ^is -the name of a solution pf the equation ^ ^ 

2< " ^ ' t I . ' * ' 



2y 



Bu-t wd know that, the, equation 2y = 

11 2" t 

shal^ agree tJ^at 2^2, ^^^» 2 SQittJ^ number 




h^S y ^ 2 ^ sb!}.u1iion. .Hence, ^e* 



- iis a name 

\ ^ ~ d » <: t ^.1 \ ' . ^ 1 ' 2 ^ ^ 

fox the numbej* one, we define the sum ^ ^+ ^ ' t<5 be. 1. w - 

• ^ * / ^ ' : ' » I- f 

Ifet us go through this in anpther sipiple. case . Tl\e ^a'^ional number — 

eqaivalently, 3 • ~ = 1/ -To 

; i ! ^ . *i 1 

\. ThQ xiefiriition of. - , 



is a sDlutio35,.of the equation 3x 1, |)|r 
mo^ivajbe a meaning foT ^ , we proc^^d a; 



t.ells us that 3 • | 1. To relate ^ and ^ we yrite the true statement 

1 1 * 

■ - 3 -3*3 •3 = 1*1 



or 



3(i * i, 



This tells us that if a Oistributive law holds we want to call, j + ^ a 

solution of the eq^xation 32 = 2. That is, the sum ' ^ +' ^ should Ve called 

J as we ]mo\f ^ is a nain^ ^or the solution, o^ 3z 

The two examples fibove indicate the procedure that shall be used te define 

additiQn of rational numbers Clearly, tliey yere very specialized examples and 

exampres for which the* decisions could easily have been made from physical 

modeljs. Now let us look at something whijtn is less obyious physically* 

define, the sum of | and ^ we may begirt- as before. The number | is a 

i, 
2 
3 

2 



5" ^ 3 p 

solution|of 3x = 2 and ^ is a solutiqikof 8y = 5/ that Is, 3 • - = 2 / ' . 

and 8 » ^ =^5. combine -r and 4 we may try the above method; combine ' — r--^ 



the ,two equations : 



f + 8 : ^^2 + 5 



This time, however, there is a difference. Even with the use of the distribu- 
tive law we are unable to group -^toget her | and ^ . 

What to do? The first step may be to^ ask why the procedure failed. To 
answer this question we^must be clear on what the procedure was. To go from 
the statement 3 " | + 3 • , j = 2 to the statement 3(i + = 2 required the 
use of distributivity: In general, the distributive property is stated as 

' ab + ac = 'a(b + c) . • , ' 

, ^ . 



The expression 3 • - + 3 • | seems taiior-made Lu Uiie a dii^Lit^S^ttSPe::: 
property as we have a corampn factbr (multiplier). TJi|s is, of, course, the 
.reason for the difficulty with ^ ^ * ' # ' ' ' 



there is no dommon factor! ' - ' ' . \ . 

Should this technique be abandoned? This .question is important and 
deserves some serious thoulght before an answer is given. ,One line cff thought 
might lead us back to the pB^ceding chapter and. th^ introduction of rational 

numbers and fractions . On several^jScasipns we -wished to compare numbers 
^ '-^ ' ♦ \. - ■ ' > / - J 

named by fractions^ This wfis done in such a way that, the new equations had 
" "/ J • ' ' ' , ' 

equal Qo-efficienis;' i ' i ? 



ATtel' this refleQtion let us return to Qur problem, and see if this tra5 

2 ^ 
of yiought has been useful. The fraction r- is the sOlutipn of 3x = 2, so 

that J • J = 2. Also ^ has the property 8 • ^ = 5, Let us multiply the 

first equation iy 8 'and the second equation by 3. (The multipliers al:e%the 

denomiu^tor§ 'of the two fractions involved.) These multipli^tions yield 



/ ^ ■% ' f ) •= 16 
3 • (8 • §) = 15 



oy assviniiig the associative property, , ■> 

(8 •• 3) .• I = 16 ' ' - 

l'(3 • 8) . 1= 15.^ • ^ ' 

Now let us add the counting numbers l6 and 15 and multiply the counting 
numbers " 8 and ^ , 



(8 • 3)'- f.+ (3 -'8) ,• 1= 16 + 15. 



Using tl?fi distributive property^ "we^ get ^ ^ 

- 2M|+|) = 31. _ ' - ' 

V 2 5 ^ . ' 

Thus, it is seen that tt + w should be a name for the solution of .the equation 

2H = 31 ahd that we shotild say 1* W - ^ 



3 H ' 25 



The general ca^e for the sum of any two rational ^pumbers is treated in a 

similar fashion. Let ^ ^nd § name two rational numbers. These rational 

b ' d ^ ^? 

numbers are the solutions of the equations bx a ^nd dy = c, resptectiveiy . « 

* a ' « 

By, this is meant ^ - = a and~ d • ^ = c. E3Uivalently we have 



d{b • f)= da 



and 



b(d.- be. 



AiSsuming the associative .property, we can combine to get , . 



(bd)| + (bd)| := ad + be. 




Note that the commutative property £ot the multiplication of whole numbers 
has >een used^io write db as bd and da as ad. 



Using the distributive property gives ' \ ' <f • . 

Thus, if the operal^ion of addition is to be eixterided in a natui'sO. way to 
rational numbers, we would want to say "that ^ + I", is a Solution of the equa~- 
tipn 

^ ' (bd)2 = ad + be, ( 

This woul'd lead us to conclude that . * ■ 



b ^ d 



ad + be 
bd , • 



name the same number. 

Our thinking has led us to a plausible meaning for § + # • We have not. 
offered a proof but rather an extended development to motivate a^ definition. 
Haying arrived at this point, we-Jcan now^wipe the slate clean and begin with 
the following: 

/ . 

Definition ; The sum of any two rational numbers § and # 
a2^+ be - b ^ d 



We have given a lengthi^Jntroduction to a relatively simple definition* 
There are several reasons for this verbosity,,* By doing thievery slowly we A 
looped to convince the reader' that addition of rational nuipbers is the work of ' 
man and that Jh^ definition was not deliberately designed to be as difficult 
as "possible. The definition was arrived at through a review of the meaning 
of rational number and a desire to create binary operatipns whicfl have prop- 
erties we have found useful ,when working with .addition and multiplication of 
whole-numbers. It remains, of pourse, to be shown that this binary opei^ation, 
defined does have these familiar ptoperties, such as -commutatlvfty and- 



associativity. In th^ 'next section we shall s\udy. the properties. 

Many texts including Mat^iepiatips ,fQr Junior High School /^Vo3, . 1, suggest 
thfit we add - jand g by findinea^cpmon, denominator^ That is;, one "'irpul^L 



r 




31: . 



f 1 



The treatment in tlfia text appears to be greatly different. However, the 
/difference is more"^^^ philosophical difference than^a mechanical difference. 
It will be seep t'hat the mechanics pf .the two methods are really the same. The 
treatment in this ^^^^ has been different to emphasize to the teacher that 
additiori. .of r^idtlal numbers majr be motivated ©nd f^inaXJ./ accomplished without 
.^Itiplying fractions. The discussion of addition has depended upon the whole 
lumbers. That Is/ have ma'de addition of ral^ionals relate to addition and 
multiplication '^o^^i^^ple numbers. • V ' , 



'-To see the similarity of the two methods, let us review the m^hod of 
tfils>ext% To colXe-Ot together and ^ .we multiply the \quat ions 



3 • I = 2 and ^8^ • ^ 



, by 8 >and 3^ respectively^. This gives *us 

8. -.(3^ .-f) = 8.2 and .3 • (8 • 4) = 3'- 5.*^ 



^a?he first^ equation >ijs of " the'formj. 8 .,3x 8 • -2 which Kas a solution named 
^-^ &*2 8*2 2 ' i^fci 

t>y" B j^j i^' , B , j = 2 • secdnd equation is of the form** ] 

3 • &c = 3 • 5 ^hich has a solution named by j * ^ ^ Hence,, f'. ^ ' i . 
•vWe see, that we havje done the same work in both methods. Only the style is 
different , ' . ' . ' . , * ' 

Sev.ejnth g^^d^i^exts" generally introduce multiplicatipn tefore addition, 
reasons being^^.thaj multiplication seems simpler than additic^n and that , 
multiplication may used in the computation of igtuns^ l^ote, *^oweve«, that 
both treatments, , properties either to motivate the discussion or to carry - 
out the computation^ . - ^ ^ . " { 

Example: Use the definition of the sum of two rational numbers to find -the 



From the. def initi9n ve have. 



s. 

•J 



%v 3* ■ ^ • 8 + 18 • 3 ' ■ ; 

TBT H = iB • B ■ < ■ 1 



which may be written as- * ) 



The^JIx^ction' names a rational numbei^whicn has many names. ,At* 

thi^.,stage we will hot want to find 1>He "simpleit'',. name. ' , \ 



Class Exercises- 



1. Use the definition to'.find the sums: 




/ 



2. . The form of the answers to_JcWnd^,(d) of problem 1 will not be the 

same as the fbrm of ti^e sums obtained in the text* Are trfe suks themselves 
^ • ' different? * . ' ^ 

3. (a) ^ Use the definition to fwid the sum J *** ^ • * 

" (b) Does the answer to part (a) agree with the fact th^t ' and ^ 
are fractional name&^or U and 3 ? 

'ii-.?^ (a) Use the' definition to find the sum ' ^ 

.>•••• . • •* ' . 

(b) Does trhe answer to part (a) agree with the^ f act tjiat and — 

are fractional names for h and 5^ respectively. 



< 



6*2 Properties of Addition . " - • ' 

\ . ^ 

The binary operation of addition, on th'e rational numbers has T^een intror 

^ duced and defined. Now is the time to investigate this operation to sbQw th^. 
, it do'es have the de^Ebr^d propej^ie'c similar.jto addition tm the"' whole' numbers . 
We repat*that"the"imnrof ""I* ^^^"^f i ^ is defined to be ^^^"^^^ ; 

the sum of' ^ and ^ i*s the^ solution of the equation bdx s= ad + bc« Since 



a 



, fe;,>' c^ and* d ate ^rfiole numbers, so are ,bd and ad + be. Thus, 
1^ + ^ i$,the ^alut^ior^ of an equat-ion staTed wit^ whoie^ numbers,- bd ^^^,0^ 
whicht means ^ +• ^ is tlj^e.^naftie of^a rational number. We haye pr^ved.^at* the 
binai^ operation introduced in the last ^section is closed; the sum of tvo 
^rational numbers is a rational number. ^ * " ^ 

. . \ What else can we say abcrtft this binary operation? "Let us compare r + 
• and + • ' By the definition of addition, + ^ is 

•■- ' — T-^io: — 

»^ and ts the solution of the equatidh U • lOx = 3 • 10 + i| • 9. ^y the deflni- 
.*,,:tlpn .of addition, ^ -4- ^ is . ' ' " , ► 

9 • + 10 • 3 * ' . ' ' 



and is the.Solution 'ofHhd equdtion 10 j* = 9 • U + 10 ' 3 . The eqLuatioBa 

are stated in terms of Whole numbers as are the results of the definition. - 

However, for 'the whole nwbers multiplication and addition ar6 commutative. 
Hence, we cant show that* tn^ second result equals the first: 

3-' h\> 



% U +'10 
, 10 ♦ 4 



+ 3-10 
10 



10 




(commutative property for 
multiplication oX^ w^ole^ 
numbers) , ' 

(comradtaibive property for 
/^addit:y5h;of whole'^umbers) 



Likewise, using the same prop^ties Ve o^n s^ow that tile twa equations are 

uthaV ' < X. J , ^ 



identical. ^>/^theref ore! conq 



The- metho'd 



t^hat 



t vvas'^iUi 



of rational numbers is 



10 



is"^i4^ed:here will^work j^general'^jto show tiiat addition 



commutative. 



For the t^tional nunfc 



ers 



r-/ arid -T 
D a 



£ + £ - £ + S 
b d " d b 



X 



That we can prove Ithe commutative"* property holds fo^ rational numbers is^ 
a reflection of the fact that the treatment of rationals in this text^is. 

"deeper" than that givfeft, in a junior •high^school text. Ve re|feat once again: 

» * * ^ " * ' i ^ * 

We don't exgeTrti.'' the teacher to present^ this development to her classes but ♦ ^. 

the teacher ^should see an orde|*ly develof^m^t/-^ rational numbers 

as s 0 c i at i ve 'prb pe rt y^."n|ay also be /een to hold fo^^^dditi^n of rational 
numbers^following the definition throui 
with the 

the use of the associative prope; 



^n much the same way vas-^^ne 



commutatiVe^o^^rty. In this^case, hoVever, the, proof rests upo\ , 



When 



.dition of whole 

stated iji\tenris of ratipnal numbers;; , % , and § , the associative 
pfdi^erty becomes 1 ^ ■ 7 T / [Z^ ' \ I - / 



V£ + £) ^ £ ^- a ^ / c - es 



— '£ 
'b ♦'^ d^. f ^ b **" ^d ' f 

W^ave decided that the fractions such as ^ ^/iv and — , are 
different names Tor-. -Gt — t^f^s see how 0 •behgyes ;Vi1>h respect addition*^ ' 
as we have defined this operation. ',To find the su^n <5f t and we 9sa \ 

tHe definition: ' v . * ' ^ ^ 



V- 




'hat i,S; the rational numlj>er j /acts as iddltiveTdentity . (We have 
examined the behaviox: of .j^ only when combiied with ^ but it ^i-s . clear, 
is it. not, that the pattern would be the same witli-anyviutional wwgter.)' - 

Again we have n^t proved a general statement . Rath^7"a§:?4^^4 has 
been given that '6„^ is an additive identity . For ! any rational numblf^ - ^ 
b / 0,, it is true ^ ■ ^ ^ . _ . V-"" * - \ 

true rei^ardless of 
is 

+ rrr ^4- flame -the pame nuftiber? 



'^^ ^ b b • Xhis^>hould^be-intepreted as b^ng^ 
ch name we use for 0*. The reader Lould try a f^ ^ 
"true that 2 + J. ^ ± > Dq the two sides bf the equati\n 



examples 
23 11 >1T 

' We have seen that by« carefully inventing the rational numbers and* a 



binary operation on them we have a mathematical system with properties, that 
' ^are familiar to us. * \ * 

Before leaving. addition there is anothe^|hfeattbr which needs comment. It 
has been agVeec^that we will name a, whole numbei- with -certain fra^ition names. 
Since - and | solve the same eqbiation we have agreed that: h: and ^ name 
; the same nufliber. An addition for* numbers yith fraction -names has ^ Just been* 
described. Thus, given two whole -number's /say 4' '3> we have t;^ w^s 
to perfojTTi addition. Ve may write If '+ 3 = 7 or we may do the-MKidition using 



fractions 



The fractions - 
1 



3 " 

and Y T^^Q the same numbers "a^ h and 3: 



I I 



■1 +.1 



Fortunately^- - and 7 nam^ the same number. A graid of , sand "does not make' 
a mo^tain,, nor dofes one example ^rov^a geheral statement. In X^Xs si^ ' 
^';.the ohe-^example does.; however/ give an insight ^into the "general case. 



ituat ion 



> The one example and the g^^ral sta1;ei|ierit which may be proved simij.arly 
fells us that, the ad^tion.^intj-lpduced on the rational, niiJnbers ^s an extension 
pt^ of the^ addition wh ^aw whole numbers.. This is hi^ly desirable. We have 
liWo'v^WtS'^add whpfe^numBers;"^Se is^ssinfiTlly'finger^ounti^^^^ and the "^^^^ 
other is to ren^^. the whole numbers \s fractions ar^d use/a'dditio^ of rational 
number sy H^d've obtained /different answers Vor ii- + 3 and " 
■ intui-^e concept could\tft hold!. 



11 



OUT 



-V I 



I.;. 



•15^3 



i 



Class Exercises • V < . ' ^ 

5. Use the definition to! perform the additions in (a), (b), ;(c), aiid (d). 



(a) 3 .-E . ■ ■ ; . ( = ) ^ 4 



i " • r . 101 5 

(e) - Ccflnpare the ^answers to (a) and p). 

(f) Compare *%he .answers to (c) and'?(d^. 

* • " * 3 2 •* 

•^?^(a) Express as a fraction the sum 



(b) Use the answer to (a) to put* (I + |) + ^ fractional, form. 



26 ^ * ' ' \ 

(c) Put ^ + fractional form. 

(d) Use the ans;?er to .(c) to put | + (| + ^) 'fractional fo^. 

(e) Compare the answers to (b) and (d) . 

■ ^ ' ' * ; ^ 

7^ . Put i§ + ^ ^n'fractional foim using the definition/of addition. Do^ 
V 5 - 5 • , ^ ' 

- the corresponding addfiion using non fractional names for these^ r^ional 

numbers. Compare your answers, , . ' ' ^ 

8* Students^like to think that addition of *^ and | shou^ be Sefiijed as 

^ b d " b ,+ d ' 
' ''^ ' Why "is tlii s'-a "mdst-^ -mi^ati-sf^etary-" defirvitioti? 
* ' . Hint: ^Use the definition to* find th^'isum 




*-Wb^t shoaM teaQh^ej:*- tea.c^,^ta a4^aQ.yeijth.gmde <^a.ss . afepjifc^.r^tionaX » ^ ^ ^ ^ 
numbers? Certainly, that our definition* for the addition of rationals is- 
reasonable. That is, the operation we call addition is defined |xaotly as 
our reason tells us it should be. Students tend*to view rational nun^)ers and 
operations. on>,them as mysterious. -TIjU is particlllarly true for a^idition. ' 
' The judi^cidUs use* of equatipns can dispel much of this mystery. * The proper- | 
ties Qf addition and of 0 ^^ould'be stressed. The notion tha-^' and^ - , 
must be^iden\ified ^s two names for ^he eame nuiftberHs •pfobably to6 subtle 
at this point*. However, the student will be willing to accept,, without any^^ 
ddj5CUs§ion, that \ and - are two names foi? the . same' number. 



40 



136 



154 



A teacher who is confident 



' 1 a ' 

jworkiug with rational numbers will be able to 

instill this ^cQjtfidence to the olass. Operating 6n the ratic)nal numbers is not 

difficult. / As has been seen, it depends only on a good wrjcing^nowledge of 

the' whole^ numbers. Class Exercis'e*8 may be ysed. to discourage one prevalent 

false idea, particularly if illustrated with half-dollars.' . i 

^ Students, generaill- regard lAultiplica-tiion of National numbers as simpler \ 

than ad'dition. There 4re probably several reasons for this. 'm^^b^^Twitk, 



a^dii^ion ts introduced through the use- pf multiplircation. Secondly, as 
. teacher, we generally want our students to be efficient and use the lowest^om- 
mqn denominator "when adding. We frequently mark' an answer wrong singly because 
, it' is not reduced. To illustrate this, take the problem of putting ^ + X 'in 

i>ractional form. Followiifg our method t^ie sum^ .would be . ^ We motivated 

^iils by multiplying f>ie equation 36x - 5, and 3Qy = 7 by '30 and 36 



respectively, to obtain in'each case the coefficient IO80. The common 
coefficient suggests the distributive lat/. ^ We could also hSve obtained a 



common coefficient of I80 by multiplying the equations by-' 5 and 6^ Res- 
pectively, to obtain 5 * 36x = 5 • 5 ' and 6 • 3Qy = 6 • ? o*r l80x i 25 
anH l8Qy = k2 ; ^t'hus, ' l80(x -f->y) = 6?. It is true th^t our second answer 
^appear^ simpler and tljat we prefer the answer ^ . '.This is not ma'themktical 
reasoning but psychological. We must' remember that it ^s better* to get, a 
correct answer rather than to worry tpo-much abput efficiency. ' , 

The essence .9f additiorf as usually taughV ifi the elementary grades "is ^ 
finding^ a common denominator. WhenJ^w^ insist, at an iarly stage, that the , - 

uL:!^^^^^^ .^i?^ '"^ s_ijght_qf the 

meaning^ of addition. The student should thorolgjjly iLitn that* rational num- 
j^ers-haye many names .*^""^^most usefiA^ame ^11 depejid on the circumstanXe§ . 




1^ 



.1 



Now tha-6 addition of rational nui^ers has been Antroduced, we. wish to* 
introduce a second binary operatiog. The operation/of addition was motivTt^d 
thxpugh'.the prope^^ies and bpe^rations^t^ tjie^ wholef^^ -The ^second binary' 
'operation, multiplication, wiU also be motivated ihrough the whol6 numbers. 



Eet- 



us look first at"^ an e^ple. The rdtion^l numbe2>,^ ^ as the solution 



Of .the '^equatfon hx ^ h • A^so, X /is the, solutiorf-Df the 



^^*ion .5y = 7 ; 5^-' | 5^ 



5^e ''rihml^ers .3 land/ 



. if 



and 5 



equa- 

7 have a Mhil determined 
and 7 



^ are other names for' 3 



^ey/ t6o, haVe a well determined product** ^ Thus, is meaningful to \Av^te 



(5 • = 3 • T . 



Remember we are merely* exploring, not proving, and so may use a bit of sleight 
I ' .J 

of^ iiand to rewrite this , equation as ^ ' * 



• 5) 



XUere we have proceeded ae-|^it is meaningful to \^^8^sq9iativity and com- 

bion o: 
Lon^bi 



mutativity for the operation of multiplication with bratidhal numbers •) 

The- displayed equation^bove^does suggeaji to, lis ti^t^ ^ • ^ should be 
the solution of ' M X 



The ^lution of tMs equation i? .named ^ 1 ^ ^ 

say ^ " _ -.^ ' -/ 



^^eiflce^'l it^ seems r'easonable to 



bion : ^P^eprodju^d^gfiX 



3. Y"-' 3 '.7 rai 



^Definition: 

is.- 



^tieJTial hiim^er^ ^ and 




This /Jfefinit ion n^*T>e^r^ffiFa&^4^99 pro<iuct'~o£j£^fai6 rational ^nuin^jg"B'^ 



written 



=fs fra(itionSjail^5te, 
produ^^ 'c3f th^ ^y^5i?J§S?"' 



^bse^l5^noiiiinaj^;^is ibe j)ipdjgigb*_oX the d^nca^ij^^j^^^ 



/ . YOp^^^j^^/the. rjs*^^ ^bservfed a sii^ly different"* approach to the. 

J treati^n^j^^^^onal numt)erjS.^^^>eas6n for^;^his a|Jproach is* as before, .to 
^i%has£^e the eqgiatlon meaning of i?ational numbers^. 'The rational nun4)ers ark 
'X itnowrfi^^rough eqltations and the eqiStions have been used to motivate the def i-' \ 
^flltions* We also use the properties l!^t we wotdCd like addition and multipUb- . 

cation to possess to suggest these operations to us . Having^ arrived at ^ what 
,^sleem' to be^ £§^sonabl,e ideas of addition am multiplication, we then show that 
t^. properti^t^ hdld,# \0^er treatments take the properties for granted and 
T^«^> . sjTOv that, the defrlaitiQffS» given must be the definitions used./ The , net, result 
^^i^^K^' "i^s, ^^f ^'Dui^./tfte^i^e' operation* ^ 

' ..-^^ fi^l^hjbfdiff.erencej in introducing^ rational numbers are no"^ as i'mpor- 

^ ^f^^^it'^'^^ isi the newer /bexts. ' — - . 

^' Ia?^?^^^^'' .R^ef ifljiati pr^feent the arithm( 




This similarity is a^'pedagogical 



arithmetic of rationale as an irrevocable 
< I['*"ifS)^^of^»jc{a^^^;^which we mu&t all unthinkingly otey.' arithmetic is present ed^s 

^ /" an'^Vgarilzfed^ o5b«i^ous development of man to suit his purposes. Children 

■.FRir< ..■\v.€ / ^. , . -.-138 156: . / 



"Sometimes asH questions about mathematics that seem naive liut are reall;;^ pene- 



trating. ;»Who decided 1 + L = 2 ?/' or "Who ^decided that! + ^ = ^^V^ 



These and other est ions have answers when mathematics is| developed ra-jiher 
than toerely presented as a fact. ^ ^ 



Class Exercises . 

^ ' , • / ■* hi 

9. Use the 'definition of upltipli cation to find the product *r • . Does . 

k ^ > 

♦ the answer agree with the fact that r- and ^ fractional names 

for if and 3 r 

10. Use the definition to find the 'product ^ • . Does this answer 

28 10 

agree with the fact that and — are fractional names for counting ' 

' numbers? * * v " 



6.h Properties of Multiplication 

We would like to show that multiplication of rational numbers, as defined, 
is as well behaved as addition. That is, we would like to show that multipli'T3a- 
tion is closed, commutative, and associative. Furthermore, we like to know' j 
that, th^e J.s,an identity with^respect to multiplication and thai npltipliea-i / 
tloh of nationals IS an extension of multiplication of whole numberb. \ / 
For whole numbers ,c, and d with b, d 0/ the proddct of the/ 

-^rational numbers ^ ani3^*, is defii^ed to be ^ . The symbol ^ \names tjie 
solutibn of the equation (bd)x ^^Q. Thus, the product of , two rational " 
bers is again a rational numb^ The binary operation of mult ipli cat Ibn i^ 
cloged ;-- ' ^ ^^^^ -^^.-^ . ^ 

. Do not expect ajSeVenth grader to turn cartwheels in the aisle as yW 
announce this fact. Hil reaction is apt to be the bored "So wiiat," or th< 
•pseudo sophisticatedjicfr course." It may well be beneficial to repeat some 
examples a€ binary operations vhich are not closed: Subtraction on the set 
of counting numbers, - division on the set ot whole numbers, or multiplication 
on the set of numbers 1, 2, 

* Is mult ipli cat icii commutative? For rational numb,ers |^ and this asks; 

Is i.t true^tJhat | • £ ^ £ • £ ? We have ' | • l^.^ and ^ -'^ I ^ . Do' 

ac ca 

the two fractions ^ and ~ name-the oame number? Using the commutative ^ 
property for lault ipli cation of Whole numbers the numerator and denominator of 



second fraction can "be shown to e4ual those of^ the first. . He 

multiplicatloril of rational numbisrs. is coimflutdtive . 

I . , ■ — ; — 

Given thijee rational numbers it Is not difficult to show that the assoc- 

bive property holds for multiplication. Indeed, it is no more difficult to 

show the associative property in general tlian in a special case. Some e;j(amples 

jill convince I the Teader of this. 

The number 1 has a' special .property with respect to multi^>lication of 

;ihple ntimbers. Does this property extend to the rational numbers? Let us 

look at an example.' To i'ind the product of 1 and ^ we must first rename 1 

rith a fractional name. There are many names to choose from; -suppose we use ^. ' 



U 12 ■ 12 
"T ^ 21'* The number named 21 " 



is the same number 



Dhe product 4^*4 
IS named by . 

To show that" 1 is a multiplicative identity we use'the name k- / 0, 

for 1 and take an arbitrary .rational number r • ^ow ^ • ~ = — , in 

Class Exercise 15 of Chapter 5 it was shown that f§ and ^ name the 'same * 

a • a ^ 

nijlmber. We frequently write this as 1 • = . 'Thus, we have^^^rov^d that ♦ 
1 'is the multiplicative identity. - ' 

The whole numbef's have been identified with certain rational numbers. 
When we say that the whole numbers are .a jsubset of the rational numbers, we 
mean that there*^is 9* subset of the rational rfUmbers that solve the ^ame equa- 
tiq^is as do the whole numbers. Now an operation called multiplication has been 
introduced on the ^tional- numbers . ^Sedtingly then, th^re are two forms of 
multiplication for whale numbers?; The multiplication as learned foi»-whol^,, 
nuinbers, and the multiplication ^.forced on the whole numflers when they ate 
regarded as a subse1> of the rationals. As an*exaii^le there is the product 



18 

7 = 63. We 9IS0 may write 9 as an^L 7 .as then the 

■p" * ^ equals y which is easily seen to be another name for ^ or "d 
identified vnth/ 6^. This.is'true in ^general} the product of' two whole numbers 
(S^^emlpid wlth^ractions or with decimal najjlerars is^the ^s^ne'. ^Tp.s is^^ch ' 
ike two studehts* wlj^work the sarfl arithmetic^problem. If one student uses_ ^ 
lue ink and another uses black, the external fom*'will be different "tuStTthe 
irithmetieal result will be the same« . 



/35 



p^duct >■ 
^be 



7 



Glass Exercises 



' ^ li. f 'Show by' computing that 



J 



6.5 The ' Pi St ribut ive Property 



. ^ ' Pjpblem 112 of the preceding 
wo Joking of the distribjative prope 
property states:. ^ 



For va,"b, c,^ d, e, an 
it is true that . 



1^-1-^1 




12.' Show by coraputation that 



I3. Determine the rational' number which is a solution of the equatipp 

■ • v ' 3-: „ _ 7 

F ■ 

Ik. Evaluate: 

15. it irfeaningful to* write 1 
* , meaningful? 



It is a straightforward approach to sbow that the prppfertyjiplds Simply 
compute^both sides and see that they name the same rational number. The le^t ^\ 
side can be expressed as follows: - / 

' ^ * ^d f\~ b * df ^ 



^ a(cf 4- de) ' \ 
b(df1 /..\ 

^ a(Gf) + a(de) 

. " : b(dErj • 

ijfi ISi^ ;-U . . 



The last step useq the distributive propi^-rty for whole numbers. The right I 
side can-be expressed as follows: ' r ' ' V*^ 



. ^\ a. (^^ ^ ^\ ^.ae 



(ac)'(bf)+(bd)'(ke) 
^ (M)-(bf) 



The two fractions ' and (^c) >(bi-K(bd) >(ae) 



(bd)-(bf) 



are quite different 



in appearance. Do they name the same number? Using the properties of, whale 
number^ the %\0 fractions* m6y be rewrit-^en as - y - ^ 



acf +-ade 
bdf 



and 



b(acf + ade) 
*b(bdf) \ 



From Class Exercise 15 of Chapter 5 it' follows that the two fractions name the 
pama rational number. Thus, it has^'een shown that ^e .distributive law is 



valid. 



6.6 Subtraction 

With the introduction of addition and multiplication i*^ is possible to 
introduce subtraction and\ivision. Si^raction and division are not. to be ** 
regarded iz new operations. It shall be show^i that addition and multiplica- 
tion can be used^'to solve problems that ^re usually considered as subtraction - 
^and di;Visiop problems ^ ' ^ . 

We may determine by the operation additit)n"q* rational" numb^er we call 



2 ^ 

To determine the rational number .we call - - ;r , we may proceed in a 

•5 . f 



routine 



h 2 



'7 3 ^ 7 ~ 7 

_,1U '.12 V. 

~ 21 ■ -21 

■ 

^1 ^(U - 12^ 



2 

" 21' 



3 . 

3 



lU2 



160 



(In the third step we have made usa hf a distributive property, of multlplica- 

\^ ^ tion ovei: subtractioiLr^ ^ — 

•Let as look deeper into the "meaning 'of the ra'tional nun^er we, call' $ - 5 

by use of thp equation method. When we. evaluate - - , we determine a / 
> • '4i?2' 37^ // 

value for x such that - + <f = - . This, is comparable to saying that the 

solution of the equation^ 9 + n =.15 is Vy - 9. To see more, clearly the 

' \ ' relation of subtraction'' to addition let us use the equation 4+x,= -to/ 

find :t - , . 

• t;,.^ ^ atten^W^to solve this equation we are asking: Is there a_rationai'— ' ' 

^ i^umber which may be substituted'for x in — * 



2 ' \ 



to make a true statement?' To have something to talk about, let us tjiink of 
X as a rational dumber, ^ . We wish to , determine whole number replacements 



V _ 
for u and v ^ such that , ^ ' . V 

• ^' u 2 ' 

ff there are such numbers', we -may add ^ and - 'to obtain 'I '^H = - . 

Uv + 7u • 2 ' - ^ ^ 3 

These-1;wo fractions, — 7:^ — and will name the same i]^um]?er if " 

* 

3(^v ^l\x) = 2 • 7v , 

/ " - • , * ' 

,by the definition of equivaleat fractions. To see if it is possible to " 

^ determine values for m and v so that thi^ equation holds, let us rewrite it: 

-r--^^^-- - .^>J.^ ^3(J*.v-4-^7a) si-2 7v* . . ... *. 

^ . • 12v + 21u := lifv - ^ ^ 
* 21u = Ik^- - ' 12v 

wliich by a distributive property becomes 

21u = 2v . ^ ' ' , 

' ' . • ^' • 

It no V seems clear that we slioulc^ try v = 21 aM u =.2. 4^ .lea^fc^hese ^ 

v^LLues for u and v will make the statement 21u = 2v^ a true statement. 

, * . 2 ' " 

Thus, it ha« b^en suggested that x = . Let us s^e if this works: The sum 
h 2 98 ' . ^ s ' 2 

7 ^ 21 Vvf ^^^^^ easily be shown to .name' the same nurrib^er as ^ 

DWle 



This technique for subtraction depjends only on a knowledge of addition . 

and- the meaning of fractions. A more^routirie technique for solving such ^ 

pipblems may readily be presented. This method depends upOn/the statement: 
- , •- '^^ '^^*a ' ak \ 

Iprany counting number k, the fo^actions ^ and ^ namfe the same number 



V T fi n ^ .V 



To determine ' - such that^ 



^ 1 u \2 



we first rename and ^ so that, 

7^3=3" 

to solve 




^^ey have ;the same denominator, kipce 
^ and -T =\S ^ • The equation we^wisi 



3 ^3 



rj . The equaticDn^we^wi^^ — 



12 u ^. iJi 
21 V 21. 



It is'* clear that equality will hold if is ^ . This latter methqji^ , . 

determining such that + — = is* really subtraction as taugJit in 

^ V 21 V 2 21^^' 2 ^ h r-- 

seventh grade. We wish to' find -r - =. The fractions and 77 are* U 



renamed as: 



and 



Hence, 



2 ^ 
3*=-5 

7 7 



7' 

7 " 21 



•3 



12 
21 



Class Jbcercises 



^6. 




S&lve each of the^eciuations by thg two methods/given above. 



(b)* 



2 ^ ^ 



(d) 



23 - ^ 23 



IT. . Is there, a Ay similarity between the two methods of subtraction described 
in this section? ^ i 



1^ V 



The second method .given above is undoubtedly the preferred method to use . 
in the seventh grade. The first metliod haa the aSvantage'of st^ our 
iDa^ic infoi3?iation about rationals. ' - 

When the 'whole numbers are used to construct the non-negative rational 
numbers, ^ we m^. easily 'write, equations that do not have solutions ih the set 
of non->negative" rationals. For example, consider the equation: 
\ 2 ' C ^ 



Jihere is a rational number .so^Lut ion tJo this equation but it is the oegative 
^""^ — . o -2 * ^ I * — 

rational number, ^ . Problems of this type can'be solved tXsing_ the. met hods- 

prev^^ous3^_^de^^^^ they" require" familiarity witt^ the'' fundfii^iental 

operations on integ6«;;s. Thesis will be summarized in the last^ section ot this 

chapter. We should, however, .keeg i^i mind that the^procedures illustrated 

thus far with non-ne'gatlVe ra,tronal 'numbers may be eetsily extended to include* 



lumbe 



all rational numbers, positive, negatWe, and zero. 



6,7. Divis^ion ' 1 . • ' 

A Division of whole numbers was introduced \hrough its/relationship to the 
multiplication of whole numbers. Corresponding to the multiplication > • 2 ^1( 
we have the divisions 10 ^ 2 ^ ^ and/'lp 4-5 = 2,. Coirresponding to the mul- 
tiplication 3 • n = 15>^ we have the divisions I5 -i- n = 3^ and 15 -i- 3 = n,. 
Hence, to find the value of n sujzh that. '3 • n = 15-^ we may ,name « . by ^ 
154. 3 or , '■ V-"'^ . . , 

We shall also use^multipli cation as the basic operation in introducing. - 



division of rational numbers, Td Solve an equation -of the form - 



^ 2^ 

< , ' ' b 'd 

we note that the result x can 'pe^oy^vessed as j/^ or as ~ + |/>, How is 

^this result to be evaluated and xs it a rational number? 

To help answer these questions let us begin Vh'd^ discussion with .a'smumer- 

iQal oxaniple, say j ^ 'A . ^ ] ; i ^ -J ' ^ 



As we^hope to fdnd a rational number to replace^ let us think of ^ as - 

" " . V 

We want to determine the^whole number replacements for u and v, v ^ 0, in 



such^ .a way^ that ' - ^ . 



r» • * ' ^ • ^^^^ ^ . 

By use of ^the definition qf mOjtiplication this equation may be written as 
• . ' 2' ' • 3u 7 ■ . ^ 

Here wish to determine u an'd v ^ch that ^ and | 'name, the sam^ ' 

number since this is wjiat the last^equation means. By l^he criterion agreed 

a ' c '4 ' 00 

upon in Chapter 5, ^ and - will name the same-^Jiumber if and only if 

ad = be, Helfoe, for our IxamqpZe, |^ and | will name the same numbeV if <% 

and only if 5 . ; ! ^ 



y5i5gJ^he_coimnutative -property- -t-hi-a -can"bis expressed as' 

: • ' " 5 • (3u) - 7'- iky):\ ' ^ 



Can u * and v be determined that this last equation will be a true 
statement? There are many ways this can be done .A The siraples"t;/way is to> 
observe that on thei.eft 3 and 5 a]^p,ear as^actOT^fiV To balance the equa- 
tion let us make 3 and 5 appear as factors on the Vight side. This*may be 
accomplished by choosing v = 3 • 5. 

> • (3u) = (7 --h) (3 -5)." 

Now to choose u so that equality holds, we assign u the-val^e. * 

While other values of v and u wbuld also have made the original equa- 
tion true, we have chosen v = 3 • 5 and u = 7 • ^» That is, we have decided, 
to choose X Such that * ^ 



V. 



- ii 7/- ^ 

■ ' ' . = V = 3 • »5 

7 

Let us go back to ^ * ^ =^ ^"^^ see if this replacement for x '^works as 
expected' Is it *that ^ ■ * 

'^'7*U» 7 • — ' 

Do '-r • 'k F and ^ name the same number? 

3 7* • 1| 3 • (7 * 

As ^ • ^ ^ ^ may be written as j| ^ ^ ^i^ * .we may conclude that the 

Jbwo^3fei^qual^and that the eg^uatiprt.ha^^bje^ solved, . ^ ^ 
^ • 7 • . • - - - • 

Since is the Replacement for x that will make ^ • x = ~ a- 

J * P 7 . ^ H P • 

true statement ^nd since we want ^ + as a solution, it follows that 

" ■ ■ ■■ ■ .. / ■ . ■ ■ /•■ ■ 

^ *• L|sing t^cSPumuAtatiya prpp^er^:^^ for ,ji^tipli cation ^^whol^jiuhbers and^he^^ 

definition of multiplication for\rationai, numbers, we get v ~ > 

• •. 10 , » 

li 3 ^7 . 1^ ' ' - 

This illustrates the c?5inrFian rule t^^ed/x* the division of rational* numberjJ . . . - 

o . / I ' * - ' '» ^ ^'^.^ 

when expii^essed as fractions. 

• This method works just as eas.^ly in all cases. Let us examine ^he . general , 

case. To solve the equation ' ^ ' < < • ' -^^ - ^ Va*^^^^ 



we think of x- as*a rational number, say - . Replacing x with'ttie symb§^" ^"^^ 



- and multiplying yields » 




For these tvo fractions 



d- * 

c 



and -T • to name* the same number, we must 



have, if possible, v 



(a V u) • d = (b • v) • c. ' *' 

Using the associative and commutative, properties gives ^ • 

' \ ^ « 

./ , ' (a;, d), - u = (b ••c) • Y. 

/^-Following the method of the special case, >e may choose U to be the vhoi"e ^ 

/number (b • ^) and v to^be (a • d). ^Thus, - = ^ ' ^ , 4^ 
• V, ^ va*u*,*'* 

Is it true that *^ \ 

a (b » c) _ . 
. ' . ' "b (a . d) ~ d • 

- * , Before you answer this leading qtuestidn, recalj. that rational numb^ers in 
fractional form' have non - zero denominators. .This means tha^" a • dr must not 
be zerp. As it was implied that - is *a rational number, ^ ^ 0* mu^t, 
therefore, , also require tllat /a j/? 0. \fxth this restri|:tion, sl ^ 0, •'ye'get 



4* ^ 



the following development:! 

* (b ■ c) a ' (b ' c) 

"b' (a • d) " b • (a •* d) ^ 



5) 



c • 



(b ' a) • .d 



1 



' a 

a yb 
" a ' b 

^ a ; b 
. a ' b 



d 
d 



= 1 • 1 ' 4 

c-' 

" 3 * 



V 



mu • a . (b • c) ^ ♦ 

Thus, , r- ' 7 ry = -r . • 

V ' '/^ b ^ . (a • d) ^d 

Just as ,5 ? 2:2= 10 conveys the same information as 10 -J- 5 = 2iC so 

a ■ (b • c) c * * * ^ V 

does f * d) "g "^ convey the same dntoilniitiorl as. . ^ '^^<: 



c . a . ]3 ,* c 
'd*"*" b-'J a •■ d 



The result 



expressed as. 



is a rational number-^. The last equatiori^;^n7 of course, te 



£ a £ b , 
'« d *' b ~ ' d "a ' 



D 

2 >' 



Wha+« b^en shown ti3>:be ^Qrie 'ifeRhe^ rule: To divide One ^^ational * 

number by "^another when bq^n^-a^^^^re^sed pi f ractidnal form/ iiiy^ the*^^ ^ 
'divisor and multiply. >e .V ^"^^"7^-^^^^^ ' ''\.* 

Again our -dfvelopraen'^^ is based upon the use of whole number§^ in "l^^^r- 
non-negatiye rational numbers. The procedure foi*. division can, however, J>e ^ 
^ emended to include negative numbers. >^ ^' - ^ 



V5 



1- 



Class ExericjLs^s 



7- iB-j.^ Sol|(e ^^^Wj'yie-rf^Ilovd.ng^ using an analysis, ^imilj-ar t 



CK that in the.. \ 
y 





19 . \Vljjh2]^#or •'^h€f-f olll 



equatia 



solutions? 



"(a) 



('»)■■ I 



-I 




6.8 Operations "en t^ Integers 

Thus'fa?^-4i^ have rbfitr^cted our dis-trussion of the operations on rationals 
.to non-negat'ive rational numbers. . The reason for this is that most seventh* 
grade' students will study computations, using the numbers of arithmetic* (the' 
non-negative virationals) well before they meet the set. of integers or the ^ 
negative, rationajs. , The'teacher, however, should see that the definitions* 
and rules thus far established IfiecessariXy must^apply to all rational numbei^, 
p5sitive, ^ero, and negative* The extension is easy once the operating rules 
,f^r tjhe integers^are established. , * ; , " 

. R^*caiji that in_ ChapJ^ 5 the set of ^^integers was shown to contain the set' 
of. coun;y,n^^^^^ zero, and th^ set of opposi^es of the ^counting numbers. 
These subseti of^-tiieset of integers were called the ppsitive integers, zero. 



|:Er!c 




and tHe negative integers^ respectively. * In symbols , we can represent the set, 
of integ^s^as: \' ' '-^ V 

I = {...-, '3, 3, '1, '0, 1, 2, 3, ...) ^. i 

The identity eiement for addition using the set of integers is 0 since for 
every integer 'a, a + 0 = 0 + a = a. In the set of integers each element- 
also has an oppqsite called its additive inverse. In Chapter h two elenjents 
wexe defined as inverees of each ot^ef under a giVen binary operation if the 

of this operation" on the two, elemerfibs is the identity element for that"^ 
operationr'-^^lHCaj.additive inverses for the integers Sre integers which when 
added give the identityel^mefii,...._0^ Note i n jthg^examples how the opposites 
serve as additive inverses. • 



/ 



2 + 2 := 0 

'5 + 5 = 0 

0 + 0=0 




The I operation of addition wi,th integers was introduced in the last chapter. 

using the number lin^. Subtraction can be handled in much the same *vray*^y 

making use of the fact that if a* and b are integers, theff'^ a - b = a + b. 

' \ ' ' ' - ' • « ' ' ■ 

This property of subtraction allows u$ to change every subtraction problem into 

an additibn problem. For example: . . ' 

\' • ^ 

- . ^ ' 7 - 11 = J» +'("U) = 'i+ i- ' 

^ ^ (^7) - 11= ("7)^'+ (-11).= -18 

' y > ^ ' 7^- ("11) 7. + 11* =* 18 • 

M . . ("7) - ("11) = ("7) + ^.11 = ^ 

In general,, .subtracting a number is eq.uivalent to Jaddiri^ its adjative inverse. 

Consider next the multiplication of integers. We know from the properties 
of whole numbers, that the product' of two positive integers ,is a positive inte- 
ger. -We also know' that the product of zero and ariy integer is zero. Bul^ how 

< , * * ■» 

should we define the pi*oduct of a positive 'and a negative integer? 

The product If • {-?) -may be expressed as the sum ("t) + (*7J+.( 7) + (~7) 
which we know equals "SS. Also, since we want ^ the commutative property'^o * 
hold, we will agree that k • ("7) and (-7,) ' ^ mean the sarfe integer. ' ' 
That is, . , ^ . , . ^ . . 

' .... ' ^ -^(-7) =^ 0) • ; 

Another, way to evaluate" i+ • ("7) is illustrated here. From the property of 
additive .inverse^ we*know that ^ • , /-^ ' ^ 



Hence ^ we mdy write 



v.; [-7^-b4"7)] = • 0 = 0. 



Using the distributive property for integers, we then get 
' ' ' h • (-7) ^D. 

'Since k - (7) -and • '('7) atidVt 



o zero, they must b'^ -additive invefles or 
Now since h • ('7) Lis th^addit-Jyve inverse || ^ 



28. 



Thus, we conclude "that 



1 



(7) -and 

opposites. But^ ^ * (7) is 28. 
of ^ • (7)> it: must be the additiVe inv^se of 
^ • (^7) = '28., ' ^ ' J 

The two methods shown" giv^ the same results, 'in general, we caix sayHhat 
the* product of a positive integer and a negative integer is a negative integer. 

What meaning should we give to ['k) - ("7) ? Proceedings as before we 
get the following: * 

' - 7.+ ("7) = 0 ' 
^ . . C^) -'[7 + {-"7)] = {'hi lO = 0. ' 



Since-' {"h) • 7 and Ch) • ("7) add tojzero, they aif^dditive inverses. 
But' Ck) • 7 ='28.. Thus, we ^conclude that ('h) • ("7) is the additive 
inverse of '28, or {'k) • (^7) - 28^. TJie same development will hoW for 
any two negative integers. In general, we say that the product of /nega- 
tive integers is a positive integer'. ' ' " ^ , 

interesUi^^ introdtjTcUon to the product o/1.ntegers' using* 

paxte^iib iirrmultipli cation table is gi"^en in the SMSG publication, Mathe ^ 
"^^^^g for Junior High School , Vol. The procedure for division of integers, 
follows directly from the multiplication procedure.. If two positive or, twc?' "^Z. 
negative integers a^e divided, the quotient is positive^ .If S^^^ive and a 
negative ^integer are divided, the quotient i^ negative.',- " , 

• " ■ .■ . ' f 



Class Exercises ' . " 

20. Do each-problem, us-ing the fact that a -,b = a-'-f ("b). 




(a) 17 - 21 
■ (b) ' (-17) 21 

21. Evaluate efich product, 
(a) ^7 • .13 

• (b).i-7) -13" ■■ 



(c) 17 - (^;2i) • 

(d) 4-17) - (-21) 



(-13) 



' ('7) • 

■ 150 



168 



-.22. 



Evaluate each quotient*. 

(a) - 81 -i- 3 _ ■ 

(b) (-81) + 3 




f" 



^ ^ Let us look again the oper^^ions thia^time using negative rational 
nuraBers. In general, the definition,, of the four basic operations and the 
properties developed in this chapter for ^ the non-negative rational nuinb'^f?'^ 
ci^i be extended to include also theu^s^ative rational numbers. In so doing, 
.how^^, we will mak^ use of a modified definition of rational numb^s. We 



use of a modified definition of rational numb^s. 
may define the set of rational numbers as all numbers that can b^ expressed i^oT \ 
wh^re a is an integer and b is a counting number.^ This change y 
in definition now admits the negative rational numbers. The corresponding 
change in tbe^^equation definition would be that the rational numbers is l/he 



the form r- 
b 




set of all soluliions of equations in the form bx "^a 
aVid b,-a counting number. 

With this change we^ can now ask for solutions of equations 
* * ft 



/ 

re a is an inj^er, 



and know that they will be rational numbers. 




soluti>3n here is 
3 ' 



the 




additive' inver-se of ^ .^The Solution may be written, as ^ with t'he ntufieca 
tor of the f^raction a negative integer. 

The properties pjeviously^ established for 'ti^^ non-negative rational num- 
bers^will hold for the^negative rationals asyfe^l.\, Like wise, the definitions 
of the four fundamental opejatiogs apply t^ al^ rational numbers through the 
propelrties of integers. In the following exaf^les study how the 6pe rat ions ' 
involving negative rational numbers h^ been completed by nuking u&e of our / 
knowledge of integers. 



• 2. 3 
3 

4 



h + (-6) 
— 5 



1 



i+ 3 . (-g> • it + 3 • C3) C8) + (-9) -17 

3 * ^ in"3 ^ = — — = 12 . 'i 

• '1 . . CD • ('3) X 
5- . '4 ~ ■ •• It- ",20 



■2 _^ 3 .V h' C2) • k '_8 
.5/ -- ,5 • 3 = 5 . 3 =15 



1 . 



/ 



Chapter Exercises 



1. Evaluate: 
. (^■^ 15' - ; • jB • 15 ' ■ 

2 . Find' the f (allowing sums : ^ 

■(b) l.|.^ . /;(d) i.|.J.|.;^ 

3. Use the results of Exercised to^make an informal guess of t^ie 



following su^ls^^/., * ' . -^^^ ^ 




Find ('|••^ ^) - and, ^ ^""l^' "^^^ answers ^he.same? 

.-What conclusion can be»^awn -from tJa&-last ^answer? 

o 2^1 ^"^2 1 

Find ^--^ (- - -) and ' 2^ ' answers the same? 

* 

' a c jjSfa-: G * ' * 

Using -the rational numbers ^ ^* '"J ^ f ^ prov-e the associative 

property for multiplication. , ^ ^ ^ 

7. ^ Evaluate: ■ ^ , . 

\- • ' ♦ 

(a) 9 - 13 / ' (c) ('9) 13 

. (b) 9 -.('13) - ■ . C9) - ri3)- ■ ^ 

8. Evaluate: . ' ^ , 

. (?) ri ^ : v • • • "Z^) 

'^11* '^11 * 
9« The sums = 2 **" "5 5 " 2 To e"xampl^es of fract^ns written 

as, 'the sum of unit f racifiions,, i.e*, 'fractions with numerator 1* Rep- 
resent each of the. following rational numbers as sums of unit fractions . 
A p%3fticular unit fraction may he used only once in each sum. 



if?' ( 



•T2 . . ■ ^''^ ^ 20 ' r 



-10. 



(a) Show thai = J/ \ • * 



(b) Show that 



. 1 



1 1 



2 • 3 2 3 

1 11. 



(c) Show fhat ^pr3 = ^ - ^ : • ' • 

(d) Express ^ . as the difference of two unit fractions. 

(e; Kxprfess ~ ^.H * ®^ "^^^ difference of two unit fractions. 

/ X ' ' • ' 

(f ) Use the results of the ahove to find the sum 

1 1 1 ' ' - • 

2 • 3 lb • 19 'i' . 



11. 



Find the sums in (a)^ (b), and (c): 
■(a) 



1 1 
+ 



(b) 

(c) 



^ • 2 ., 2 • 3 

r 1 . 1 . 1 

1 .•■2 2'--3 • 3 • k , 

.1- . 1 * i 1 ^ 1 



(d) Make, an educated guess as to the sum: 

1 , 1 - 1 • " 1 

^ ^ ^1 • 2'; 3 3^ l8 • 19" 



(e) M^e an educated guess as-tp the sum: 



[ 



1 ' 2 2-3 37^'-^"'"*' 99/ 100 



A 



12. Solve the equation 



13* A "magic square" is a square drray*of numbers suqh that each i:ow^ .each 
' column, and the ^ two diagonals all add to the same number.. Complete the 

l^^sTblitb^lQW. tc>..fc>m.aJJ^.3^ . "magig/^qjiaxe." 'h \ 

' ' % ^ - ' ' I 



Answers to Class Exercises 



\- 



(a)- 



12 
X5 



if 



(d) I 



5 



2. No, in the sense that have different fractional representations of' 

- ^ ^ the same rational numbers . ^ ^ * ^ 

^1 ^-62'/. • ' • 

T- = 1 and 7? = -r 
, . * . -.-^ 9 3 > . 

T 7 - 

3- (a) J- ; (b) Yes, the rational number ^ a name "for .the solution 

of the equation Ix = 7 which also has a solution named 7» We have 
"7 

agreed therefore that r- and 7 name the same number. 

' 1 ' 



126 



(b) Ves, the number < is the soluticSn of l^+y = 126 



, V 126 
(a) -p;- . 

which also has a soluti on ^y = 9. Thus, following our agreement, 9 "and 
names' for the same rational number. 



« 5. 



(b) 



155. 

Hi 



(el Th 
' (f I Th 



(c) 



,606 
505 



(d) 



.606 
505 



Thejr, are the same, illustrating the commutative property. 



Theyj are the same.. Since = i- 

> ' 505..- 5 • 101 ■5'4^ 

identity property of ,0. 



=i ^,-fCsthis illustrates the 



f6. 



(a) 



17, 
12 



(b) 



2k2 
120 



(d) 



(e)-~Tliey are the same, illustrating the associative property 



gV2 
120 



T^* 6 + 5,=/ll. The symbols "11 and both desig/ate the answer 

• to 15 z ^ l6yr- ~ " * - 

L ' 

' a- 1 ' • . 

If ^ + 2'^^ this way, one obtains ^ which TO^^d not satisfy 

' .one'^^intuition. itLso, the distributive law would* clearly fail to hoi 




12 

1 



Both 



12 ^ 



and 12 = i| ' 3 name ^the solution of lx*=r;U'2. 



10. 



280 28- 10 ■ 28D Ik ••■20 20 ' 28 • 1' 

-W ■ T W ■W^n :vrT- = T = Also, -J = h. 



11. The result .of .both cbii^utati(?^s,-is 




• 216 
308 



4 



15^1 



172 



y 



12. The lefti'-l^and side is ^ and the right-hand -side Is • 
The two be shown to be equal by computing hS'^ 1232 and 



I860 . 30a- o-r ..observing .1 



13 



H^-. (a) 



12 
12 



, X 10 

To 



63 



1^) if 



What interesting fact is observed? 



15. ^Yes, for both 1- an^ ^ are names of the solution of 96w = 96, 



, ft (c; a ^ *^ counting* number 

(^) - ^ a. any counting dumber . 



For (c) and (d)^ -0 would also be correct. 



17 • Yes^ each method relies on the subtraction of whole numbers* 



.18. (a) 



21 
20 



860 



1^. 'M( (c), (e), and (f).' 
20. (a) "1+ (b) :38 



(c) ^ or | « _(d)' i 

^ 4 

(c) 38 (d) h 



.(e) 



21. (a) .91 



22. (a) 



M "91 



■ (t)'."27 



(c) "91 
.He) '21 



■ (d) .^l 
(d) 27 



- . V 



kERjC : 

1 



15: 



1 73 



1^. 



Chapter T 



' Introduction 



PRIMES AND FACTORS 



Chigpter 5 indicated the heed |*or new numbers to answer "certain 
questions that, counting numbers cahn©t answer, and introduced the ratiorfjal 
numbers". ITh^ counting numbers ^ere identified with certain rational numbers. 
CJhapter 6 defined binary opera'tions on. the rational numbers. 

In this cHapte'r we shall take another look at whoTe numbers, inves- 
tigating a collection of idea^not only interesting in themselves, ^ut 
useful .in 'the study of number systems. 



7*l^y- Whole Numbers - A Nen Look 

We can* ask que ^ ions in terms of whole numbeirs that cannot be answered 
with'vhole numbers. For example, the equ^ation -5x = 9 stated vit^ whole 
numbers cannot be solved with a ^hole numbeV. This situation led yto the / 
development of 1;he positive rational numbers. Now, we shall back up a bit 
and examine the whole numbers in some detail.* That some equations of the 
fom bx = a, a and b whole numbers, have solutions among the whole 
numbers whereas othera do not, is in itself intriguing. 



Note .the following equations. 



Solution Set 
(Restricted to whole numbers) 

{ 1 J ■ 

X&k)'" 



Equations 
(stated with whole numbers) 

' /•^x = 3 . • - • 
• , 2x = 6 
- " * 5x = kzo 

^That 2x ^-6 ' h&s a whole number solution, 3,. but that 5x = 9 has 
no wSole number solutioHw suggests a study of multiplicative ;properties of 
whole numbers. Can We dis^dnguish those pairs .of Whole numbers a, b - for 
which^ solutions of; bx, =: a c^ 



|e fcjund? 



^5] 



Let us examine how whole, numbers can be expressed^^as products of other 
whole numbers. ' • 

Given the numbers a and b, , we say that b is a 
factor of a if and only if a* whole ^number c can ' 
; be found such that ^ * ^ 

be = a . ■ < 

For example, if a = 10 and b = 5, then we have' 

' ^ 5c = 10 . . ' _j 

We find that c equals the* whole number 2, ' - 

\' • 5 • ^ = 10 . ^ V 

Henpe we conclude that 5 is a factpr ''of 10. Sy use of the commutative 
property^ Ke can rewrite the last equation as 2 • 5 = 10 indicating that 
2 19 also a factor of 10. • . , 

The concept of factor for numbers is only interesting if a restriction 
is made in the definition. Let us see what would happen if the adjective 
"Vhole" wer^ omitted ^rom the definition. If this were done, then any 
'no'h-zero number: would be a factor of every number.. For example: 

17 would be a factor of 100 since . \= 100 ; 

12 would be a factor of I8 since ^2 ' f f- ^8 ; , , 

^ would be a factor of' | since- ^ . |^ = | . 

Thus in the concept of factoring, there is 'always a restriction implied. 
Here our restriction Xz to whole numbers. ^ - ' * 

Because the same idea arose in jdif f erent branches of mathematics, .other 
language, besides' "factor" is also used; for instance: ■ "divides", " "divisor"^ 
and "multiple of".. "Divides" means that division 'produces a quotient without 
a remainder. Thus, from 5 • 2 = 10 we* say that 5 ^"divides" 10; that * 
5 is a "divisor" of 10; and that, ^10 is a "miiltiple of!' 5-r * 

Each whole number hag many names. For ejcampl^, the number 2U may^ be 
written hi the product of two whole numbers. When 2U is -written as the 
roJiuct of two whole numbers.^«,^he equality is cabled a product expressiOp.. 
Ali, product expressions ot 2^^ are: ' ^ ' , 

1 X'-2U =: 2U , 3 X 8 2li / 

. • ^ 2 ><:^2 = 2C • ^, If X 6 « 2l| - ^.^-r—'^'''^r^\ 





3 ^' 



From tbese product .expressions, we, name the possibie,'^acif)rs of 2k 



as 1, 2, 3, ^, 6, 8^12, 2k. Th,e factors of 
number replacements 1?or b in the equation bx 
number solution^. " 



2k that give whole I 



What equations of ^he fom bx = a can we make using a = 2U 
it b and x are whole numbers? 



> Whi 
pJat b 



such 



Ix 
2x 
3x 



2k 
2k 
2k 



■^kx = 2k 



6x = ,2k 
8x = 2k 
12x = 2k 
2kx = 2k 



Does this mean that these are the only questions of the form - ,bx = a, 
a ='2ky. that we can answer with Jc a whole number? Yes, because all 
factors of 2^ . were used as replacements for b . 

Suppose other whole numbers are used as replacements for b in 
bx = 2^- as shown below. 



5x = 2k 
Ix = 2k 



lOx = 2k 
30x = 2k 



While^ we know that each of these equations has a solution which is 
a rational numg^^S^g tiQne has a solution among the whole numbers, x Thus in * 
bx = 2U, b and x ^ whole numbers, ^b,^ may* have replacements 1, 2, 3, k^ 
6, 8, 12, 2k ^ but' may not have other replacements such as 5, 7, ,.10, 30i**- 

Iti general, we see that if a and b are whole numbers and we want 
x» to be. a whole number | in bx = .a, _ then b must be a factor of a. 

Class ^ercises * ^ * . ' 

For exercises 1-3, ^a, b,,,^ and x are restricted to counting numbers 
With £ a multiple of ]d. 

1. For a = 28, 'list the^ f actors of a and write all equations of the 
form bx = ay for which^ x has a solution ^hat^ is a whole number.' 

2. Factors of a number c^ IJ^paired so that their product._is^ the given 
number. -For eocample^jthe^factorrdr ''28'^ay be paired. ^ 




-ERIC 



159 



17'6 



Another arrangement is seen in the factor pairs of 36. Product 
expressions for 3^' are: * 

1 X 36 =-36 

% ' 2 X 18 = 36 ' 

3x1? = 36, 

i+ X 9 = 36 " ^ 
6 X 6 = 36 

The* factors for 36 ajre: 1, 2, 3, ^, 9, 1'2> I8, 36. 



/ 



The factor pairs are: 



7 



/ 



12 



18 




36 



List the factors and indicate the factor pairs for: 



32 



25 



3. For each part of iScercise 2, how many equationd^ of the form bx =.a 
can be written so that x *is a counting number and a has the value . 
indicated? . • 



Let us explore the role that zero plays when factors ant^-^products 
are under consideration. - - , 

Since the product of zero and any number is zero, we can rule out 
equations such as , ' 

0 . x:'*^v IT . — - -^ ^-^^-^—r- 

JNd whole number x ^Inakes this statement true. Hence, 0 is not a factor' 

* * * »^ ' 

of 17. Consider the equation , , ^ 

j . 0 . X = 0 ' ^ , 

Every whole number x makes the statement true. Hence, 0 is a factor 

■^f 6. Ijas^> consider the e^iC^tion — "^7^ ' 

^ V X =1 0 . / 

The vhole number makes thi^ sentence true. Hence, IT ' is a factor 
of 0. However,, this is not ss^ry ex^^iting fact since we must therefore 
conclude that every number is ^grTSc^^Jr of ' '0, ' , 



Since. 17 is a factor ^0, we say that^' lY divides' 0. Since 0 
is not* a factor of 17, we say^hat 0 does not divide 17. Howevpr, 
while we agreje to say that '0 is a factor of 0, w^ do not, in this case,v 
say that 0- divides 0. 

^. "^ne is a factor of any numl^er. ^ In fact, certain counting numbers can 
be expressed as a.prcduQt- only of themselves and 1. Thfat 1«» is a factor 
is so^ obvious that it is frequently omitted ^fn^ listing factors of a number. ^> 
• In some cases, however, this is the only way that a whole number can be 
expressed as a product. For example: 

7 = 7 X 1^ ' 3' = 3 X 1 13 = 13 X 1 

In summary, regarding zero and .one as factors, we say: 

Zero is not a factor of any whole number except itself. 
One is a factor of every whole number. 



7.2 Prime Numbers 

In the preceding section, we studied factors. In this section we » 
introduce several, classifications of the counting numbers and learn how such 
' classifications may help in calculating with rational numbers. 

. TOne such classif icatibn consists of. ;9ven numbers and odd numbiers . 
.A number is even if it can. ^e expressed in the form 2n, n a whole number* 
Zer6 is an e-J^n number in that zero may be expi^ssed in the form "2n; 0 p 2(0). 
Also base ten numeral^ ending with the digit 0 represent even, numbers, 
since eacl] may be expVessed in the" form 2n. For example, 

^ * *^ V ' ^ • • ' 

' 30 = 2 . 15 ' • . • 



T 



3000 = 2 .1500. 

A number^s odd if it can be expresse^in th^'Tonn 2n + 1. For example j * 

9_^-2-.--U--fe-l-'- ^ ^— 

11^5: 2 'ct. 1 ' - 
79 = 2 . 39 + 1 ' ^ • 



' Some t.ex^books , state that ,if a whole number^^J^__^visible* by ^2, th^n 
it is an even number; and if a whole numbei* is not divisible by 2, , then 

is 611 odd. number. This seemingly ruc^entary,. classification of the whole 
"numbers into these two ciassejs h^s many uses (remember the uniisujrsal protflems?). 




r, 



-and. will be used later to prave y2 is 'not a rational number. 
Vhole numbers may thus be classified into two sets:^ 



1 

For/til 



0 = (a, 3, 5, 7, ... ■) 

E = r 0, 2, 6, ) 



the next class if ica^Tion we shall consider only the cogunting numbers. 
If ^'e^^min^ each of the f^irst fourteen counting numbers, w.e find sever'al 
• def Inl-^e i^attems among the sets of 'factors. We listen factors, as^shown. 



^ Cbunting 
Number 




Factors 



V 




1, 2,. 3, K 6, 12 ' * 

, ^ y^.' , ,N5ome .nUmbers, like .2, 3^ 5, and 11 can ^be expressed as a producl; ot . 
fi^ \ . N*oply themselves and^ 1. These numbers are (ialled^ primes . Other numbers such 
i- % fis^ 1^, 6^,9] and ik ^ have/Tact^rs drffere^ -Pv^Arv, — a t o.,Ju 



frdmi tkemselves and 1;^ 
' Y *ilum^rs are composite Jiumoers. uFor conveniience in stating theorems, the 
I . iiumbef 1 *;ts cori^idereja.ix|Jtl^r a prima -nujiSife^r no2? a'\feomposixe number. )y 
This discu|sipn lea^s^tq tiE^^^^l^Qns\jf^'^^^^' 
High School, ^Xoltane I,' wjii^^Sfe^^^ 



Sui(h 





lat Hematicfe. for jfan^ r 



Khich is-iflivisible 



iA prime number is '^rontiiig^^.niSfflfer ,pth|£^^tii 
only by -itseld^ and- 1.- • * \ "^^ll^!^ . ly^ \ ^ ' . V ^ y 

(A comppsi%e njimber is a couatitig nui^er w^^^ch is iluisiTDle^by a'smalleV, 
'Counting nufiiber different, from 1. Thufe a composite n^ger is la .countings- \ 



,•■5 



number d'iffer|nt ^from^ 1 which ^^is-p2^ a ^rime,^T**;f|t' .v^ . 

* When we speak of the ^SSSSiSiStXSSSSu^^^iSSu r^^'^^vti'^ r-* 

^" fthe number, wrjltten as a product of Iprime factors. Frequently.it Is expedient.// 



to thitik^or a composite number as a product of its factors. If 175 is* 
^ratten as ^'5 X*5 X 7, it is shown as the product of its prime factors; v. 
this^s the complete -factorization 6f ' X75 . Regardle&s of whether we divide 
■'first by 5 or by 7, we. complete the factbrization with the. same prime 
'^^^ factors; the^only difference is order. ^ . , * ' " 

f • ' a75 = 25 X 7 = 5 X 5 X 7 

' 175 ^ ^5 X 35 = 5 X 7 X 5 • . ' . ' ' . / * 
. " ' 115 r 35 X 5. = 7 x 5 x5 \ 

These indicated products ^e all equat. Recall^ thslt changing the 
. order of the factqrs in multiplication can be acpmplished by using the 
associative and commutative properties. 

The j)roperty w^Jw^e just observed, tha\ the complete f actorizat 



r iyZat i orV^*^^-^^^Sy__ 
%v. t 



of a number is unique, is called the Unique -Fg^^^izati^ 

^ * Ualque' Factgrization Propeiyty : lEveiy coutrting number 

^ * greater t^art 1 can be written ,as"">-$irQdi3ct of 

^ * * primes. Except for order^^hi's* factorizatior^sj^ 
unique. 

This property is sometimes called the Fun3j|iental^ ^Hieorem of Arithmetic. 
Examples readily convince students of the validity of this theorem. 
(Various proofs exist and m^y be found' in any book on number theory.) 

It is frequently .convenient to use the exponential fprm in the complete 
factorization of a number. For example, • , , . ' - 

r'^Hkk =/3 X 3 X 2 X 2 X 2^X 2 



Ixjj^-review, we' note that tfiie s^t of counting numbers may be partitioned 



into^tKree subsets: , 




The set of pr^me .numbers 

. i 

The set of composite* numbers 
The set containing the. number ' 1, 



• ^^s:: '<j 



;e factdr of 



do) 



orizktion of* ' / ' . 
.0 '(c) ,1^7 / 

ihe^compifeVe ffiGtorizatioh of 600 \in exponential fbJm 




5. ^ 



'5^ '3 I^ast Common Mujlfiple / Gifeatest pommon Factor * ^ ' ^ 

•The stu^ of composite^numbers and their f afctorizations leads us to _. 
least commoil' multiples. and greatest common factors 

The leasjb common . inulf iple (l.c.m.) of a set^of counting numbers is the 
smallest counting numoer- which is a mult^iple of -each number of the set. 
'Consider, the rtumbers^ 6' and l6 an^the se't^of jnultaplps forreach* 

Set of multiples of 6: ^ {6, 12, l8, 2k, 30, Z(>y k^^h^, 5^, 66, ..-.'} 

Set of multiples of l6: . {'l6, '32, @r65f7 80, "96, .:.] 

By inspecting the two ^set5 of multiples we see that is the smallest . 

multiple corrjnon to ^)6th-\^nce^he^ l.c.m.. of 6 and I6 is' ^8.^ 

The set of all common multiples of 6 and I6 is-- 

{ ii8, 96, 141+,' 192^ } / 

flote that a set of common multiples for two* numbers, is always an inf inite* 

set; 'there is no greatest common multiple . 

greatest , ^ympn. f acj^ (^ic.f.^ of *a set of /counting numbers is * 

the largest ^^J^ntirlg number that 'is a^ factor of each member ^f the set.-^^ 

"Again consider the nuJ^efs 6 and* 16 but this time with the set 
- / ^ ' • • * ^ , 

'of factors for each. , - ' ■ % ' / \ 

Set of factors of 6:- {1,(2) 3? Q • " ^* 

Set of faqtors of I6-. ^{1,(2)' 4, 8, I6} . ' . . . 

By inspecting the two sets or* factors we see, that* 2 is the largest 
factor common .to. both* Hence the g.c.f* of 6 and. I6' is 2. '-The set 



all common factors of^ 6 ai(d I6 is 

{ iv^' o 



set of 



common 



facterrs if or two numbers ih always f iaite; o there is * 



always a ^:*eatest comjnon lector. 
^ . ' Anothkr method for finding the l.c.m,>j. and the g.c.f of two^ numb.ers 
"utilizes their* conrplete factorizations" The complete prime factorizations'' „ 

^of^ 36 and 120 are given here . -~ ^1 — , , ' 




2 . 2 3 •''5 = ^ 



The l.J.ra. -must .contain all the different^irlliie f^ctor^ of e#h 
ijuaber.and these factors r^ust occur- as f re^ehtl^ as the^greater ni^er 



y 1 



times they occur in either of the factorisations. Thus the' least common 
multiple of. 36 and" 120 ^ is - - ' ' 

. 2 . 2 . 2 . 3 • J ; 5 ='2^ ; 3^ • 5 = '360 T ' ' ' , 

The g.c.f . mus.t^*^ntain only those' prime factors common to each l^ber 
and ihese/ractors must occur only^ as frequently' as the^sser number of 
'tim^^s^that they occur in the factorizations. ThCls the gi^atest common 
factor .of 36 * and 120 is 2-2.3 = 2^ • .,3"^ = 12 . ^ 



Class Exercises 

7. Find the l.c.m. 
(a) ^and 12 



10. 



for each, pair of numbers, 
(b) Ik BvA 35 



Find the g.c.f 
(a)' U8 and 80 



for each pair of numbers. 

(b) 16 and 36 > 

Give the .complete Tactorization of 2h and 90 in exponeft^al- form.- 

Then write theyr .l.c.m. and g.c.f. exBonentW 'form. ^ « 

. ^ ■ . ^ \ * 

V/hat is the grejatest '.common factor Of any two prim^ nsumbers p and q ? 

What is the least common multi^Jle of the two primes,? 



C 



I/et us facto'T completely the two' numbers 32 and 20 

r 32 2 X.2 X2x2x2='2^ 

.2 " 

X :? ^ - 



20 =j 2 X° 2 X 5 n 2- >< 5 
From thefr <;omplete factorizations,, "^^e find: 

.cm. of 32 and. 20 is . 2^ X 5 ^ I60; 



t|ie . 1 



the g.'c.^"." of 32 an^ feo"^ is 2' 



To take, this a bit .further, ^the^ product of 'the l.c.m. and jbhe^ g.'c.f * is 
. u ' 160.x ="6^0 . / ^ * . ^ ^ 

'"^Compare tfiis with the product of the original numbers 32 and 20. " , ' 
^ - * 32 X 2a = 61f 0 ' 



i'or [two, counting numbers, it^ *is alwdys true tiiat their product is the saine 
/-as the product vof their l^j^-'nTi ani^ g.c^f , . / 

' TSl S (/'^^ E arej an^ twol counting numbers, th&^prodact ht j 



CXass Exel-cises 



t * 

11. Find the least common multiple and the greasiest common factor ^ 61^ 
and 36^. Compare the predict of their l.c.m. and g.c.f. \f1[h the 
product of thd orici^al numbers. * • 



X2. 
\ 



product of thd original numbers 

Two .bells are set sa that their tfme interva3^f9r striking is different 
'(a) One bell strikes every 3 miMtes^actd the secpnd strikes every 
5 minutes. If both bells strike, together at 12:00 noon, when 
will they ' sti;ike together agaSL'a? 

One^ell strikes eveiy 6 minutes and the secortd beli every I5 
If they both strike at 12;.00 noon, when will they 



.(b) 




miriutes 
strike together agairv? 



(c) Find the l.c.m. *ot 3 ' and 5; and the l.c.m. 

* - • * * . 

Compare these with answers of parts (a) and (b). 



of 6" and 15. 



7 A Some Histprical Comments ' ' . * ^ ^' , * ' 

■* The ancient Greeks loved to' ^tudy^ numbers. They gave fanciful and 
mystical names and interpretat,is?nsi to numbers with certain specijgl properties 



The^ spoke of triangular, square, and pentagonal numbers, because of their 
geometric ]^roperties. ' » ' ■ ^ * * 



3 



• • • 



if 



6 - *io 

TriahguXaor 
Numbers 



k 



m mm 

m m^m 



They also 
propert|i€ 
mystical 



Square » /) 
Numbers* 



9 m.f 
f • • • 

• • • • 

• • • • 

16 ; 



* 4 * 

m m.m 



-m tt, ^ 

.5 . ^15 
. Pentagonal - • 

Numbers \ 



Sjrfoke of' peif ect and amicable number^* These numljers had special 

* f 1 ' ^ ' ' '"-1 

s detefmined by their factors. . liet us look at one set of these 

nuraliers ^ more detail!' ' . I ' . - * j 

Consider the table of factors of some of the whole nuhtbers as shown 

below. We '^immediately frecognize.thos'e numbers with onliy tyb factors as 

being pHme; ' ^ ' >♦ ' 




n 


Factors 


of n 


n 


. Factors of -n 




1 " 


1 










2 


\, -2 ' 

7 




^ 12 ■ ^ 


1, ^, 0, Ld 




3 


3 




1^ 


-L, 1^* 










lU 


-\ 'O 7 lit 
. 1, d, if 






^ iT 5 

9' 






^9 3, 5, 15 




6 


• 1, 2, 3, 


6 ^ 


16 ' 


1,^, i*.,.8, ;l6 




..;7 

'8 


i.. 7 






JL,J17 




1^ 2, 1^, 


8 


18. ' 


^ 1, 2, 3; 6/ 9,; 18 ' 




9 


1..3;9 




19 


, 1, 19 




10 " 


1, 2, 5, 


10 


' 20 - 


■ 1, 2, 1^, 5, -10, 20 

f 

















?^/-^^_^ach wHole numb'er; we. take 'the sum of all its factors except 
-tW number \ts*lf,^^find that the sums fall into three groups. Certain 
-sums are greater th^iWieir- respective numbers; other sums are smaller than 
their corresponding Sers. But In a few cases, the' slim is .the same, as the 
number. _ _ _„ „ „ _, 

J 



Such a number is called a perfect number . 
Six is a peWi'^^number, since ''-^ 

6 = 1+' 2 +"3 . 
-Another , perfect number is ^^96, 'since ^ 



. . ^ = I + 2 + U. + 8 + 16 + 31 + .62 + I2U + 2kQ . 

' . ^ Onljr a few .perfect numbers have been found. ' 
' / ^ - , 

' -In the tabl§^bOve shoving t^he f-actors of n, * do you notice that 'sprae^ 
'numbers have, exact lytwo distinct factors whereas '^other numbers have mcire 



* *than' two? Observe that 

notice patterns 'for the occurence of 



1 i5.a factor of every, counting number 
' 1 ,2 ' a^^ a factor? of 3' .as 



of^5 



as a factor? 





yo\x , • j 


1^4 


:tor? 


i 



p each<inurabBr the sum of ;a:\l. its factor| -Wcsfit Ithe 'pumbeV itself, equals '. 
.he ather^ffumbei--. T^e nm^e^^j^^^md^lkSk ajP4 exampl^of >&micalJle T 

The factor's ' ' 



f y ^numbei^s^ 




Class Exercis 



4 



13. Show that/ 28 is. a. perfect number/ . ' \ - 

111-. Can you find another perfect -number p sUch that .80OO < P < 8l30 ? 

15. ^Whe^n the sum of all factors of a number, except the number itself ig 
not large enough to- make, a perfect number, the sum is said to be 
"deficient". Sums toa large to j^aake a perfect number are said to b4 
"abundant". Indicate^ which_of the . following numbers -ha^^e deficient 
sums and which have ab\ir](dant\sums . / 
(a) 10 (b) 16 (c) 20 1(d) 36 



fy- The "properties, of ^prime numbers have -challenged^ia^thamati^iafis 
throughout the ages. Euclid, the famous Gifeek" who wrote the first geometry ^ 
t^tbooks called the Elements about 3OO B.C., was able to prove that ther^ 
are an infinite number of primes^ . 

EritosthenesJ' who lived ajsiout 225 B.C., and is famous for his indirect 
measu'J'ement'of the diameiier of the earth, also studied primes. He developed 
a method, called the "sieve 6f Eratosthenes" for finding primes by sifting 
out composite -numljers, * The method, uses the fact "that every second counting * 
number from 2 it composite and has a factor 2; e,very third counting num- 
ber from 3 is composite and'hsts a factor \; every fifth counting number . 
after " '5 has a factor ^, , and so forth^ To'f^-nd the primes less than or* - 
equal, to 100 by this* method, firsj.'list in order th^punting numbers from 
1 to) 100. Cross out every secpnd number after the, prime ,2 ^ sj.nci these 
Sre^all ^mposite numbers .that contain the prime factor 2. Next cross out 
Jvery third numbej: after the prime 3 since they all contain the pr: m ^ 
factor 3. The number k has al^ady been '<ir694"^d oyt and is thereibr 
not prime. The next nujnber n6t drossed out is the prime 5, Everj^ fifth 



number after the Jirime 5 is then^crofesed out. This eliminates all 
posites. that are, multiples of .5- In like manjler 6,^ o\ 9, and ,10 
^.Iready been eliminate^, as composites, while 7, an4 11 are f.ouhd 
prime. - The tablfe. should -now look like th^ Tj^llowing. ^From 6ur woyl 
factor ,pS^, we know,,that_eveiy composite. Jiumbej?* 100 ot ifess witifi' a 
factor' glre^ffter thajj, ^10 has a corresponding fac-^or less thAn 10 
composite numbers withTfactor'i less than * XO have -a^r^ad^ been eliminated. 



to be 
with 



Ml 




JThus, all composite, numbers in the table have been^ crossed out; only the 
r^rimes equal to' or less than 100 . and' the nm^er 1 remain. ^' , ^' ' 



Sieve taf Eraliosthenes for the numbers from 1 through 100: 




r7>r\ 








-6^ 


(2) 
























































@ 










;^ 




































9^ 















(§), 



Remember! 



1 is not a^rime number. 
V/hile this, method ia^useful in locating primes equal ifo or less than ■ 
100, ^t cannot be used to locate all primes, indeed, adme* 2000 " "years aQ;er ^ ^ 
Eratosthenes, mathematicians have stiia nc^t' found a m^od-for finding all. 
primes. ' ' 

Number Theory is :p6ssibly the'c^^est branchXf higher mathematics. Part, 
of i-ts fascination over the J^jSrs has been thj/ea^ with tJhich problems may 
b*i Many problems need only some J>?fowled je of . arithmetic and'Of 



/'b^ stated". 

primes to lie stated; The solution oi;,^e of these problems may be found^ 

Some, though 'simply 

s.tated, may requ 



feasjay aji this ^levelj x)thers requirl greater jjngerUiity. 

ire mathematiual reafeon^ing and techniques of the highest 



order^ 



t^^.'^V^.;^^??'^^^^ is the one already given 

^ ^ ' For whole numbers m •^and' ^ "the pycduct pf their 

' least common jiultiple and their greatest coWon Yactor 
- * ^ is equal to thfe..produc.t-of -m^^an^* t* ' . — * 

*At the other- extreme is the problem {^nowii as the'Gplbach^Conjecture 

Eyeiy even^ number "greater tfian \ may be wri-fiten as 
^t'he sum of tvo primes,. f „ . ^ 

''■Though some progress X^s been made- on this problem/ il has .resisted /• 
toraplete ^swer f6r' ov6r 150, , j^^arT. It is still anly a "^on^ecture..- . 

\ , i /-•,• r- i.. - ■•),■ vi * .. , • ' ■ 





"i 



Hi' 



An eveV-qJd^ problem d^tittg back at least to ]^clid concerns ihe 
perfect numbers, y^l the known perfect numbers are even numbers. . iJo one 
has ever succeeded in finding an odd1>erfect number nor has anyone been able 
to show that there are no odd perfect numbers. It is clear that no prime is 
' a perfect nuji^er* While i^, is not quite so apparent^ the product of two odd 
primes cannot be a perfect number. Still harder to prove, bur^true, is that 
€he product of three odd primes is not a perfect n^ber* This !^ the sort \f * 
information that has been collected oh this problem, but is stiliL a^l^ng way 
frm'a solution. ' . ..-^ 



m 



Class Exercise 



Many mathematicians have t^ed to^ parove that; 

' • • There .are no integers'', x, yy and z for which^x +^ y = z . 

^ _ if n > 2. (Known as FejTiiat's Last^ Theo/em, it has not been 

proved.) ^ ^ "''X ' / > ^ 

\(S* Using your knowledge of tfte lythagorean pi'o'Jierty, experj.meht with 

2 2 2' ' » 

X + y = z by finding replacements for x, and z. Try some 



of these number triples in x + y = z .with 
Are you successful in finding sonje that work? 



n = 3 . or' n = 



\ 

_ 7 .5 Positive Rartional ^ Numbers - Role of Factors'; 

"/e pause l^i^S enough jTo see how th| f at^torin^ of _ composite numbers 
may bs used tolimprovej the|mej:ha^ics of loperat^iag, with fepibers that k3re^ ^ 
expres-sed in fifactionJil form* The meclipnical a^eats of addition 3jeave' 

Our mptivation for addition of ra-jiional numbers 
upon finding a common (|enominat6r which is a corami 



room for variations, 
esserjtialliv depended 

multiple d^the denQp 

' c , M . 

- — ' va^ bdl; m some 



lators. The common' denominator used' to add r/and 



ases this is tAe smal 



•ihay be us^d^ 
/•V--~~ 'Let, us corisider several examples* 



Exampld 1. Tq find r + 'we nOtjs that b 
Ty 



i 

est <iolnmon denominator, 



h denominators. 



prime* numbers . 

e common ^nultfpie/ I5, is ^also tAe Xeast\c«^on multiple. Thiis: 

i . i-'i '2 : ■ ^ 

"5 -3. 3 5 
-?19 - ■ ^ 



/(J 



•! ■ J. 1 " - 




use as a 'common denominator 



I' . Example 2. To add ^ apd f^' we-^ 

^ ^ ■'■^ number 1*32 is a ^common multiple of 

we have 



2k 



and l8. Following the method of 'Example 1, 

2ir ■ 1^ 1^ "a" 



5 

2? 



f 5 



I 



'90 
532 

210 



120 



A quick observation^indicates that "^ince the numera4>r and denominator 
end in 0 and- 2,. the fraction can tfe reduced. ' 

J^ather than using this relatively large number, • 1+32^ as a conffnon 
mul'tiple of t)ie denominators |f and ^ , we can simplify our computation 
ufeing the^least common multiple of 2k 'and l8.^ Because both* denOminatol's 
are composite numbers,,, ve factor the numbers to determine their least common 
mult^^le.^ . , . ^ - 

3' 



The l.c.m! 



2k 
18 
of 



= 2 
= 2 
2k 



• 2 • 

• 3 • 

and 



5 

T5 



3 = 
18 



3 = 2^ 



3' =. 



1 ^ 



5 

IF 



• 9 

'k ' 
IT 



' 72 



15 
72 



20 
72 



35 
72 



numbers 



Following. |he equation^ method given in ChjLpter 6, ' ^e may 'add the 
^ and- 'as sho\/n Lelo^. 

Let X =^.2i;^ and ' y = ^ 



- . Then ^ 2Ux | 5 ^ -'and l8y =\ 5 

' ^ - * i * • \ ^ 

!I!o suggest the distri^butive lav we multiply tlje flrsyequat.ion by-'l8 and 

the second one-'by 2k as shown at the left. We maSfc^just as well multiply O 
-the. first equation^y 3' ' and the second by k, as $hovn at tte right,'' In' 
either case^ the value fot x Ajf can be^foUK^.- The second method, util-' 
izing thWeast common mult*iple, simply gives the result \in a more simplified 
form. 




it-.-' 

^ERIC 



'A 



^35x + ii35y 90 + 120 

• ' . ^ ^35 ^^x -f y) =; . 210 



72k 
72y 



15 •. ^ 

20 • 



72x + T2y , 15 + 20 
72 (x- + y) = 35 ^ 



35 



This last mgthod is not* suggested for the 'seventh ^5?eder. It^is 
given here to emphasize again hoV, rational norr^rs j^oon b^. t?;'eaj^Bd through, 
^.equatibns.. 'However, the similarity of this, metlpd with the^fii-st should l}e 




apparent'. 



X 0 



le'3.* tast, we find'ihe sum*of three addends:.' ^ , ^ , and'" 



"^"^^ 2 • .2 ''•2.- 3 = 2^ • »3' ' 

' 36^^2.2.i.3^,."22'-./--' 
72 = 2 . 2 • 2 3 ■ 3 ^,-2^ . 3"^^ 

" ' . • " V ''' ' 4 ^ — 

The l.c.m. of - ^k, 36, 72* is 2"^ • 3\;.= 72- . 



7^ 



11 



.^r--'"^— 3^- 72 




tele reader. 



!2 - 2ff'..,, "^f 7 35 ~ ;7l 
. " ^,\f -v-xT^. •y ^72 

. . \v.a2 ... ^ ^ . 

at th^ sum 



— ^ feels immediately that we jcan 
redu|^e|the fraction, vig^uick check of divf.sibllit|- reveals that^ ^oth kQ 



prj^cedure. We 



and ' 72 are divi^il^le ]by\ 2 and by 3. /'However*, let us use another 

^ r .J- \ ^''^ • 1 J ^ ■ 

rmxhfe tiae greatest common f^t( 

\ ' ' ^ r, 

if8.. ^ 2f • 2 . 2 • 2*-- 3 j'^V^ 

? . ^ '=\.*^.'>-j.*^P/ ' :'-.3^'- ^1 - V ' 

V This is the second time in the same example. tbaJt tfe X^-^^ ^'^^ oppcSrtunity . ' 

' \ ^' . ' i I • ' '"^ - lilt * ' V v--^' 

renarai^a' /rational number./ / * : r ^ % . : 

r'^^ V 1 ^'o^iovs^ ?^hat^ "1 ' ' ' • * ' 4^4'\i "C^W 



Tfe-;%>^4^_af^U8^^ ,72 is' 2^ -.'3 =^a^T\v" 



7 ai ^ 



V 



X3 



^ ^ It is hot always possible to reduce the results as was done in Jbcaraple 3, 

Looking at, another sum we computed, and ^ , we proceed in the same 

^ ♦ . * iy , 



manner. 
N 



35 = 5 • 7; . 72 = 2 . 2 . 2 . 3 • 3^ 



A'greate^ confinon ^^^^ 35 and 72 is 1. Hence, the fraction * 

cayii^'t be reduced. jjr . ' - • * ' 

Next, we examine I9 oxA 15^ in the same Vay. " ^ 

19. = 19 • 1 15 ' = 3 • 5 - " . . 

The greatest common factor for 19 'and I5 ^is*; 1, since there are no . 

^omfoon primes in the complete factorization of these. two jiurabers. Hence, 
> 19 

the f-raction cannot be reduced. 

i.^ % » ^ 

Two numbers containing no cornmon prime factors are said to be i^elatively 
prime to each other. If "two relatively prime riambers serve as the numerator ^ 
and denominator of a fraction, then the fraction* is said to be in "lowest 
oenns" and cannot be reduced. ^ ~' ' 

. . Priifte numbers, complete factorization, least common multiples, and 
greatest jcpramon factor's apply to the study of counting numbers. The positive 



s^n 



fatTorial numbers can be* defined in terms of the counting numbers. Hence, it 
is not surprising to find th'at we make 'use of the idea of th^ least common ' 
niultiple of cpunting numbers' in 'finding the* "lowest common denominator" when 
adding fractions. Likewise, w^ make use o^ the idea of the greatest common" 
factor of counting numbers in "reducing fractions to lowest terms'^. The 
purpose of this section is to ^illustrat6 the role of factors ajid multiple 
^ operating with- thei positive iratipnal numbers. 

I Factors and ililtip|es play a role kn all four of the fundamental 
operations with the raltional'^numbers . The^ use of least C(|>mn\on multiples is' 
evident^ in subtraction with rational nuiftbers. Aust as in addition. Foi* the 
Cfperaty^n subtraction with rational numbers, we cite the exampl e^^ - — 

"7 l^w , . 




Next, we examine U> and i50>*for their g.c.f. ' 

It , = 2 • 2 ■ = 2^ • ' ' 7 

• 150 = 2 :"3 • 5 . 5 ^ 2 . 3 • 5^ * ' ' / 

The g.^cCV ot'u, 150 is 2 . C 

„ ^ k 2 2 2 ' 

Hence, — = -._.= _ ^ , ^ - 

h h . 2 ' 

and, ^ - ^ = ^ . . . 

The most common way to add rational numbers, wTien they are named as 
fractions whose ^denominators differ, is to rename thera with the same denom- 
inator. Effici^cy ^fTrenaming these numbers is achieved by using their 
least common multiple, However, this will not necessarily yield t'he answer 
in simplest form. .The key^^idea in renaming a rational number in simplest 
fraction form the use of the greatest common factor o*f numerator and 
denominator. • ^ ' . ^ , 

■A-,' • . 



Class Exercise ' ^ . ' ' ' 

17. a. Combine, a^ indicated,, using complete factorizations as needed. 

• 2"._ 2: _5_ ■ 

^3' 77 ia ' - . r • 

Check the result for common factors in numerator and denominator. 

c, V/rite, in set notation, the set of- "factors for each denominator in 
(a). "Wha£ is the union of these three i^ets? Compare this sCnswer 
with the. factors determining the l.c.m. used in (a). 



b* 



.-J 



Answers to Class Exercises 



. 1, 2, \, 7, lii/28 

X = 28' 
2x = 28 
^ * l*x,=^28 . 

• \ 

2. a. 1, 2/3, 6, 9/18 



7x = 2^' 
ll^x =*28 
28:? = 28 



■ 6. 



• b. 1, .2, 8, 16, 32 




32 



<=• 1, 5, 25, 



3. / 


a.. 6 




a. 3 




a. '26 




b;. 210 







b.- 6 
b.. 7. 



25 



c. 



26 =>2 X 13 



6W 606 = 2^ x'3 x^5^> 



(priBie) 



-a. ' -ai* 
a/ 16 

9 



3 : 



2h, 2"^ X 3 
l.c .m 

g.^c.f, = 2 X ^ 



l.c.m:' = 2^ X 3- K 5 



10. \ \, pqt 



b. 70^ 
b. h 



$0 = 2 X 3"^'x 5 




i - 



1^4 



s 



11. i.c.ii., = 57? 



g.C.f. ■ ^ 

-6ii- X 36 



12. a. 3, 6^ 9, 12, 15, ... first bell ^• 

5, 1$, ^ - 'second bell 

• " They 'strike logetiier again in 15_*minutgs; Ijimt is, at 
12:15 "o'clock. 



b. 6, 12,. i8, 2k, 30," 



/ 



first bell 
second b^ll 



15, 3'o, ... ; ' 

■ Thfty ■ f^tr i ke together . ag ain^rv-^30 — mfeute^s; that is, at 
12:30 o'clotk. ^ ^ ^• 



c. l.c.m. of 3, 5 = 15 
Item, of 6^ 15 =1 30 



13.' 28 = .1 + 2 -H 1* + 7 + 1^ ..^ * * " * 

\ lU. * 8128 * =. 1 +,2>+ 1* + 8 + 16,+ 32'^ 6k + 127'+ 251^ +' 508 
' 1016 + 2032'+ h06h 



15.- 'deficient: 'lO, .I6 
* abundapt : ^ , 20/ '36 ' 

■l6.* Some example s_ are: 



J 




I'. 



As 



. b. 203 = ^9 • 7/ . . 

231 = 7' -ai :.3, • ; . • , . 

. g.c.f . x>i: 203, '23i = 7 ' * / 
Hence ^03- 29 - 7 .29 ^ / 
. 231 33 • 7 " 33 • L 

^ . ' ' ^ • ; ^ - ' 

c. A = (3) ; B = {7, 11} ; ^ C = [p 7) . 4^ ^. 

(A US) U C = {3, 7, 11), - j ^ • ; > 

l.c.m. .^t 3, 77, 21 is, ,3 • 7 • 11 =f 231 

The union* of jthe 3' sets is the sajjie the set of .factors used 
to determine* the l.c.m^ / 



N , 



0 



' { 



ERLC 



177 ■ 



194 



. ♦ V ^ \ Chapter Exercises • 

1. ^ Find a complete factorization *of/each of the fi)llowjLng: " ^ 
, - ' ;.Cs),^ / (c-K^Sl, " (e)^ l8o ^/'(g) 576- 

(^) 60 (dj. 9^ ' (f) 25ff- ir.(h) 232i^' - 

2. Find the least common' inultiple ("l^cm. ) and\<the ^;reatest cxDmmon factor 
(g.c.f.) for each pair oi^Nnunibers . 

; '\ (a)- '6, 78 . _ y (b^ ik, 105 ^ (c} 37, ^Jl 

3. ^ Copy, tiie^ following table for counting .ntiinber- N and complete ^it 
i' throegh-*>N-=> 30.— - . . ^ * 

( • " : ■ - - - •■ 

Factors pf ' -Number of Factors • Sum of Factors 




' 1 

2 
2 

3. 
2 

k . 

^ 



f 1 

* 3 

.k 

7 

12 

8 
15 



' a. Whjrch Clumbers repfesented by N \i*n the» table above, have " 

exactly two factors? * ' ' ' \> 

b. Which ^numbers N have exactly three factors?-'.* 

• 2 ' ' ^ * ' ^ * . 

= P /where * p is a ^r^ime numbel-).^ *'.h6w many factors' 

\. ^ does N have?-^ 



J . If .N. =f 'pq '{wh§3^ p andV q ar^^diffe:cent prime numbers)^ 

i^'^" m^y factors does N ,haVe? What is the €um of its''f actors? 



e. ir, N = 2 (where i^ a co&n^ing ^niimber)',' - how; nSny factors* 
. does-* ' nave"? ^^7^ , * * * " * — ~ — ^' 



4. a. Is it possible 'to feave exactly fouf^ composite numbers between < 
• • ^wo consecutive primes? .If so^ give ^l^jexampl^\ * " \ 

-.b. Is iVpossil^le to have exactly fiv^ <iQn6ec?iti,Ve 'cOmpQsite ^' 



i. ^/ *'* nujnbers* h^tween two 'consecutiv^e primesf' If zOy^^i^ an exam|)l^ 




Given the numbers d35, '222, 783, ^1065. Without dividing 

answer t^he following, questions. ^ Then check your, answers by dividing. 

a. Which niJnbers are divisible.. by 3? ^ . ' 

b. Which numbers ^re divisible by 6?" 

c. Which numt^er^ are divisibie'^-by 9^? ' - 
d- 'Which numbers are .divisible^ by, 5?- * n c ' * 

e^ Which numbers are divisible by Ijf , * ' / '^ 

f . Which numbers are divisible by 4? 

112 tj^lip bulbs ere to be planted in paraller rp^s^in a gaWen. 
Pes-c^ibe all possible arrangements of the bulbs if they are to be 
planted in straight rows with an equal number of bAlbs per row. 

Ten tulip bulbs are to planted so that there vill be exactly five 
rows with four bulbs in each row. Draw a diagram, of thi^* 
arrangement. • ' \ 

Which of th^ following numbers- are divisible by 2f. 



SIX 



'^^l^epvf^n ' ' ' d, '1111^, 

\ seven - - . \ > tfuree >\ 



Chapter 8' 
DECIMALS, RATIOS, AND PERCENTS 



Introduction , ^ • . 

By the time that a youngster reaches the. seventh grade, he should have 

been exposed to'the fundamental operations with ^decimals". Quite often h^ 

will be fainiliar with the algorithms but not with their rationale^ Thus, 

he may know how to "shift" decimal points in division, 'but still have p,o 

idea why he is doing so. ' 

^ Consequently, the first objective in presenting ^ unit on decimals -^in^ 

gra^e. seven is to review the fundamental operations in terms of their basic 

meanings apd ratignale. This proves ,to be a non-trivial task, inasmuch as 

seventh graders all too often feel that they knoj/ everyttiing tl^ey sjiould 

wish to know about daelm^s, at least insofar as the mechanics are ^ 

They do not look with favor upon w'hat thev cpftsider lto be a reviei/' 

tary mathematics. It will, therefore, iake *'salesmai>ship" to con^nce them. 

.* ' * . . / ^ 

of the importance of unders-b^nding what- the'y are .doi'ng. 

A second major objective for teachi^ng a^riat on dec^^a is thai; the 

development of the set of real .numbers., toge'^lic^ *with i^^properties, -is 

best ^accomplished through a discussion ^o^^ecimals^^^R Chapters 5-7 we 

h^e (developed the num^ie^ syst^-pi thr^iJ^^K^the set^^ationals.^ In this - \ . 

^ - ■ " some of the properti^es, 

of the set of real numbers.* 



piemen-* 



Tl:^ere are numeroCis social applicata 



s of decimals ^and percents that 
can b^ introduced by the teacher, althfi^gh most texts* ttowr4;endf to place ^e^l"" 

s been the case in the, past. ' ' • " 
We should note^l^ere- that various textbooks differ on the language^ that 
s used tp discuSSj.'Qfecimals. Jrox example, although some texts refer to. 




"decimal fractl 




this j^rmin'ology will be av<3^ided here/ 



6.1 ' Dec^^' ko£S^^ct 




notatioiri commonly used for decimals is merely* a matter of convenience 
CQttld^have managed If decimals had'tiever been invented/^,but it. ' 
■riffar more difficult to comj^ute "(^harj is^t^^^;^he 'ca'sfe. W§ also , . 
to. help jsatjLsfy^tfae demands of th'e real, world. Tffus, the:^S:per- '~ 
Lentijst dbes not work Vith.num^rs like, jt , and 72 but rather 



yith such rational approximations Of these numbers 3.li+l6 and* 1^1^4-2,. 

The histojy of the development oi fractions J.s an interesting' one. The 
ancient* Egyptians, for example, ^ote all -of their fractions' as the sum of 
unit fractions; that is,* as fractions with 1 as numerator. (The only 
exceJ)tion was the fraction |- for which, a special symbol 'w^s usedlj For t 

. ' I to 

example they wrote:. ^ - a^. * ' • ^ 

11 ' 1 

two-sevenths as 1^ 2E iJ^^tead of 



five -sixths as 




* The Rhiud ir'ap^iUti iidb 4- 
in perms of Unit fractions. 

. In a sense, our study of decimal-s begins through an extend igrTTrri^-i^s 
system. That is^-?we*now wish«to represent -every fractioi^in terms rf a 

^pecial set of ^ fractions, namely those with denominators that 'aife pcwers of 

- ten. . S 



If ye consider the^-t-of unit fr actions *Vith denominators th^t 



are 



powers of t^n, we "ban see that decims^-HQj^tiofi^^^is^jnfei^ ^nothe r wa^ of | 
n^ing j|He nvunbere represented* by these fractions.'' For^k^ipJreT we" 



i.= .1 
10 > ^ 



7: = :01 



= '.001 



1000 



(one -tenth) 
t 

(one- hundr e dth ) 
j (one -thousandth)^ 



.It imp0;:oj^t for youngsters to see that and .1- are two different 

names^foT^ xhe i^arae numbeir; oniy their form is different, kgain note that 
we CQuld laave gone ^ong very well u^ing the* fractional fo;?ns; tKe decimal 

'notation is msi^fely,a convenience , and not a i\ecessity. '\ ^ ^* 'I 



i It Is 'i^zell .to provide .-aeventh graders with an oppoi:tunitv to writf 
\ decim^sr in expanded fom, ratakitig use^of powers of ten and expontots 
• havd a^i^ady, 4^ne jSo'^for wjiole numbers and n$?fw 'ihould. dq, lik^^e f' 
mals. I For eXEuo^le :*. /v:- ' * * ' 



They 
ieciM^ 



'^2:h,^ (g;x iof.)-V^(7'x io\) +,(2;>< X) 'f*.(i+ x.^>-_ Jv; 



, 3Ak'6 = .(3 X l)_, . •(.! ^ ^) . ( Vx. ^); V (6 X ^} . 



= (3 X 1) (i,x -ij). + ih X -i^) + (6:^. 4^) 



10 



10-" 



182*' 



•i 9-8 



4r 



l!hQ similarity betveen this »la3t expansion and. the corre^onding decimal 



interpreta^t ion shown below should be apparent. 



= 3 x^l 



3 x.r 



V 



.096 b 6 X .'ool i^, X 



.1 



^ Retail th^t the value" of the one's place can be written 'as a power of 
- ■^''^'^jisingzero as^the exponent, 

^!5&>-4£ desired, we may write'. 

' 5.67 = (5 X 10^) + (S X -\) + ir^x ^) 



3.1^6 





10 



'*u§^expandejd po^ 




QiT'to help us express decimals in. fractior;tal 



— ) 

100^ 



1 



" 100 " 100 
. 100 . 



0.31-1.6 = (3 x^i) . (1 X ji^)->-(i. X j^) . l6 X 
' V . , ^-—10 100 lOOQ/ 10000 



3000 100 kO 6,, 
10000 10000 "^"^ 100C(>"t -10000 

10000 - 



-Again we not6 tHht we' merely have two different ways pf naming the aam^ 
'number Furthermore, we note that.a*mmber written., with' one decimal place' [ 
represents "tenths', " ^:^one wUh /two places* represents "hundredths, mid so forth. \ 

Fdr beti^er classes this is a good ^x'ajce.'to^ introduce the concept. of^a ] 
negatjlie 'exponent. ' Coni^ider, -for example, the expansion for Ov^ii6: '-''^t 

■ 0.31^6 = (3 x-lO"^) + (1 X 10"^) + '(1. X 10'3) *+ (6 X io'^) , '> ' 



Here ve/ note thatv 



■»io 



-a- t > 

10 . 



10 



-3 



10 



10-* 



1 

17 • 



Iti "g^eral^ ^ la'^ ~* '"[T f Khere n is a whole number, " (indeed,- it is true 




,for any ifeegfer n. 



...■^^^ ^ 'With ^his last definitio^^ ^e h^ye^now^ given a meaning to any integer as 
^* an exponentj be it positive* zero, or negatiye. The familiar rules for com- 
puting" vitji exponents can nov be extended to include. all integers as exponents. 
For all "in^e^ers a " and b,^ „ 

a b ^ a+b , * • 

* ^ - . .• a b . a-b 

* * - ^ n • -r n *= n^ . » « 

^ QJhis is- also/an Excellent opportunity to extend a student's undefrstanding 
Qf decimal notation by considering other base notations as well. The pattern 
is the same; however, instead of powers of ten, we use powers of whatever ^ '* 
a-tase been employed. Hejre are several examples of expanded' notation in 
^ o^er §a^gs. In each cage the numerals in the expansion are .written in base 
* tew notation. Hd^eVer^-^Ji^^hould be careful not to call , the numerals on the 
left "decimals" since this would imp^ tiiSse* ten. , • • ' ' 



^'^3 = ^ 5^)' 5^)^(3 x l)+(2:x i)+(3 X X ^) , ^- ij 



.7- 



We 'can e^pras^ these ^nymerals as base ten numerals merely by completing — ' — 

ttie indicated computation. \ . ' . * ' ' ^ - ^. ^- ^ ^ v^ ^ 



•(3 X ^) •+ (l^J^j 4') + (2x \) 




» 

\ .Class Exercises - 



Write e'ech of the follo'v^ing^ in expanded no|:ation. ' 

. five 

2 . 9.0875 • . - ^. 2.CA16 



s^ven , 



Write as a nilmei^al in base ten notation: 



5- --^^^.i^e 6. -32.^.3,,,.^, 

7. Write each of the foJ^lowing as a po^er of 2 using negative ex^nents. 

■ m •^'°) 'I • (^) 

8. In tjie following figure the point P indicates the midpoint of the 
interval froip 0 to I. Il^me the coordinate of this point with a^ 
nujijeral in: * - < " "^^ — 1. — _ 

(a) *^bafee t^o ^ . (c) ba^se eight 

(b) base four ^ (d) base ten 



p : 



' 0.2 Operations Vith . Decimals ^ ' • * /i 

^' ' ' A'^ ^ • - ' ' ^ ^ A 

. * Normally one', should expect seventh graders .to know how to a^d, subtract, . 

^ multiply,^ and divide^rational numbers written as decimals. In grkde seveji^ 

WjB wish to provide* bpportunitfes for tiie mainte nan^^df skills.^ At thiWsame 

time it is important that ,wfe , stress, basic meanings and understandings * 
— , . • i ■ - • 

In tnis section we shall rev^en briefly th$ manner in which the funda- 

mental operations with decimals may be treated in the 'seventh grade. 

* * ^ i » , ^ ^ - . <tj * • • . . 

• Addition - ' ^ < . ' , • -r - 

■ff t ' distributive property, is needed here and -should^ be, reviewed, first?. 

"ReJiall that this property states that for-*all numbers a, h, and c, ve*,have 

♦ . 

" . a*(b + c)=ja*b + a*c 



Now 'suppose we wish'^to add two numbers w;ritten in decira^^^rm; for 
~ lexample, 0.23 +0.9^* . Certainl;y^the seventh grader^will ki>ow. that one nei 
t?) "line up" thfe decimal points ^nd add, but may not know why we proceed, in 



; this manneij;'" We can'-Jiistify this process by expreg^ing the numbers in 
fractjional form and then ueing the distributive property. 



°-,23 = 23 X ' .and 



1^eref:or^) 



0\23 + 0.6k .= (23 + Xlfe)^- 



(23 &^)x.^ 
^ 100 



• i 



iL 

'100 » 

c 

-=•'0.87 . 



^ . " We th^ -show that this same result can be^ obtained far more conveniently 

* by wri1?in£ one num§:c^ below the other.* * ' . * > ' * 

••""*- • ■ V- ■ . • . . ^ -'-iv; 

In this .form we are adding th^ number in the- ~ place in » 
^the first addend, to the number ir\ the ~ place in the 



0.23 * 

o:6i^* 



0.87 



second ad^end^ and so on. "toiat is: 
0.23 = (sxA)-. (3'x ji^) 
0.&, =^(6x-^).(i.x^) 



\ v, 



% 




10 100 ' " . 
• 100 100 ■ « 

IQO . ' ^ ' • 

Note how /the distribqt^ive property^ has been used twice, '^e could also 
have justified tKe addition in this manner: ^ ' - ' * 

^ 0.23+0.64 23(.Ol) + 6i(.0i) ' ' \ 

^ = .01(23 + 6)^-). " ' 



.01(87)^ ^ -0..§7^' KV->>>^^ V>V-.r e ^ 



'•Notp th^t this, latter, justUTlcatiOn injplies that we know th8(,t 'the 
/^p3X)duct 'iOI.X 87 is equai. to Q.87 However* this -can alwajrs be explained 



When o^^egroj^irtg ("caiv^ing") is'" involved, we can jastify the usual, 
process as follows": i ' ' ■ , • 



Prodedurg : 
0.75 

t 

'.+ *0.50 



JiTstif ication: 



0-'^5> 0.50/=. (75 x^)-1K.(50xfi^)■ 



125 
100 

100- 25 
100 100 



1 + 



loa 



:J 1.25 



Subtraclfi^^ 



-The subtraction process can be justifi^ in^much same manne;r as 
addition and ;the3:%f ore nee^ not be explored in great detail. For example j/,. 



,.0,82 , 0.,37 ■._(B2,<ji5)- OTXjij) 



I 



. 100. 

=' 0.U5 . 



/Again, the development mal^s •f^ise of th^ distributive propei^ty^ " • 2-' 

%^ing fratitions^, the^ ratibr;ale of f'he' subtraciioV 'prcfcVss^.can be jLllus*-^. 



■ t 



trat^d as folloVs; 



/ 



When w| see multiplication of "decimals worked out in fi^actional form 
^ vei^egin "tol^ee why we add the 'number of decimal, places in the two factors 
( in order tojf^nd the member of decimal places in' the pro(iuct. In prece 
Y ing exampl^iwe multiplied a number expressed iu'^enths by one expressed ia 
. hundredths .'Oj In~ fractional-' fom we 'found thV* pro(^UGt :< ' - 

" This suggest^ the reason for Ij^fe usual rule of adding the number of decimal 
places;' we jarej in Reality, adding exponents that are, powers of 10. .It 
«ia^^be heipf ill to^ee this £roces$ using negative, exponents . 

^* 0.3 0.25 



= (3 x^io'^^^x (25,X lo'^J 
= >^3 X 25) X (roj-^ix 10^^) 
= 75 x^io'^ ' 



'to Ipe care'ful^ l^owaj^^J in ba*: treatment o!f zeros. I^usj 



' We need^ 

according tc^t^e preceding disciission, , qX x 0.*75 produces a" product 
expressed£^^r^thousandth§.'"" ' ^ 

Ojvx'0.75 f (^X'i^)^>< (T5 X ^) ^ 

' ' • ' X- ■ - i^xj^) X (tttx'^) 

. ^ - 10 ' 




300 x{~) 



9 



«pweyer7--^p^iisual,ly,e3cpress* this iproduct as 0.3; that is: 




0.300 



330 
IQ^ 

3j 



I. 



Glass Exercises 



. 10. 
I 11. 



Find tKe sum + 0< 83.^ by^ us ing,..^^' fractional approach given in 

' th^s secti®n. 



Find the difference* p.§,8 G.-29 Hs^y-n;tsittg--|her'i^^^ 

Find the product 0."23 X 0.^5 t>y usifig ^ - ^ - i 

(•a) a fractional approach; - ^ . • - ^ ' - 

(b)'- negative exponents^. . ; ' 



Division 



The approach -to division with decimals should alsp b^^v^lt upon the 
asfeumption that the seventh^rMer has- been .e^poeeota .the topic, but ,need-s 
a^fl^sh look 'at^the rationale of tiifi^rSbess as well as practice with the 
-operation. We may begin by assuming that the student knows how to divide 
" with whole numbers T *Theref ore, if we are able to legitimately convert a ^ 
div^SjLon -problem that iavolves decimals to an equivalent one ^involving whole 
^-numbers^ then we' shall be in goqd^hape. Consider, for example, the quotient 
53'. 75 -5- 0.5 . Written in fracjiou^l form- we have: 




Now 



53.75-5- 0.5 



100 



we mult iply . this fraction by 

: ^ ' . ' * ' 53.75 ^ 100 

. . ^ ^0.5^ r 1^ 



0.5 



,53.-75 X itTo ' : 
0.5 X lOp' 

3o~ 



'Ams, our division .problem is reduoed t6 one that involves whole numbei-s 
only.' We divide Mi^,/ini,:i5ur, quotient to be . 107^ , or 107.-3 '• ' 

107 ■ . 



0.5 5S.75 



53.7$'- 0.5 



50 15375' 

.50^^- ' 

107 g"' = ,107.5 



190 



206 



Prom our knowledge of multiplication of decimals, we* can check'the; division \. 
by verifying that 0. 5 X 1*07.5 = 53-75 . . . * ^ * ^--- ^^^^^ 

We thfn proceed' to shorteh* this process somewhat byj'-shifting" the 
decimal point so^ that pnljr the-"divi^03f is a^whole'numbBr: -5^^ , 



* ' ^^0^5-153-75 ' ^ < ■ 5*|5l73"' .* 

This^;^ l^itimate in that we are re^ly multiplying l3ot|ir dividend b^x^ ^ 
--"'^^'dlvisor by 10. That is: ' ' 

' . • '53i75 V - -537:5 

Now all we need to justify is the location of the decimal point in the (Quotient. 
We -do* so by noting that when the divisor is "^a whole number, then' the^ dividend 
'and the quotient must iiave the same number^of decimal places. ([Riis fdCLlows 
^ from the fact that^ the 'product^ , of, the quotient and the. dilisor ,give^^h4^ _ ^ 
dividend.) Sinc^ our^ revised dividend is lexpressed in t^ths, then thk^^o- - 
tient must also be in tenths. By placing the decimal point "of the*qu6tierk ' 
^ directly above tliat of ;the dividend, we locate the de(*imal point of the quo- 
^ tient automatically an the oorrec5t place. * ' ^ • • * * • 

As with multiplication, we peed to'^be (iaref ul' with^ercte 'in the dividend - 
when locating. the ^decimal point using the ^method- just given, For Example, if 
in the previous example^ the- divisor were oA, ;t]:\en we would 'have . r 

* . ' . ' * , '13^>375 . . 

. * : . . C>.1^]53.75. ^ — ^ '^1 537.5 ^ ^ 1537.500 . . 

^ / Here the quotient has the sa^ne number of ^cimal places as the dividend only 

af;tei» zeros have bee1i affixed to the dividend. • \ % . 

An alternate explanation to division" wi<th decimals that you, the teacher, 
* ' * ■* • , ^ 

may appreciate is ba^ed upon the equatio?i showing that the product of the ' 

w^luotj.e.n»t arid the divisor giVes the dividend. * It parallels /plosely the first 



^^A>E|V^Y"^"- — ^'5n = 53.75- 
'^^^^k>ytm_5Pn^^ = 5375 ^ 

. JiiC^^^^:^. aQn^/.=:^^1075 - 



' • method shown- above . 




^ Hpwever, this answer, 1075, iiten tlm^s as la^e^aV we vish^ T here- 

fore-, the. quotient must ^be' ^1075 -i-.lO-; .-»4;hat is, . 'n~= IO7.5 • y - . 
- , ^Ex|>loj:ation of the division. pr6cl5ys^T^r5C"^Hfr^^^ is 

• ■'also revealing.^ For '^xample-y -note hpw we may ^ivide^, 0*125 ' 0.?/: ^ 



0.125 -J- 0^5 




> 4 



25.; ^ 



= 0.25 



Here is a ^ood place tt> give special attention and emphasis to es-timation 
■c€ answers. Thik should serve "to prevent many errors in location of decimal ' 
points. The youngster who recognizes that 21,75 -^5 is 'approximately 
wil^ then realize that the decimal point in^the quotrient should be located 



This comjpletes 'Oi^c^i^scussion on operations vith decimals. Jn th§ next 
chapter we will look again' at decimals and see how they can be used in devel- 
oping th^ set. 5f» real niitnbers. 



^ ^^i^ss Exercises 




■12. ^ind» the quotient 'b.65 -r 2.5 by . ^ ^ ^>c"'-v^-^- 

(aj^.the equation approach as given in, this settion; / 
^ '-^ (b) use^ 0|^^an equivalent problem involving a d;lViso2l that is a whole 
number. • * ^ ^ - * * ^ 

• ' ' ' ■ ■ ' - N ■ ^ ; ' ■ • " • 

8.3 - Ratio and?PrOporti^|^ ^ I i ° * V 

' J^^j^lo is i^sed to -compare two. numbers . When we ''Speak of th^" ratio 



two numbers, we are. referring to tpei^ rilativ^ sizes. Thus, if ^^o n\imbe^ 
are in the ratio of 2 to 3, . th^ :&ir5t^is two-thirds large as the 
second. Jf the number of elements , in 'two sets is in the.^tio 3 to ' 3, 



If the number of elements , in < two sets is in the,*r^tio 
then^^ever;^ two elements of the firlt correspond to thi4a^^e%nts bf the 
•secorfd, iTIai.s ratio is sometimes written as -2:3 , ^ T^. r^J^V, indicates a 
corree^nderlce between the numbers ' 2 \ and 3. How 'm^ny pai^s of^ 

nprnbers^^Ti^ve this! san>4 torregponden^e?^ feome of them ai^e 



6 and 9 



20 
2k 




an^ 30 
and 56.^ 



V 

, J* 



4 Indeed, we have stn, unlimited choiee of prdeited 5airs *of numberS.that have the 

' I ' * * 
same correspondence or ratio.- In general, dny ordered pair of the ,fprm 2k 

* * - I ^ ' ^ '* ' f y f f * f * * *■ 

^ ^^(^., 31^/ k a counting number, arfe »ih thejsame ratio, '2 to^ 3. Noti-ce ^ 
"that we refer to these as "ordere'd" paA^s of ndaber?r Tth^ging^he' o^e^ 



the two numberss compared changes their r^tijb. ffhuB^ while to ^6 repre- 
sents 'Hihe same ratio as 2 to • 3, 6 to h does not. Ilhe onfy case wh^re 
thi^does not nappen 'is when.^ number is c(>mpared with itself. For example, 
ho to ho, *70 to; 70, and 257 'to 257 /'all Represent ihe same ratio as 
to 1. 

Since many ordered ^airs of numbers day be in the sam'e'ratio^ it is 
■common-^ •e;}^press them in "redu^d" fotm./ This requires dividing each number 
by the greatest coftimoa factor . Thus, ratlios guch as s 

' ' . / 160:^ to -li' 'i ; : - « 



1 "i^ v^^ 



* ^^fO0 to 
800^^ to 
1600 to 



10 
20 
ho 



are usually* written as ''i+0 to 1» 



. ^ We. f-requenfly use ratios, which are compaiiispns between »numbers^ when 
comparing quantiti^ such a^« distance in mil^s and time in hoifrs. For example, 
- -^us^^iig-the^igures gbove St per^c^ who travels \l6o mile^ in h ^ hours averages 
'-*the same rate as one traveling i+00 mileF~iri l^Q- iioU^E^SH^i^^— 8pO_m in 
, 20 hours » In each case the ratio of the numbjfcr of miles traveled to the 
number o^f hoj^rs speiv^M^ravelhing is ^+0 to' 1., Using this ratioyHct'is likely 
that each will. describe his rate as ^4-0 mile^$>e^ ^ hour or simjply as. 
ho mph. * ^ , ' .---^'^ ^""^ ' 4^ " " * 

In ;^he fopiuler'**^''''^at7 .we firid that r equ^s the ratio of d to • t 
'^aln the variables Represent "only numbers. Thus, we write 



d 

r = r 



This indicates a^f airly ^ common practice of using fractional, notation to rep- 
resent a ratio. In general, the ratio, a to b (b ^ O) is written either ! ' 
a^rb or ^ Evei^ ratn(.pnal n^ber can be thought of as" a ratio. ( This again J 
emphasizes the intjerpretation of a fraction as an ordered pair of numbers. ^ 
If we have tt/p pairs of niynbers which represent the same ra^ip, suc^ as % 

'2"."to 




Such a statement of 
' • How can we -tell 
A ' - 

in *the first set for 
* jj-. > 1 membei>^in the 
describe different 



/^repi;esent the same 
Treat ing,^t i o 
property:. ' - 



In the' example 
are not equal "(j^ / 

. ^ We are often con: 



numbers which name t 
3 




y of two ratios is called a pjro portion , 
'he sa:?ie? Fot' example, do tj^.^'and . . 
oif' T-rr IS the same as , . 1 number 
cond.' The ratio — is ihe'^.same as 

h in the second. Clearly ^>these 

6 8 r 

conclude t.hat and -r^ do oot 



we can compare them using the 



and thus conclude that ^the ratios 



1 ^ > 



the fourth member in two pairs of 



' example, for what value of d will 
2^„^JIhe problem becomes one of finding a 
that makes the following 'true: ' ^ ^ * 

The solution can readily be f ou^d, f rom the corresponding~^equatiph 
' ) ' • 3d = 5 • 6 . ' . ' • 



the ratios ^ and y jT^e^^t^r^^ 
replacement for 



You know, of the many applications of proportion and we will not dweli ^.on ' 
them here. Proi)'ortion is also an excellent way to approach per.cent/as we 
^ will do in the next s.ection. As some simple proportion.JJroblems, let us 
solve thfe following:., ^ ^ ^ . t 

1. If the»ratig of dfipaxtment head's salai^ to a teaoher^s salary is 
11 to 10, what increase qould^a teacher with a saleC^ of ^7600 
^xpect if promolred to department 'head? ' . \ , 




jn: pere the proportion is 



11 
10' 



rising' condition for' equality we h4ve ' 

. 10 >-€^ = 11 . 7^00 



'^aos = 83600 
s = ,8360. 



us, -the^ increase is ^jGo, 



\ 

- )} 



210 



'If the ratio of 'the football coach's salary to a tea^ 
^"^T^^li^ to^^JOO^J^^^^vrti^ increase could the saA^e teacher f< 




s salary 
af 



' 115 ^- s 
• * 100 tSoo 

100s = 115 • 7600 
* ' s = Qlho 

Thus, .the increase is ^^l^O. 



^ The important^ point here (apart' from xhe salary problem) is the method 
of solution. It *is a general methpd o5 solution and is-^^pplaed in all 
problem situ^t'ions^ of l:hi\ nature. ^ V ' ' ^ ^ ^ / ^ 



^ - 1 



Class Exercises 

/ 1^ ' ' ^ 

13. You 'have just finished Chapter 7. /in a l^ooK of ih chapters. What^-s 

.the ratio Qf the cTTapters finished to the total numbei\ of chapters?' 

What is the ratio 6t 'chapters remaining to those finished? 
•* ' . 

Ih. ^Find N in th^follow^ng proportions: . *' ' • 
-/ s h 42"/. 



N 

59 





15. if the r^atio^'i^cats to dogs in a certain city is ^4' tb\3j 
how many cats are^he^^e^^to go with the ^3663 dogs? 

16. In a certain City people are. f6ndo2 
a ratio of j3 to 2 (^metir 

much of the se.cond ijiggedlent should used to go 4ith 
the- f irsXJ^gi'^Sient (using the^ 3 to 2 ratio)? : 



ihool mathemat^ics is percent. 



Yet-mai^ students find it either confusing or just plairT^ipg^ Pan of this 
reaction com^ fix)itt th^^^ teacher ^s lacK of inowledge corl'cei^nilg^i 



Tela- 



tTons"Rip ofpercent to the rational numbers and mathematics in general. Thi 




195^ 



other pnrt domes from- g.ttent;ori- to applications of percent vaiuable to the 
\ adult but ^Lmpl^y^lot meaningful or si-gnificant'to'-'tbe junio^' high school ♦ 



. student. 



■yrrptf'h-^^ thfi t^n-^bin^;; of percent 'focuses more aj^tgntaon on^_^ 



le rep^^ 

•percent [a waV of comparing numbers, as Corm of a ^jra^ic, as a form of^.a 

rational nLimbed- wjiile mii^imizing theHisuai attention given to applications. 

*Thea:e)is nothing mj^s^eribus about ]gercents. The word "percent" means 

The ^symbol is used for convenience and offers a short way 

' 1 ' 



Of saying | timefs 



ii8, 



ar, 



Thus^ U8 perceni« means* 

1. 

100* ' .100 * 

b compares to 100. Other ratios such 'as 2h to 50 and 

equa5><4i-JJ;^ ratio 'hU to 100 and hence rriay also be ex- 
^While the pereent notaticn is vexy^ commoa. and J*r^guej^tly_ 
used to eKpres^^4jhe rjg1iip>Nbetween two numbers,' it isfitot used directly in 
'eulatJor^. |To compilte^^w^^ "U8^... the percen^,/fflust first be e^j)ressed 
h'^r a^ k f^aation or a s^^pi^Aj jna^ .^ j;Q,*g^pr e s s ^8% as. a ^simplified frac- 
fn» fi/rst^write it as a/f^aj^^S-S^^bii^enominatQr 100. Then by use of the 
eatest common factor ii 



^nume^ator and den^ninator, simplify the fraction: 
.0-7 ' US 12 ^>V 12 U ' 12 ' 



100 " 25 • h \^ * IT ^^25 * 

exjr^ss as a d^b^Aial, ^ir^t express it a'^' a fjaSto^n T«Lth denominator 



flO? 



numb 



m 

100 

D9 repre.sent a fraction sudh ^ as a percent we need to f ind^ the 
such tha"6 . 



We 



know\that we can' rewrite the! above proportion as the equation 
! . ^ ^ j 2^-) • 100 = 6 • c . 



Since 



100 



In gener^^, any gi-ven ratio, ^ , can be exjjressed as^a i^ercent,^Jiy find- 



in^, ,the number, c such, that ^= . TRe expres-siQn , jieans the same 



100 




15g 1''2 



^ This development illustrates the role of proportion in percent ^Jroblems. 

Many new textbooks Apduding the SMSG Mathematyics for Junior High School " 
Y ; > , . — ^ — — ^ t y ' -^^ — 

.present percents exclCteively through the use of proportions. This feenerallj^ 
helps to make 'the sub jetf^ clearer to the student. 'However*, students need to ) / 



^master ai^mer^prize many ojMihe simpler percent conver;s^j:is,, s^t, the» junior high 
level. This requires repeated oitcI* drill and review, af the decimal and percent 
forms' of rational numbers like 



1 




^ As we insist that students memoriae the multiplication table as well as^'' 
know how to multiply, so should we requi^ the student to memorize basic 
equivalent I'orms of *percents>, decimals, and fractions as well as know how to 
solve percent^ problems through proportions. 

In the .past, many 7th grade' books have treated percent in great detail 
by classifying all problems into three dases. The, "three cases' of percent 



^—iia^fe^en overdorie pnd<5ifn most new ^Jsocks this treatment Is either re<^uced or , 
not found at all. All "three cases" may be handled tne same way, by writing 



a proportion wit.h one denominator equal to 100- &nd f irfding^ the missing ^* 



« number. 



If 



Examples follow to 'illustrate -the propedii;re. \ ' ' ' 
28 out of ho transistors failed -to meet^' the sp^c^f'ications for 



heat sensitivity, what percent of . t^^e "traglisist^rs 9 re^ defective? 



Solution: 



^Sirice thejbotal number is 
28,. the proportior^ is 



ho and the nw^ei- 



28 

5o 



c 
100 



so that 



Thus 70 % 



— 



i+Oc = 2800 

c =70 . ' 
are defective'. 

2. If Janice needed ^'''9. ^o^' ^ cheerleading outfit and ^arned* 92% of* 
the, total by UaBybittlng, bow much m^oney did she eafn^; 




.ctive IS 




Solution : ^ Here we know both the percent and the totaly so that our 
proportiorr is ' 



a 

70 



afid 



92 
100 

' 92 ' 10 
, » 100 

61^.40 . 




Thus, Janice earned ^&^.kO^ . 



In\a box of ^yballbearings, ,11 are rej^ected b^ an j,in;5plfebV ^ being 
^fau;Lt;^ if 1:liis .represents 'kh% ' of ^ the total product ion /"hb^ many, 
were -produced? ^ * 4..» ' , • ^ 

• ^ t , .•• 

S.o3.u_t,i-Q-a -: Ir]^JJaia_aase_Me-4mow: the-^i^Gent-and^^e -part-or -^^bei?- 

* rejected, so our 'proportion": is, * ' ' ^ 



11 
b 

l|l|b 
b 



100 
1100 



Experienced teachers will recognize each of. the above problems as o)xe of* ?| 
the "three casec" of percent.* Notice iiow all three ar-e ^t^^ed^*tkeo^.3fflfilK§^^;_^^ 
^through the use of proport^ions . Wi-ijx, experience students will begin .'to short-'' 
cut wpriting the proportion^ but at the beginning this approach is a simpie 'on-es * 

Soy the students to master ^. Mnr^h nf tho 



hef^n done in the treatment of ratianals and decimals/ so,th6^t most of the f^' 



material i^ not new, ^ ^ ' 

One shortcut in writing the ^proportion is to replace j^Hfe i>ercent ' (j^) 
by an equivalent decimal or s'implified fraction. This 'can ie easily done^ 
once the students have developed skill in recognizing tjie relatior^ship^ among-/ 
the percents, decimals^ .and fractional forms of ration^ numbers. This short- 
cut replaces the, proportion .with the familiar 'formula - - - , \' 

, ^' / . 

* • ^ -p = r X b. ^ ' ^ 

and b represent numbers: ' \ ^ 




is the rate or percent;, 
is theJba-se_,or^umber oa.-whlchISrraEe" 




-applle<i;4 



is tte percentage ,03i pari the base deteirmi'ned by 

) ' " * \ 

th6 rate. - . ^ ' 

Notic^_j^J,hat the term "percentage" has a meahing quite distindt from 
"percent". 

\ Again percent problems should ti6^ be classed into three 'cases biit all 
Diy^d dir.ec-D^y from th^ same ^ormulfiC^ , p 




r X b. In this form the three 



es just \ given aye expressed as follows: 



p, = r X b ^ 
r = 70% \ 



'i^ - = r X b. 



3^ 



■ p = r' X fe 



64. Uo 



25. 




' ' If the student T^s^rst introduced to the solving of percent.^rc55Iems 
through tffe,use-of proporH^s, there 'is less cha^^J^tet-ToTwill have«- 
' diieflculty identifying the per^ ' ' ' * "-■^"'^'^ " • ^ 

^eguation.J^Qym,^ 



Dase properly when using the 




18 



find the fraction which corresponds to each of the followin^ercents: 



id) 5.. 125^, '• 



ife^ Changed are oftefi given in^t^ms of •percent , in ord&r to provide a 

standard^ for comparison. Thus,' terms .such as "an increase of' *25%" 
W -'vjjjpj^ip^ decrease" are encountered. Students sometimes have ^ 
^^^^)-^^)f in setting up the" approgiTate'^P5:opbrti6a. The cher)ge in 
eithe^Jcpse ^is expressed as a part of\the original quantity.. Thus/ * 
a salary of ^l^.^O^'' per hour reflects a^ 10% increase over 'a salary 
of l^i^.OO' pqr hour. " ^ - . , . - 

If a person>eceives an' pay cut durfng a "retrenchment" and' 

" *' ^ later receives en 8 % increase^ how does bis final sal&y .-compare 
" ^th his original salary? • i ' ' * 

r • . ' . ■ ' \ " ^ 

y20. If a boolc\.is printe'd by a photographic jprocess^ which reduces ^he - * 
2 6ri€4.Wali% • X5t^^i ^^-^qn^-shpi^l^.a >egme,ni,be i/^Jt jia to 6e 



greater than 100 /I, ^ If ^rcerltV have -been introduced, as another waj of \ 
repr^enting a ratio or fpc^tional name for 'a rat'ional Viumber^^hen students' 
^ shouM have little difficulty with' these special percents.' Indeed, the^-e* 
i-s npthing special about them,j they carry exactly the same meaning ^as per- - 
cents from 1 % to 100% • ^nd^they are us^d in operations in ^xactly^he 



"same way. 



Recalling the def initiqii^ of percent,, we can writev^ 



' 1 

^00 



Similarly, 



1 - 1^ 0- 
100 " 100> 



Writing, a numexiaT such as- j or g- as a percent poses cextain problems. 
Primaril y _^ -"^.^gs e a^e, problems of form iu notation rather than anything else\ 
Thus, writing ^ as'' a- percent gives • < 7 , ■ , ■- 

8" 100 ' , 

or • ■ ■ . 



» ♦ 12— 

"^TvfeTTay* wl€e -12^%,^ °^'"lOO~ 



which- is awkward an^ clumsy, or 



0.125 • The-'la^t form Is probably the most useful for calculations, 
^^jpsimll^ir^pr arises, when-w^^ writ'e^ - a percent. . ^ 



or 



= 4 ■ 



Here again we have alternate fQrms fo'r expressing .the. result. We may write 



•333 , 



or 



.333 



leo 

^ttfention will be given to repeating decimals like .333 



■ ^as thei resulting percent. More. 

in the next 



This chapter has iiealt with several topics, some of wllich iappear in any 
seventh grade* book whejteas others are found only in newer texts. The. discus- / 
.sion of ,ra,tio tod percent was Iprief, being related to t'he previous work on 

^g^^^^unl^rs jMidv^ejc^ Presentation of these topics in tl?fe cl|issrQom 

-is proSk^Cbiibest done with tne same approach, rather than treating them ds , 
completely^ sepai^l^e entities tftat are new in-ell respects. ^Usihg the student's, 
backgrq^n^^in Jthese a]?fc«^make^,the tpjDics^easiex^tpJtWJh^^ and rec^all. 




Answers to Class Exercises 



(2 x 10^) + (1 X 10) + (A X 1) + (5 X'^)"t'(8 x^^) " 



10 



. (9 X i)> (o-x ^7 + (S'x ^) + (7 x -^) + (5 Vr^V ' > 



la^ 

Iv 



10 



3 • 



10^ 



- 3- . (3 X 5) + (2 X 1)> (1^ X + (1 X 4) 

' - • ^ • • , 5 

l\ • 1 ^ . I 



. - h. : (2 X ir?-tO x-i) + (1^ X 4) + (1 X 4) +• (6 X 4) 

•;5- ■ 0.58!^ 

7/ (a) . 2-"^ 

8. (a) .1^ ■ 
• two 

* * 

+ 0.83 




•('^5x_^) M83x.^)- 



. 100 

100 ^ 28 
" i5o .100 

= 1.20- 



100^ 

1— 



10.« 0.58 ..0.29 = (58 X ^) - \29x 3^) 



(58 - 29) 
looQ' \ 

= 0".29 ' ^ ^ 



1' . 
100 



J * 



,n. . (a) 0.23. XOA5 = (23 y -7p\x (1^5 X ^) 

. . ■ / . ^0 y • lo'^ 

/ . (23 X Ii5n,(-Lx-^) 

# . . . ■ • '^0" . ^.o" 

= ■■ 10^-^ X ^ 




(b) 2.5 foT^'r 



13. 1 to 2; 1 to 1 



lOCO n 

25 



260 
.26 



•.26 
25 1^30 




X. 



(d> ^bobX" 



19. ~-^"C^skl.ary will dirop to 92% of the original 'salaiy~an9r"'thefi-hfi. 
ir^reased by, Q% Or, an additional 7. 36^^ to end up as ■s'99«36 
of the origi|ial.' As -an example a salary, of * $1000 Jrauld be '$920% 
with an 8% decrease. To increase^ ;t^is salary by 8% ve iake 
.. Q% of 4T>^^^s£t^at"'the'~final'^s^ 4993-60 ^'' V 

20.. 5 inches ^ - ; - ^ . 



^ — 




/■ '202 



2 IS^- 



Chapter Exerciseg 



Write^each of -Jhe follo^^^ng in expatiated notation^ 



(aL 32,785 



(b) If 2. 3^1 



■five 



Which of the following statemeirfcs are true? 



(e) 3'^<3"^ 
It ^ 



Using* the fractioaal approach given in this chapter, evaluate 

each the following: .i- ' ' 

(a) '■%.27 + 0^1*7 • (b) '0.!* x 0.37 ' 

% . 

Find, - N in each, of the following proportions: 



(a) -^J 



• (b) 



N 



If t*o triangles have the same shkpe, \/e say that they are similar'. 
We d^ef ine similar triangles .to be triangles with' corresponding 
angles congruent and corresponding sides proportional. If*- A ABC " , 
and tA DEF are .sitoilar with the ratio of corresponding. Sides 3 to 
■2, find all.sidife if AB = 6, ' BC = 12, and' DF = 10. 





J/rlte each of' the following as- a percent . ■ 
(a) 10 



I^et. ' A = 15 and B =i 20 . 

A is vha^^ycent of B?* 



(b)- B ^.s.^liat percent of B? 

m(c). ,A is' what percent of their 5um? ^ 

(d) B is what percent of theij; product? 

Je)" Their difference* is.whaHi percent of tjieir product? 



. 1 
1000 



/Introduction 



" ' . Chapter 9 
' Heal Number System 



v 



This chapter will complete oiir •development of the/i:eal number system^ 
^ as. it^ should be seen by the junior, high school student.^ All toQ frequently, 
^tu^ents at this leVel fail tcf see the complete 'picture of the real number 
system and hence enter into.algebira with certain gaf»s* in their backgroun^\ 



> 



• 9-1 Reviewing Properties of the Rational Number Syst^ijiT 

In' tl}e past chapters w^ have developed the properties of the rationalL 
number ^yitem*, ^All solutions to equations of the form hx = eff a a;id b^ 
counting numbers, are positive rational numbers. With*their opposites , 
(negatives) ,ahd zero, ^hey form the complete setj of -rational numbers. 

liikewlse, we noted that eveajy -rational number can be nam^^ by a fraction 
in the farm ^ where and g, are integers, q ^ 0 . " • ^ • 

You already have observed the familiar prope,rt3.es for, rational numbers, 
^'-*1fhic^^'%&y^he summarized as follows: . •* * 

' Closure,: If a and b are rational numbers , then a + b is a 
^rational number, a • b ^(more oomraonly writtery ab)^ is, a rational nujhber, 
a - b is a rational number, and^^^ is a rational number -if b ^ D. 
Commutativity" . If a ahd b are 3pational numbers, then * 



b = b 



(ab= ba). ^ 



a + ,"b = b + a, and a 

I . Assoc iativity : If 'a,*b, '^and c are rational numbers, then . > 
aj+ (b + c)> (a t b) + c,,j^.and' a(bc) = '(ab)c. ' . " \ 

Identities : There "fs^a ratiOn^i-'-number zero -giieh that if --a-^ls jt 
rational number,, then_a ±^CL_=i-jO->-^a = a. ^ There is a ".ratiohai^ number 1 
such that 'ja -1=1 • a = a» 

DistrlDutlvlty : If a, . b, and c 'arg,^ rational numbers,, then 
^b +' c) = ab + ac. • \ * ' * 

Additive * in verse : If^ a is^ a^jrational number, then there, is a' / 
>^'- ' rational number ("a) such that +7(^'a) = 6. 

Mult IpZlcat lye inverse : 'If a is a rational number and a 0, 
'there is* a ^rational number b sul;h that\ ab = 1. 
Order P^^^Tf^-'-a-^nd^ b ' are different rational numbers, then "'^-.^ 
either ^ > b, - of'' 'a < b 

IK;. ' 




100 



^51 

1000 



0.253 



If the denominator of a fraction is not a power of ten, Ike fraction 
carx t>ften »t)e *changed to an^equivalent one whose denominator is a power of 
ttttii^Por example: 



5, 10 



1000 



= 0.125 



c On th^ other hand, a fraction like ^ cannot be "Vritten with a denom- 
inator, that is a power of ten and a numerator that is a counting number. 
To show tTTat this oannot be done, suppose "for a moment we assume that we 
can write such an equivalent fraction. If such a fraction does exist, then 
we would have two ways of naming the number one -seventh and we could write 

a . . 



■ 1 

•• 7 



10" 



"Where a a counting number and n indicates the powe.r of. ten. Using 
the^property that *if ^ = then- ad'= be, we get ^ 



Npw 10' can be factored as 

we^can write • ' *' - 

- ^ n ' n 

1 • 2 -5 =v7- 



Kius 



The expressions on the»^left and the right of the equatipn represent, two 
factorizations of the same number. One""1rmf©J«y^s^^the P^^^ facjer 7j the 
other does not. But this is impossible siftc^ the Fundainen'CHx-*BaeQj;em of 
Arithraeticr says that a nmber has exactly one unique prime factorization. 
.Therefore^, we conclude that our original "assumptioji is false,"*^and tha^ 
cannot be expressed as a fr^tion with a denominator that 'is a power of ^ 
ten 'and a numerator that\is a^wfeole number. ^ " , ' ^ ^\ 




the numerator 
_ , »n 

can hav^-a 0 , remainder because this im^li^s that we^can w^jte i as ^a\) ij 
fraction Vith a- d^ominator tha^ is a power of. 10. There-fore.^ as we dtvide, ' 
^are^on^ possible, (l, Z, 3, 5, 6). As soon as oi|e 

^^^s'® ni^birr-appea^a.,^^ timfe, the sequence of. digits in tlie 

quotient will repeat. ' 

.1^28^71 
7 1 1.0000000 




This is the^same as the 
first remainde'r. 

At this point, the sequeijce of ^tiigits 1^2857 begins to repeat itself 
in tlie quotient angwlll continue to repeat indefinitely. The quotient -ie 
usually written in the following form. 



i = O.U2857X42b57 



The bar' (vinculum) over the sequence 11^2857 /indicates the set of ^digits'.,, 
that repeats. The three dots indicate that the. pattern re^&ts indef inil^ly . 

^^9BSSSI^P^ Ai£its^^^i8trt:^-4io repeat- in 4:he quotient- ^s-- - 
soon as one of six possible remainders appeared for the second time. ^This I 

does not imply that all possible remainders must appear/ Consider, for 

2 ' ' ... y 



' example, the decinfal representation for ^ . Here the sVt of 'possible . ' ^ 
-"'remainders contains ten elements; 'however, the repetition begins after only 
' iwo, of these remainde^^ are used. 



■ 11 |2. 0000 
1 1 




O.X8l5 



I- 



\22 



Ol^her examples of this notat 
' *^ ' ^^'^^ .250769230769 



for repeating decimal-s arsi given here. 

^ '1 




'I = ..... = .2S0769230769^-.-r~,~~^ ^ .001001 

. ,The ajTnbojLism adq^ted for-^r^pei^ting decimals canr be used^fpr 
expansions of^^rational , numbers'/^ For example, we may vri%e 

* I =';0.6 = 0.600 - ' 

' ^ = 0.125 = 0.125^00 ... ^ 

• ft ^ 4 ' ^ 

In this sense "ve can tnen say that every rational number can be expressed 

as a repeating Jfecimal,. often called a periodic decimal. Some of^ these, as 

3 1 ^ ' ^ ~ ' ' ' 



sfnd 



a)}ove, \7ill repeat only zeros. These ar^HTrequently called 



the decimal. \ ^ , ' ' > • ' 

How can we tell when a fraction — can be written as a fraction with 
a denominator that is a' power of ten? , [Riesp are the fractions that have 
terminating decimal forms, that repeat ,z^ros only. We, start witji the rational" 
.number, 2. p and d relatively prime. \That is^' let — be in iowest-tejrms. 

First let us riote^ ifttul-^ivelj^that ^f a fraction has ^a denominator 
that can be, written as the product of ^ powVr of 2 and/or a poffef. of 5 > 

^g^^O. Here are some examples: , « 



then it can. be expressed as ^ power ojf^ 



1. 



2, 



173 
2500 



13 



^3 



325 



53#'{2 



173 



' 692 

5^ y ^-r\ '.(2-^5) 



5)^ 

692 



lo3. 



325 
1000 



10 



692 
10000. 



In other ^words, we- oan multiply , by appropriate powers of 2 and 5 order 

to produce a denominator t^at i^, -S. power of 10; j 
— .a. '_A * ^ * ' p <^ 1 

In general, we wish to see- v^ich rational numbers — can be Written in 



the forfn — ^ , "where N and K are counting numbers. Let us assume^e 



10 

have the' following: 



IThe'refore, 
and 



P 

q 

N 
N 




'.\ 



Now since p and «q are relatively prime, 5.. .does"fl61£' divide p^ dijfd 



must ther;Qfore divide 10 . 
-numbers that are powers •-of 2 



But 'the-^ only possibly f actdrs of- 10 are 

or* 5- Thus we ^ may conclude that the rational 



number' ^'^can^e vritteh as k "firaction with, denominator that is a power of 
10 if and only; if the denominator q can be expressed in the form- 



= s"!^ • 5^ , -ni and n whole, numbers. 



' '^^^g^s Exercises v / 

1. Give the nexjt five digits in each of the following decig 

(jc) 



(b) .lH255l^. 



(d) .121313 •-- 



^*r-^=WtTCirof~the 'following are true statements? 
'^'(a)- -373^37 ... = '.4737 

/Ibj_-Jl3-I3L^. - <- .rjx! 

(c) .377377. - i-"". = -37737T ... 

(d) .3737 ... > .3773ff ... 



3. Using the notation of this section, express each of the follQt^ing in 



decimal foiTm. 




toich c^f the following fractions can be 'expressed as "t'ferminating"- 
decimals? " ' ' ^ ^ ' 



•Tb) 



11 
Bo 



(c) 



300 ' 



'AX 




have seen that every ratioi;val number can be written as a repeating 
decimal. A related question is' whether every repeating decimal names. a ' * 
ratioYial- number. .Certainly, there is no problem if the, decimal expansion 
"termiiiat^es" (repeats zeros). For example; 



/ 

' 5 1 



' vo.7156 



100 - " - ^ 

For decimals that have- sequences of repeating digits, not all zero, other 
methods are needed. . ^ * ^ ' ^ ' 

One method for expressing a repeating decimal in fraction form.. uses 
the clever technique of subtracting, out the repeating digit^'of a non-term- 
inating decimal thereby producing a terminating decimal that can easily be 
' handled. This-.j!^ipulative "trick" i^ illustrated in the examples that 
• follow. ' ' • . . , " . 



"First multiply N by 100, and then subtj; 



> ] 




100 N =1^5.^5^, 
N = .hj^ ... 
99 1^^5.0000 

99 N = h , 



•pibduct . 



",11 



'NoteHhat multiplying -N by 100 .has th§ effect of aligning the repeating 
^ \ .sequences of the decimals in ^ and 100 N so that they, can be subtracted 
* \xn\ffive zero 'in pnrh cm.fiP. Th^ pynm-nle shni/s that ' ' ^ — 




chos' 



zero In each (/ase. The example sboVs .that 

another e>xWple,ylet 

^ N - .124123 ... , ^, _ ' ' ' ^ 

multiply by lOOO, and then subtract as beforp. This gives a new 
where the repeating sequences are zeros. Do you see why 1000 was 
the multiplier h^re? * , • . . ' ^ 

loop N = 123.123123 ... > ^ ' 

r N = .125123 . 



999 IT = 123 

• 999 
333 



this 



the repeating Zeros found by subtraction have not been written in 
soluitfidrn. 'Trom the^^ample ve^'eee that 



Finally consider N = 2.^75^ . 



■4.\ 



100 n'= 2^7.565^ 

2.^7565^-.. 



N 



N 



99 N = £U5 .09> 
2U^.09 



99 



2X0 



2 2 5 - ~- 





/ 



This^can also Toe written as ^^^^ > which is clearly a ratipnal numbe-^. 
That is, we have^sho^ that^ 2.hp^ ... is th^ name of a rational number. 

The method just dfescriVed is found in many Junior high school mathematics 
texts. While, appeari$^Vlausib3i^ at first glance, a closer study, should 
reveal that ar very fundaAntal underlies the techrxiquer. Indeed, 

'oan we really" multiply andVubtract "infinite" de'cimals in this manner at 
d.1? We^woUld Hke to say^ (Vctuklly we 'assume) the answer is^^lyes. ' 

• Other Jriethods are availa'cae, for expf^ssing repeat!^ dec^imals in fraction 
'form. Th^ too 

decimals. One involves the use c>f decimal\ forms of unit fractions with 
detiominators one less than successive powei^ of^ten. For example; 

1 




The /pattern' in these"*decimals sltould' be ^ apparent"^ 

To write *• • • as a fraction "we proceed as 



of the ^ecimi 




U5(.O101 ^y) 
99 '• \ 



' 99 

- 2r 
' 11 



\ 



The .technique Afill work for any number of digits in 'th$ repeating sequence 



For example: 
. ' ^ .123123 



;) - 



= 123 



^ 123 (.ooiSSi'. 
1 

599 : 

123 
' 999 

'333' 



'This method treats repeatiffg decimals essentially, as infinite geometric 



series. ' This, of course, is exactly ^what *they are. 




_ ^3 , h3 



100 



100 



100- 



1000 



4.000?^ 



.>123 



.s. 226 



f.- 



\ 



1 



^The examples of this section suggest thte following conclusion 'that -ve* 

\ ( ^ \ V \ ' 

s^hall accept asHrue.' 



A^Everjf_rati-or^al number 'Can exprfes^ -as 
^ i \ ^ \ a repeating decimal A ancL e^ip^ repeatTing * 
■ ' • decimal names* a rati6naX\numb^r. 



.Class Exercises * \ ' ' \ 

' ■ , - ■ \ • ■ _ 

5. Write the following products.as repeating decimals if N = .2929 ... 

(a) 10 " (c) * fe N ^' 

(b) ^ 100 N . ' ^ ^ ^ (d'H-A N ' , - . • 

^ ' " • . \ « • ' \ ' ^" • ^ • 

o. Write the following differences as reputing de c imal s__if^- J\ ^'\.222 



and, B = .333 
'(a) A • ' 



(b) 10a\-B 




7. ^Exprpss each of the following as a ration^ number in rractionaj\ form. 

(a.) ;2727 v:.' {h) .135135... ^ ' 

Expre s seaeh-oiLJth^^oll owin^_as a. ,_f r 9 cit ioiu — ^ s^'" j^. 

'999 ... ' •*--J+999\ . . . 

4-li)_^ijbhe basis of the results, found in part (a), is it* tn^e that 
~ir^^999^ = 1.000. .7. ' 

and / 

\ ' '.^999 ... = .^000 ..." ? / 1 
(c) Does every terminating decimal ha\e a second corresponding decimal. ^ 
form that is| non-terminating? 



could^be dfe firmed as the 



*9.3 Irrational Ljumbersi *\ . ^ - 

" ' 1 ^ ' . ^ : 

In ou;* discussion pf th« pojsit4ve rational numbers We noted that they 
solutions to equations ,of the 'form 
bx = a • • ' ; * 

wher% .a and l/? are counting numbers,. Thus * ■^•-^t^ t * 

2x^-6, 5x-=' 9, l^yh ' 
all h^ve solutions' that are positive , rational numbers. 

liQt us turn ouy attention to another f6fm of equation. What is ,the 
nature of the -solutions to etjuations of the form ' ' \ 



...... ..^yr 




where is a counting number? 

What values of x ma^^e the sentenced 
2 . . , 2 




th these questions we open up an entirely new area of invest igatTon 
2 



-true 

■ Can ^^x*" = 2 "be solved with, a rational num^^r? That' is, is there a 

" t ^ ^ ^ a ■ ' ' 

•rationai number r such that 



I. 



V 



Before ^answering this question, let 'Us consider some appropriate 
marks from\ number theoiy. , « ^ v 

Let p 'be ,a whole number. The number 2p is then an' even number. - 

o 2 2 * * 

Likewise, its ^quare (2p) = 4p is an ever; number.^ For any whole r^umber 



g, 2^ 



•^ 1 is an odd number. ' Similarly, its scfuare. 



(2q ■¥ if =• kq^ + lfq> 




an odd^number. Thus,^ we have established the properties that;* 

(1) If a xiumber i^ even^ then the square of the number is eVen. 

(2) ' if^a number is od^ then the square of the number 'is odd. 

- • * , f ' > i — 

Likewise,, we can establish two additional t-propertiest ' 

* (3) If the square of -Jfei^number is odd {^op even), then the number fs 

odd (not even). ^ * ^ ^ • ' , . 

i~ky If the s*quare ot^ a number Is even (not odd.), then the number is 

even ( not odd ) . ^ ' ■ ■ 



4 



\ 



\ 



(those readers famili^^wlth logic .will note that the last two properties 
ard^ the cohtrapositives, of the first two and hence mUs^ -necessarily be true-)* 

i wi3X-now-me these four pr(sajferties to investigate the nature of tne . 

' ' ^ — * ■ * 

• solution to the equatiorn^nc = 2 ^ 



Let us' as gujne that x. = 2 ha's the rational numbe 




- as a^sQlUtion. 

b . " 

Further, let us^ssume tliat r is in reduced form, wheVe , a* and t). toe , 

' \ ^ ' . X ^ ' ' \ \ ~ ^ ' 

relatively prime- This occurs-.when the greatest common ffl^tor of a and 

b is 1. In» other words, a ' and b have no factors in copioH^ other *than' 

c ' ^ o . 

1. If a solution in tl^^ fom is found for t|:ie equatic 

— an-equl valent fraction ^ ("a~^nd b reiattvely prime)' elwaW e^^jt&^l^i^ 

Thus, as$ikiing Jbhat -X^ =-2^ lias the solution x = , we*geV 



ft . i 



A, 



\{t see that 'a . ..is 'even,Qfor ' a = 2b or a* is of *the form ' an>. ^Fi-om 
.property (U)^ just mentioned, this means that a is even also. , ^. ! ' 
Sincfe a ' is^evetn, we may write 2c, . a counting number, 



^2b 

■2\ 




th;ls in mind we fi[iay,al^p write* a* 



2b^' as 



(2c)^ .= 2b2 ' 



.2b, 



J i \ ' \ ' 2 2 * 

This leads us to tl^e ^conclusion "Wiat since 2c is even, b must be even. 



However,- if - b is ev^, b igy even . ' ' J 

^Fr^m our assumptj.oX that /x.^ = 2 has the solut-ion ^ (a and b having, 
factoids in common), we \re, forced l^^conclude that both a- atjd V are 



even. BuV tlfes/is impossibly since?^ for a and b to be even, fe^th must 
have" the common factor 2^ Thus, we can only conclude that our assumption 
was false; the solutioa "66 =^^' cWinot be w?:itten in the form ^^and . 
is not a rational npmber. ' \ * ^ ,J 

We need a number 'other than tho^e, in the set of rational numbers fOr a 

' 2 ' - \ i * A 

solution to X ^= 2. We agre& to write^one solut/ion as /Z such that the 

'number ^ ^ has the property tliat • \ 



I 



•12. ■ 42. ^ (v'S) \ 2 



tProm our^ studj^ of neig^tive numbei^s,^ we; sefe that v2 is also a Solution ito . " ^ 
.x^ = 2 , since ( "^2) {"42) = -^ ^)^ [). \[ ' ""^ 

^2 is ^ exa»iiple of an irr^^ibnal*^ 

* which you may rebognizo ;^s' solutions xo< 

2 1 2-. 



The number 



^=3 



While these ''are irrational numbers, wei can make 



-^them,.',.--"- 



p ^o, {haii.€' 



as 'follows. 





CL.^) =2,25 , 



since = 1.988KandH^ilf^^ 



• ^.^ since (: 



c ar>%^prox imat e 



the value of the irrational number * 



J Continuing "this process 
^ between Wo rational nuinbers t'oHlae nearest ten-mil\iOnth/ as ^ 

l.i+li+2135\< ^ < lJ^k^2^ . 

^ Since \ (1.1+11+2135)^ = 1.99999982358225, we have ^'''"^^ather "good approximation 
to /2. • V ^ ^ . \ *- , \ 

Pictoiaally^', we can represent ttis approximating process on tTil'^^on^ 
number line enlarging sections suc^ssively, as' needed^ to ^shov tlit fj 




bh^^^pl^nt that while ^2 is^aij^i 
corfeApjDnd«*o a particul^ ]Doint on the number line 
as a coX^tinuous s^of points'Srlt^ no gaps. '.This is 



number, 
think of 

illlistrated 




Apparently there are points on the line that dbstot correspond -to"^ 
rational numbers. This is indeed ^true. ' In fact' ther^^S^nf inU many 
.points on '^ihe number I^ine that cannot he named with rationa^lltmi^s. Each , 
^ correspond^ to an* irrational number . ' 



Clags Eb^erclses 



9,., 




Everw: counting nyraber n i^. either even or odd.' If a*" is even 
- I I • * ' 

|y_find'a whole number p such that ' 



\ 



2p 




JWQ may find a whole n^bSr 
n = '2q ^' 
set { 2^ 



(a) For eac*rr^^listed 
find an appropr3rs.te p. 

(b) For each n listed^^i^k^set T"3>?03^ 59^^, 
^ find an appropria,te q-. 

By the^ method of squaring shOwn in the tejct7*'^>feivi^ 
1.732 < ^ < l.?33^ ' ^ 



In^thT^G ^^eroaug^^^ Schobl, Mathematics , Volume 2, . ;^ 

there appeaai3 a proof that 'the soluti-On to = 2 ^s not rational which is' ^ 
^^based upon the possible cases of\pddness>and. evenness for ^a and 'b; namely, 

U^H-^ b even;. (2) a even, ^ b ^dd; (3)- a oddj, b ^-^vln; and 

M a ' oddT^^'^^^sQdd. v » • \ ^ 

! . T*" ' 'Exrfc^nded Mult ipUcat ion '^abiLe*^ 

Anotyier inte-rfi.c^^H^ng^^-r-Qr.-p ^ • 




may be 'shown Vith base^hree - ' 
nuinerals . Base ^thrfee nume'r^is 
end^ only in th^ digits "o,- 1, 
or ^. IJ| they end in ^ 0, 



'jbase 'i5iree 



theiV squares end in 00, -If 
they\end^ in^-i^- -^eir squares 
^dTih 1. If. th^y end in \2, • 
their Wquares Snd^in 1. ; Hence 
the squares of any nVimber 
(exempt! p) written' in base- three 
ends.UnA- 00 or 1., \he extended 
iftuitiplibationjiable fG)r^b'ase 

\^ ' \ ''.- . ) 
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/ 




/o 


// 


IZ 




ZJ' 


zz 


wo[ 


0 






















-» 


' / 


















Ai 
























- 






w 






\ ^ 


















/Zl 






« 






/z 




















I 


zS 








— 






/wo 






■ ) 


z/ 












{ 










zz 


< 
















2/OJ 




wo 






\ 

















I- 



••If 



: three], ^ll^stirates this" property . 

: * . As before; assume that x . = 2 hAs a solution x-- § (a . and b 

: relatively prime) . aid therefore a = 2 

2 

"the'lDase three .numeral for b ends in- 



!bl^ First, consider the case when 

' ' 2 2 

s:From a = 2b we see that • 



the base three numeral for & ^ust end in ,2^ 

, ' --a - 2b'' = 2(' . 1) = 2; 

But this is impossib.le since no squares have base three numerals ending in 
the digit 2. Hence the assumption that the. numeral for \) ends in ^1 is 
falsg. ^ We consider the only other possible case-/ the numeral for b^ ends 
in the digits ' 00. This time ^because a = 2b - weL see that' the iiumeral for 
a --must end in 'the dibits 00. 

2 



/- 



= 2b'' 



2( 0 Oj = 



0 0 



iTov if- the numerfeNTor ends in- 00, the numeral for b ends in Q 

Likevige, the nunierarNf;Dr a ends, in ,00' and hence the numeral for a 
;^ery base three' numeral ending in 0 



end's in . O.^^B^I;. 
.thVee (I0__r 



three 
a common factor, 



is divisible' by 

Hence ^b and k both are divisible by, three; they have 

However, this is a contradict ior\ since. part of o&r original 

assumptiori* was ^tllat a and b are relati-^^ly ^rimeT"'"^'^--^^ 

Our onljg. collusion can be that our ori'ginal assumption that lr^=.^^ 

has the solution 'gc = ^ (a and b relatively prime) is not true. The 

solution to X = 2^ is not a^grational number. '^^^ 

\ • ' A 

In this section ve-'vhave shown, that X =2 cann<jt be scJlved by e " - 
_ rational number. We gave one solution the name */2 and called it an irra- ' 
tional^ number. (Recall a second solution. to the same equa^iioii %s "42 which , 
IS also irrational.) Other similar sehtences have irrationaj.^ numbers s^uch 
as V5, and /f for so^Lutions., There ^e many other i^rpes ^pf ^irrjitional 

numbers. One very familiar irrational number is n . When, we uH^z-^or 
3.I4 for jT in our computations, we are only using rational number approx- 
imations to the irration^ number jr.^ Still other examples of irrational 
^umbers are given here. . v y ■ . * 



2+1^, . 72 + ' 2^2, . 



(V2)l, 



In the next section we will learn «m6re about these numbers that are not 
rational. ^ ' r ^ ' • ^ 



9 A Real Numbers, 



. We have learned that various kinds of questions may be asked with ^ i 
.£=S°"^'^^^S numbers. Many of these ta^e the form^of open number sentences Such 

^s 5x = 75 "that can be* solved with oounting number's. Others, suph as 
i> 3x = 2 are answered with positive j-ational numbers. Still q.thers^^like 
X = 3, can be Answered only with i^fration^ 'nuiftb*er$. 1.. 

The seventr gradfer shou}4*T^ j^mfliar with the counting nurabelrs and. ^ * 
t^e positive rational numbers. In |he eighth grade'he will learn about 
the irrational numbers and wilL stUdy negative as well as positive number^.* 
. Attention will be place? upon these numbers and their properties and how 
„they develop into the set of real numbers. 

■\ 




I, 



In the" SMSG text 



Jtmior-^HiglxJ gho ol ^ Volume II, a 
chapter is devoted to the real number system. We will give helr^some of -~ 
the key ^ideas presented in the chapter not because 'they belong in the , • 
, seventh grade, but because the seventh grade teacher should have 'this ' 
/^background. One of the primary objectives of the junioV hfgh school 
. mat hematic s>. program is to show students the-developing number sy.st^m f rom ^ 
tl\e ,basic^ cpuriting numbers .to the, real nuiiibeV system. Granted, .this^ can. 
' only.be done informally at ^this level. Yet At is essential tbat stude?it^ 
begiri to see'-tfie relation betKeen^thfe completeness of the real numbers and 
the continuity '"of poit^'s on the real number line. V ^ "^'Z 

approach our study of the real niunbers through the use of decimals. 
. ^ . Seventy grade ycfungsfers' are often hasty to assu^ie .that, all decimal repre- 
* '^sentatibns a^e' names of rational numbers* ^uch, of courqq, is not the case. 
We, ne^d to explore _the set ^4ecihial expansions theft* do not repeatt; tha1> 



.is/, fljat are^npt per^o^ic. 



( 0 ' 

^ i . 



I, 



We have alrea^ encountered an example of an irrational number in an 
earlier section when ve discussed Although 72 is. a bona-^ide number,- . 
it has a_ decimal expansion that is non-periodic. How do w^'-too^ that the 
decim^ expansion for 72 does. not repeat? It has an infinite number of 
digits; we could never hope to visually check to 'see that it -has no repeating 
sequences! Recall that we exhibited a method for representing every repeating 
•decimal in fractional form and concluded that all repeating decimals named 
rat:^onal numbers. Now 72. cannot be expressed in fractional form as we 
have already shown. Hence, it cannot b^ expressed as a repeating-^eimal . 
.^That is, the decimal ^expansion for ' 72 does not repeat; itNioes not term- 
inate. Indeed this is what distii^uishes it i^om the cl^s_gf ..uumbex^that 

we have been discussing thus far. _i/e now can define rational and irrational 
numbers i!^ terms of their decimal reprei^entations . = ^ 

'.^ A rational number is any numbe'r thiat hap a periodic / ' 
(repeating-) decimal representation. . ' ' . / * 

An irrational number ^s any number that has a non- * • 
periodic (non -repealling) decimal representation. • * 

The system .composed of bfith^the rational and irrational numbers is the 
r^aJ- number system. ^]Eveiy real- nyinbilr is either..r.ational'or irratiornd. 

^ If the decimal representation's periodicj^ the number*is a^ rational *numye^; . 

^otherwise, the number is ap irrational- number . ' 




Each of the following is th^ name of ^ real number. Can'you tell which 
ones represent rational numbers? ' , 

* a. 0.123123 ... . W - ' " ' 

. • 0 . roiioiiioiiiio 

' • ' -e. O.21321332I333 • i 

• """""-^ ' 

The first three decimals on the list are names' for rationsd numbers; 
they are jje^iodic^decimals . i(Eecali that a decimal' such as 0.^7& ^an b*e. 
thought Ji^peatirig zero^^ thereafter. ) The last two are 'obviously not"' 

periddJc^PKffihe^^^^ irrational numbers. Both have a pattern 

to show ylS^^'^to continue to^;^ite*"'^^^(^^ numer^s in the sequence,, 
but this patiKern does not consist of a sej oi^ i^fepeating digits. All five 
decimals, liowever, are representations of ,real' nijmbers. 



4 ;- 



A detailed study of the decjimal representation of the set of real numbers 
together^'with the properties of the re&L nuinber" system, does 'not normally 
occut until the eighth grade course. ^ It has-been included here in oi^er to 
provide --you with a brief overview of the development of our "number system. 
/ The set of real numbers is nov^said to be complete . Every real number 
corresponds to a point on the number lirle, and every, point on the number line 
corresponds to a^real number. 

One should not infer from the above illustrations thai? all , irrational 
numbers, have decimal representations which, while rion-repeating, do exhibit 
patterns. The digits in the decimal expansion for have no pattern. 

/2 = 1.41^2135 



Likewise, the decimal expansion for n ^t no point exhibits anything other 
than random ordering of- digits. / . . " * • < 



n = 3» 1^159 2653^ 89793 238U6'26i^33 83279 ... 



It is with respect to this latter point that the set. of rational rubers 
differs from the set of real numbers. For each ratiotval number there corres- 
ponds a point on the number line, but^ihere are points On the number linq 
that do' not correspond to* any rational number. For example 72 i§ Hot a 
rational number^ yet can be located on the number line.* 

The set of real numbers, as well as the sets ^f rational and Irrational! 



numbers, ^ are said to be deiase^ ^hat^ is, between ariy"l^ro^"dl: ^ l" lti( ! l real 

numbers there always another real number. Indeed, between any two real 
numbers there are infin-itely many more real nuftibers. For examp}.e, consider 
the real numbers: ' - ^ 

. . a, 2.3i*53^53^5- ... 



(rational) 
(-irrational) 



To locate a real number between these two we^need to have in the fourth 
decimal place a digit between 3 and 5', that is, \. Thereafter, by" our 
^^^^^^^^rtem, we can locate either a^ rational or an irrational number between 
.the two^gi^eh numbers.' Here.i*5_ian^ example of each: , • ■ 

a. 2.3^53 ^53^5 ' • V 3^-^^ 

: rational : 2.3l*5lf 355¥ ... 

irrational : 2.31*5!* 51*1*5^1*41* .... 

> . b. 2.31*55 31*555 I , ' ^ ^ 




'>/9an you f ind.,^Jhers? . 



13. 



11^. 



11. Classify each of the following as rational or I irrational*. ^ 



M (5.185185;^..,. * - , jd) 3.1^16 

(b) 0.07077077T ... (e) ' 

(c) 0.112111221111222 ... (f )< 4.2500 




12. Write the next nin6 digits in.1;he decimal expansi^ 

given "in parts (a),^ (bj, and (c) of the preceding* exercise 



the real tjumber^ / 



Write a decimal for a rational number between 2.38^1337 ... and^ ^ 
2.3853B5 ...^ ; ^ ' ' '" ^ * ' 

Write a decimal for an irrational nmber between O.7254725F . . . /and 
0.7^557255 V... • ' > -^.^s^.1^v ' . ^-^ ' * 



15. Order the following n^al numbers from^smallest to largest: .3^4-3^35^ *. 

1 . ^ 1^2 
3 \ ' 5^0 • 



.343443444 ^4^44355* 



.3433^333^ 



17 
50 ^ 



4 



9.5 Properties of tee Real Number System 



We have presented, in Chapters 5"9y^a development of the properties of, 
-numbei" systems from' the set of counting numbers thorough the set of 'real hum^ 
b ers . Vtiis material ig normally devejloped in f^ar^mgre detail than giy^n hpre, 
^ mathematics program of grades 7 E^nd 8.. It is importar^E,. ' 

to have youngsters \^^^he overall structure of the real number 'system,, to:- 
gel^ixer with the properties of the various subsets of the set of •reaX'"aiumbe^s ."^ 
--/It IS eqdally importajit, however,, that-opporttinities be provided for^ p^actiqe. 
of computational sHiils at this grade level. Neither of- these aspects ^sjioulcl 
be neglected. > ^ < ^ ' *- • . 

In summary of; these last** cliapt^rs we present -here the propextiei.-of^^the- 

^^reai^^'^'number system.^ ' t- . j , 

Property 1.^ Closure 



^ (a) Closure^ under Addition. The real number system is closed xinder 

the operatiQH of addition. If "a andj b, .are real numbers then 
'-r~"- ^a +jb is a' real -number. * • ' . • «1 

(b) Closure under Subtraction. The real nural^er system i^» closed under 



J th6 operation of sabtraetipn_Ctlie ijive^se of addition). 
an&' b" .are real numbers'.'then a r ,b * jbs a re^lSJEUol 



'If 



(c) ^Closure under Multiplication. The re^ number system is closed 
^ , • under 'the operation of multiplication. If a and *b are re^ 

' numbers then a • b is a real nuB[iber. 
td) Closure under Division. The reai number system is closed under 
the operation of division (the inverse of multiplication). If 
a and" b are real' numbers then a -r b (when b ^ O) is a 
real number. 

The operations of addition,^ Subtract ioA^ multiplication, and division 
on real 'numbers display the properties whiph we haye already observed for 
rationals. These may be- summarized as follows: 

Property ,2. C ommut'^at Iv ity 

(a) If a and b .are real numbers,* then a + b = b ^+ a. 

(b) If a and b '"are rfeal numbers, then a • b -= b • a. 

Pr6pert;y 3 . ^ As'Sociativity * ^ 

(a) If a, b, and c 'are real numbers, then a + (b c) ' » 
^ = (a + b) + c. ' ^ , ' 

If 'a, b, anS c are real rilmibers, then (a.b)'C = a'(b»c). 

Property U. Ident ities ^ 

la) If a' *is a real number, then a + 0 = 0 + afa. Zero is- the 

identity element IJor the operation of addition. 
'*(b) if a is a real number, i:hen a • 1-1 • a = a. pne is the ^ 
identity element for th© operation of multiplication. 



Property 5 . Bistributivity 



If ja,^ ^b.,-— and c^are'rdal numbers, then a*(b + c) = (a'b) + (a..c)^> 

Property £. Inverses ^ ' ! • 

' : I I N 

(a) If a ig a real number, there is a real number ( a), called 

- ^ / - — - < , 

the additive inverse of a sUch that a + ( a) = 0. 

(b) If a is a real numbier and & f 0 there .Is a real number j 
b, called the multiplicative inverse'*of a ^ 



The real number system is orderedJ. If • a and b are different 
real numbers then either a < b or' a > b* , 

Property 8. Density ^ 

•The real number system is eve^rywhere , dense • Between any "two distinct 

/ real numbers there' is always another real number* (Consequently, 

between any two real numbers we find as m.any more real numbers as 

we wish* In fact we easily see that: (l). - There Is always a 

rational number between any two distinct real nu^jibers, no matter 

^how close; (2) There is always an irrational number between any^ 

two distinct ^real numbers, no matter how close* 
A . * 

The ninth property of the system of real numbers iS one which is 

i^f shaxed'by the rationals. , 

^ Property 9- Completeness 

The real number system i^^complete* Not only does a point ^ the 
^ number line correspond to each real number, but conversely, a 
real number corresponds to ^ch point on the number 'line* 



\ 



Answers to Class Exercise s" ^ '^^^^^^^"""H^^Z...^-^ 



1. '^)^T275^::;aiOr^/:..lfik .,,_:(d),^3i3r 

2. T 



3i ^ (a) 0.333 '.''.^ 

■fb) 0.7Xi+2857^i^2b5 



(c) .010101^... * 

453^6153846 




5. 


(a). 


2 . 92929~^7Tr~~-L,_' 


•(c) 




(b) 


"^29. 29^ ... 




. 6. 


(a) 


■'.'ill . \ ■ 


(b) 


7. 


(a) 




(t) 


8. 


•••(a) 


1 ' 2 


(b) 


9- 


'(a) 


1, 3, 9, 2k' \ 


. ' '(b) 


■10. 




1.732 ■< yj^ < 


l.t33 



37 



(c) yeei 



•(1.732)^ •< l^f < {1.733 f 
2.999821+ < 3 < 3-003289 



11. 



12. 



(a) ra;tional 
(b y irrational ' 
(c) irrational 

(a) ,185185185 



- - - (d) -*ratio\ial 
(e)i^ational . 
(f ^rational 

(b) 077770777 



(c). i;ill2222 



.13. 
li*. 

15. 



Answers will vary:. ■ two possible" answers are 



^Answers will yajy; ^two, possible answers ^e 

^ \ 9.7251^50550 ... , ■ Q^25%85l»885li888' .... 



■a , 



3 9- 




Chapter Exercises 



s 

rWri%e-4^he!_d^cjjna3^expan for each of the following rational numbersl: 

' 2 

11 



w I 




Give the next five digits in each of the following decimal expansions: 
'(a) ^3535...• ' ' '(b) .35355355>'... . (c> .355355 

w^ite^arational numbeJ: in fractional form for each of the following: 
.(a) 0.121^*'r>>..^^,^^^^^^^ <bj 0A33532 ... (c) .6999... 

Classify each of the following as either la rational or an irratioiisil 
ntuttber. " - , * * 



(a) ^ 



(c) :^ 



Repeat Exercise k for 'the following 
(a)^ .im ... r (b) .171771777 
Cd) ii7ii7iilT*V7;-' ie) ,17000 



(e) ^2 - V 
(c) .17117 




of the following numbers is the largest? Whi?h is the smallest? 
(a) ^3^''^ . (b) .k3^ ... (c) .1^3^33^333...- 

.1^3*^3? ... ^ (e) .lt3*^V3l^*^l^ . " ../^ 




Write^two decijnal^^^^ (a) a ratiqnal number and (b) an irratidnaX 
number between 0 . 3^5355^^.-*^ and 0 . 3%33^5333^5 ... 



» a. k 5 6^ ^ 

Write the ^decimal exyansions/vf or ^ 9 T^^^^^T^^l^' ' 7 ' 7 ' ' 

Try to find a pattern that recurs in. each of these jrepresentations. 



^9. ^ 



Repeat Exercise 8 for the thirteenths from 




through 



13 13 

Between what two consecutive counting numbers are tlie following? 

(a) < < (^)j^t, ._<S^< 

(b) > <^^^-^ (f) g. > >^< 

(c) < -hi {gH i. ' < '/SST < 



11. 



\ 



Soive e^h equation. 



(b) \H 3 



(c) 4^%-96i 

(d) 2gS;; = 1' . 

(e) l^x-^ 75: i 
.(f) Ihx = 1o\ ■ 

(g) 8x = 63 i 

(h) x2^=-ll 



^ Classify each s^lutioji^s, a counting number, a 'rational number 
a 9punting humb^.),, o?^an' Irrational number. 



(0* 


31x 


= 558 






- Qft 




(A - 


• O-*- 


(1) 




= 232 


U) 


11^ 


= 176 


(n) 


llx 


= 175 


(o) 


' 2 

X = 


13 


(p). 


2 • 

X = 


5 



(not 





- I 
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Chapter 10 
NON-MmiG^EOMETRY, I 



\ 



UTl 5°?? basic concepts of geometry ar.e being* introduced at 

. the junior high' 3sfevel or even earlTier. This is notf to say geometry is being 

treated as a deductive system in grade :seven but ^that these students are 

learning many of "the fundamental ideas of geometry. Sjeveral reasons exist 

for this -increasing emphasis on geometry. Many topics i^ mathematics are 

being introduced earlier than previously was the case; geometry is one of them. 

^ The demise of solid geometry as a full course in its own right and the in- 

i 

. elusion of much of its, content in the tenth grade geometry course has made it 
difficult to int\roduce all^the three-dimensional concepts and study them in' ^ 
» any deptl/ in the time allotted. The study of geometry introduces a new element 
Junior* high school yearns which in the ^ast have jbeen primarily con- 
iJjth arithmetic . Junior high school students enjoy geometry and ^easily... 
leani maiir of 'the concepts which have a "pay-off" in ^thTTuta^ce. ' 

Sevefnth and" eighth grade books tpcjay, anblading the SMSG- Matheiha\ics . for 
Junior High gchool ^ Volumes l arfd 11, include many topics usually not encoun- ' 
il -grade ten. Thd^ study the relationships between points, lines, 
, ana pianes in space; angle s,Niri angles, and polygons; parallels and parallel- 
^,^^^,0QTQjns; jhasic MeB.Q of measure and congruence; as well as ..properties of sbXid^/ 
- This chapter, and the next, will treat many* of thQse ^asj^ect'^ of geometry,. 
dl> not 



into the 
% 

cemed wii 



which 



depend upon the concept Q£,^istanee or -measure 



*>4(Siaptiers 12 
,the sfudy of • 



and 3:3|will introduce^the idea of measure and use it to enlarge 
geometp. ^ ' ^ ^# • ' , 

Ybu'are arare* that parts of geometry are net concerrfedTwith d^^H:J6ce ^9^,/ 
measure. Thi|^^aspect of ge^^7ryj-s called non - m^ric because o/.its."no- 
measure" -property. An examinati^Tof^noii^ 

i > ^ / , - . \ ' - ^ -^^ ^^^^ 



brie^olJi^ies, considers points/^ ^ 
^i'^^^' P^anesj geomgtrlcal^igures, and shaaes in space^\Such a stud^, enaWe^ 
f,--ufeHo*:'accomplis'h the .following':. ^ ^ ^~ — r^. , ^ 



■ V 



1^)* tb introdu^. geometric ideas ari^ wayitof tfibugh^; 




to develop more familiarity vith tliepterxninology .ani notatioirs)f 
"se1>s" and^ geometry;^' ' n-* • , >^ 



5) 



ge precision of ^language, thdi^gh^T^ 
*to .develdj^ spatial perceptibn, t i4; 'x^ ; S"^ 



10.1 Sketching 



In orier to discuss and "draw pictures"* of wha^ we will be* studying, let 
Us examine a' ^ew techniques of representing surfaces and shapes. 



Representing, points gives us li^ttle difficulty and Representing lines 
becomes bothersome only when we try to look .at them in perspective. Solid 
figures, in geneVal, are not difficult to sketch with a little practice. 

guf)pose >re start by drawing a*box. We may cc^nside^: the Vplloving rec- 
tangle ABCD as a representation of a.boxi . This is thfe view\rom "head on.' 




If we think of rotating tRe fefeS^ or e^uivalently, moving to the right and . 
standing -up so that we look downVit* an angle at one cg^rner of the box, the 
sketch looiis somewhat like this : ■ ' 



r 



A ' 





Further, if we think of^thiy^^j^ toothpicks, tinkertoys, or- rods - 

"ihstead of beiog^^soiid we would see^the "ba^ ecLges" and the sketch woU'ld ' .-^.^ 
' resfiflifei^this:* , - ^ ^^^^^^ - * 




J 



.'Since we nov/|s^em tq have c^eited some* str^'of an^ Optical illusion^ where, 
it is not cleaf frh^ch is £sront or ^i-fih is. bg^xriCTAwe make the "back, lines" or 
hidden lines dotted to differentiate them frd;n thei others. 



\ 



/ 



Class* Exercises 




pketc?h a cube (all faces are sq^uares) . ^-SRow hidden lines *as 'i^^otted. 
Using the figure above: - 
(a) Sketch only the top of the box. 



b*) Sketch the bottom and left side,. 
(<ri Sk^^h 'the top ahd ri'ght side^. 
(d-) ^^ketc^^the bottom and both sides. » ' ' 

Below ar^some ccpimoij solid fibres with theij^names^. 
without trkping^ on a^ larger scale. 








K 




I 










\ 
\ 















tetrahedron \ right tria-ngular fight hexigonsO. - right cirduiar 
"^^^^ prism' . ' prism^.^:::^ — - ^ 



confer 



. fi^ht circular c^ II M wF 






'X- 



ir : . - / 





three intersecting planes 



Poiniis 



Let uj; return^ to pi^r discussion of points, lines, planes, and space and 
consMer some of their properties and relationships . As mentioned before, we 
ourselves to those aspects of the probleja which do not ^concern 



will* Hmit 
measurtnre^ni: 

at ci> we mean in mathematics when we use the word. point? This is one 
of the. words or'tenns of mathematics vrtiich we use to name an abstriiQt concept 
or idea. We do not try to define appoint but ratl^er discuss its. pro^^ies , 
and characteristics'.?* We then use. this word tt) define other t.ermi?'. . I 

^ Note: The jawbl^ of " definition/A mathematics ii not solved by a dictionfiTry'^ 
approach. When we attempt to, define any word, we mirf^t use other -.words. 
These then also need definition, which requires still mor^ words. -In 
' attempting to^'def ine kll words \n this manier we ultimately will have ^ 

to use a word that we have previously ^efijned.^ THis theh gives ujs'what . 
/ we call a circular d^inition; i.^k, definjing word A in te^is ,of - 
word B and word B in terms of wbrd A.^^ Such "circular definition's ^ 
aape of no value, for unless we can got^ouljside thp. circle! by somlev^ere 
p<|inting to the aetual^bject, we ar^ finable to do more than use one^.^._ 
% - word for another. , Imagine yourself. witV k Freuch dictionary, no ' 
knowledge of the prencB language, . and a ferench wor(f for which you wish . 
■J'-i^ejne^tngr^Pin^ this word in^ the French dictionary only gives you/.'^ 
otj^^jYgnch woirdpH^hichJ^ .turn are^J-efin^ in French words on* . 



For thi~s. reason, in matherijatics we agre\ to accept some words as 



--^primi'tiye^ 03^^*i|ii^ arid tiheli use\these to frame' the defi 

-^i^ttiohs^f- oth^r jworJs 



StudentsV^nd^it in-Ceresting to take a . 
,wQi'd, find its definition iti the. dictionary and Continue looking up the , ^ 





--^ ^ey ^wprds until they find tHe origilial word used. ' Exampl^^ are easy to 
^ISfefid* In one dictionary point is given ?as a "narrowly localized place - 
having^ p^:ecisely indicated position." ^The key word 4n this definition, 
position , is given e$^t he poi^t or, area occupied"* Uy / physical object-." 
'The. same dictionary defines length in terms of dimension, dimension in 
terms of extension, extension ^^s^^^e act of exteni^g, and extend as 
' Vt*o stretch out to fullest length,." 

Because of this problem of definition we will not;attempt to define the>/ 
•t-erms^oint, lice^, plane, or space. We will, however/ state formally some 
^ axioms, her e^ called i)roperties, which will describe these geometrical objects. 
Using these, "properties" or axioms,^ it will be posslble'% learn more about 
points, lines, .and^ planes. RecallThat \n* Chapl^r^ 4 ypu did not 'l&ow*what many 
of^the elements^ and operations "really*^''' wTre^ but from their definitions 'a:s 
given in ta^/les;' 



behavior was deduced, 
u ^ ^ yoi-rit might be 'described as a lcicatrte^4Uji^__space . But this leads us to 
the eirQillar definition mentioned earlief^' fo'f we will ^use^i^teJfcem point in 
our definition of space* The idea' of a point is suggested by the t:ip of a ' 
sharp- pencil, by a dot on a p.aper* or chaljcboard, or the period at t'h^ end of 
a sentence. All these>.are merely representations of points, and not po^ints 
themselves. The Jmaller .the dot or period, or the sharper th^ p.encil, the 
better the representation. We usually represent points by dots and-label them 
with capital letters. 



} 



i Sets of Points 



^y think of space as ^the set^of ^all points and examine certain ;§pecial 
su^etB^qf ■spa^e.^ .e^) sets of points which are the elements of geometry- we 
' wish .tx>,^^examine.* On#^o5;;^he f&-st oflthese is a line. By line we mean a set 

of pcJints with certain prope^^^L^g. We w^SHiseThe word "line" to lAean-^ . 
^ "straight line."^ Just as ^ j?o±nt wage^i^resented by^the tip of a pencil, la 
^Une is represented by 'the edge,, of* a lyier, a^^ingl^'tretched tautlbetwe^n 
two points, 'or' the **line''ot sight" of t^^ surveyor>|.^ | j 

Although at times, we refer "to la portion of a liAe, we must be c^areful^ to 
make it clear ^wh^tfi^r we mean'^the entire line .or not.. Later we will introduce 
some^ notation to help clarify thisVsituatiob. Again,, as^th poi^ts^^our 9ia.rks 
paperv, chalkboard, and the like,, will be 6nly representat<o;is of ,Unes.j We* 
vili often label lines with, lower c^se sd.ript lettersyasjline^i s oviyru , 



•■r. 



One of- the simplest and mpst basiv- properties of space is represented 'by 
tae uniqueness of a ^ ne, drawn, through ' ;wo points on the chalkboard, or the 
fact that two pieces'' of .string stretched! bet\^een two points folllow the 



path (?is far as physically poss-ible). Unique, as us*^ Here, moans ,'"Bxactly 



Property 1 : Through' any t\jp diff|e?:ent points in 
^ space there is exactly -on^ line. 



Another metliod of labeling or naming lines is dependent upon 




.property. If K and B. are any two clistinct points bath^on a line, or if 
'--a ^ine .passes through J-ifg^ poi r^t^; J •":A:*^and B, then we- 'use the. symbol to 
denote such a line. • » 




If tHree or more points, are contained ih the same line, "^^n we say 
such ^pqints are collinear « Thus, points A,* B, and. C ^on the line below, 
are collinear. 



i 




Wlien more than two points on a line are named, we' have many- ^sz^^rs Xor naming 
• • ' ^ 

the line. We might name the line above as AB, AC, EC, BA, CA, BmU^GB. 



_t. J 



. Class Exercises 



^. WjLth two points only one-line is. "detenuined, " while three , non-cMlin^ai:^ 
points determine three lines.. Four. points, no three of which are col< 
linear, determine how many lines? Five points? Can you /its cover a 



formula which' will give the ^.number ^ of lines deterkt'tieSfb^ n points,^ 
^no three of which are collineai^ 4>Dmplete the following table: 

Numb er Numb e r ' ■ - 
• of ' of * ^' \ 
Points Lines . ' ^ ^ ' , 



Another basic , concept of ^geo|[netry is that of a plane. Hike the lin4, this 
is "also a set of points' i^- space with certain properties. Intuitively^ we 

-1 "^hink of a planp as having -^he plXDperty we have in'^mind when we use't^rms like' 
flat, level, eveny' and smooth. .'We will attempt to make this "flatness" ifiofe 

, precise a little later^. We think of thet s^irf ace of th^chalkhoard or our 

* ' ^ 1 - ^ ^ 

paper as' representing a plane Surface. .^If we wish t^-J^epresent a plane in V- 
perspective with a sketch^ we draw only a portion, aslmth a line. W^ indicate 

letter as 



^a plane by a figure like that below and label it with aloveTr-eJse 
shojm. •Remember, although the picture appears to be 'botthde(^, th^ 



represents continues on indefinit 



plane it 




The flatness of the plane and'the s^r^^ness^of a line suggest that ii two! - 
^points, 4 and B, of a ^ine are in pljane' w,^^ then eVejciy^point, of the line 
through A and B lies in the plan^. jWejfn§^ sta^^"^«.«.^onnally as a second 
basic; property of space as follow; ^ \ \ = 




Property 2: If a line c6ntei?fe' two t^fferent points of 
-"^ a plane, .then th^ line,' iies i^'^'biji' pla^ie. - 



prop.erty may be stated a vari^tj^.. of vreiys . We may^ say^lfejQbhe plane' 



^^..c^htains the line, or that every ]gioiri€' of, *t:^e*;14^e *is a point of the pl-ana,_or^ 

' a subset of the plafie^ ^'j " ^^^y^ ^ '- ^ ^ ^ * 

R§ck^l'ihg^^Prej)e2rty'l, \h,at eicactly oni line is deteiininet 



two points, 

we may'wbnder^about points ^ni^. pl&nes . ^^gi/ven tvra p^^ 
•-^eteiTidnif dr"~:SinC!r t^^ a unique line we are also ^ 

asking' how many plahes contajLn a siflgle jLflne. If we^ think of -y^e hinges 'of a 



door a^j tlieJtj/CL^^nts, anSHi^e "diff ereKjil positions, af the door as represent-, 
- irig different planesj we see tliat>&iw nurflber of planes may pass through two 
.-ppints^-txrneriuivalently through one lin^^ ' w 





4 




« 












P 




, J 






4 



Jtlst as thei;e 'i?6 only one position for the door when it^is closed, i*we., " 
the two hinges and the latch determirfe'-one p6sitibn_,^ three .points wilO, deter* 
mine one plane. Considering the saie two points A and B with a third ^ r 



point • C not on AB, then only one plane^ labeled p in the figure belosi^ 
Contains all •thr§e^oints. 

i . ? ^- .- ... ^ 

• 4/. 





Chi^ is anoH>her c?f *oift: bas-ic p3:;opertles '?i^d W€^.,^stejii^<^ foiinally*- y ^ - 



Property 3 : » Any three points not in^the same straight line 



^ . ee .frojji^l^hi^ property that three poiiits not 1en the same straight lime ^an 
'S^' . ' ^ ^' ' ' * > ^ \ * ' * ' ' * ^ 1' 

'^bei u^ed/*to name a plane sin^e they locate exaCtlV; one plane. In the figure 

/ plaAe pi may be Jiamed plane -ABC.^ - 

/ This Ftralerty also *e:<E>lain& tl^e reason for the stabiTtey^f sfUch things ' 

as tripods, ^nd trlree-legged^stool^i?: You'-fiiay* illmstrate this *ljy d^tm^ratiag 
the e,ase of supportirfp a book^d^a^ne) ^Vith "^,^ee fingers (pt^nts) a§ contrasted^ 
^vith-^wo finger s- (poi n ts ) - - 



' .1. 



Class Exerciseg 



5. H^iP^ny planes are deteimined by the elids of the foui* legs of a table? - 

' ' ' -- \ • - V \ 

^ ^ Does%this help explain why the legs of ^ table must- be the correct len^ 

( In order to sit steady whereas a tripods always sits steady? Must the le^ 

^f -a table always be th^ same length? . . 



> 16. U * Intersections of Lines and Planes ^ \f 

Since the^o elements of geometry are sets of 'points,, we htfv^ all- the pre- 
yiously defined properties of^ets at our disposal. In^he chapter on sets, 
the term intersection was defined preci^ly, and we agreed that whenever we 
used this word it would have exaqtly th^ mean^^^g^ve'n in the definition. 
• This^ is what we do with al^l technical words in inathemati<js^ Once they have 
been defiried'they will always have the, same yeaning .and be us^^4irthe same 
way. SometlmeB, however, a technical word in mathematics, carefuli^c.4ef ined. 
in one way, may alsoT5e^arr~gvery:a^^ somewhat different sense. 

Such a word is intersection . When used with 8ets7~interse^rt7±Dn-a^^ 
thing> the set of all element^ common to twp sets. This- is th^m^amng given 



earlier and will continue to the meaning of intersectioiTor^^^KT^^m 
thi s- def inj.tlon we also "developed the empty set,' 0; which we defined^to be 
^r'|>iJ^c-§.^L(S2^' "^^^^ Thus, the ^intersection ^,two dlsjoint^fet^/is the 

'eii5)t:y^set..^^^ \^ . » ^ ^^^^ \ ' * ' 



In e'^eiySay 
intersecting." This 



oltefi speaR of a„"sti*eet intersection^ or J'two paths 
■ 1 s s 1mU a^c^49-%hfe- "pe & A lb lii agj |gngn'*~deflniti6n 




given above^^bi;i<fn everyday us^^ if two streets, do not meet we sa^ they do ~ 
ect, rather than say "their interseciJipA is the eiqpty set.'""^ *V 

|nd€h5 langaa^o^ two^. -different disciplines 

at two different* iSfesb^ lliis helps explain. the\use of 'the same Vord in two' . 




dlf f er^^^^'^^s . *If we 
ment iilft ^the^foia^ is meani 



tvo uses of . the word in* nJind,^ then a*stat^- 



If two lilies do^Qt^ intersect, theiT^ 
' tJte.emp^j^^ser./' 



srsectlon i&^ 

Although we Willxtry to avoid statements of this* type7"and the, nieaning^ 
wilX usually be .cle^i* fe^pm^jtl^eji^age^ Hieacher- sliould/be awane' o^ ^<he 
difference and *alert,*^to tfee poiVibmtieB- of confusion on the part of .the" 
sttidfent. < ' * ^ 




«Toj^ibirities exiht for two lines in spa'ceV '♦^If they intlrsect, 



^. ^, (t)y this we jiean th^ intersection is not the empty .set), they hav J at least ' 
' one point infiponimon: What if they have' two pointg in cotenon? Thi by" 
^' Property l,^ey Must hkve all points in common, or we say l^'hey are coincident . 
, / -Note: .Two lines V^ose intersection is. not the em^ty set- lii in tKe same m 

•, -.plane. Why? The poTs-imns-^ra^^ements of 'two different lines may 
. > " ..Jie~desT3ribed-in three cases. i , / ' 

' , ' • ' \ '''''' " 

-V. -Case 1. ^ / and ^ interfeefct, or ^fl^ is the.p4nt, P and not 
the empty set. J 




intersecting lines 

.ane . ^ 
i' ^aralle3/lines > 

T~T 

■ \ • 
y 

^^^^-^--t Ivg^^dp. not inter;;ct^ Jnd' arrTot^^^^^^^ same plane . 
C^nv^= Such lines are said to* be skew lines'.^ 

I.' 

'•^ 'J --4- .J ^ - ,\ 

- — ^ 

■ • , . \ 

' .' i ' . ■ '. s.'^®^ lines • ^ 



- V' 



•251 

?26 



*^ A Line and a Plane / . . * 

A rittle 'thought will reveal the three possible 'a\rang|ments t hat ^ may 
.exist for- a line and a plane in ^ace. Property 2 tellfe us ^ that if two or 
more pdt«t5.^ota line are contained in. a plane, then allVpoint^s are so'co^ 
tained, and the line>U,es^^c^^ NothiW, however, prevents 

a. line and a plane from having- -one^oiwio points in common .\ In the former we 
say the linp intersects the plane and Xn iih^latter we say the line is parallel 
to the plan^. ^ , ' ^"^""^^--^ r\ 




Planes 

ir we consider two planes, one possible relationshipTis that of coinci- 
dence. Let us confin^ouf' attention to two dif^^erent planes, i.e., not; ; 
coincident, and ask what possibilit ies exist . Either' their Interseetlon is 



empty ,^ so that .we say the planes are parallel, xr tte l:fiir€;;secrtTOft~Ts^ Abn- 
empty. ' . - - . , I ■ 



^^v,^ ^n tt-r -^ri"- n nr intuU Inn nnr^ prpvinii K.efforts at sketching' nrob 



ably^led us to expect a line as the intersection. '"6aa we..^iMke thl^ coiicluCtim^ 
more plausible by^siftg"our pr6^^iously developed properties? 




f 



11 



! ^ The* same reasoning puts) £ in -plkne p'. All this seems^to 4dd weigl^t 
jto o^r conjecture that the i^tersectic|Ti is a* line. Note, howeve'ri "that we 
^ hav^ assumed tiie distinctness of the tlwo points A and*^B.*^ We have not 
really proved that the above conclusijn is true but let ^s accept' it as another 
basic property of space,/ just as we did the ^previous three. , 1 , 



7 



Property h: If the intersection of two different planes . * 
is npt empty, then the intersection is a line. 

• This property ^forces the mathematical concept of^a plane to agree with 
our intuitive concept of plane. Without Property k, we have no mathematical 
reason to rule out the possibility of two planes intersecting in a single 
point. This, of^course, contradicts our intuitive notion of two planes 
inter'secting. 



Class Exercises 



Ijow many example^_of_J^tersections of planes to give straight lines can' 
j^Ou see in your immediate surroundings? The intersection pf two Vails? 



\. A^tieiling^and -a.JW&ll? The edges^of a desk? 



^♦i^^d^^me examples around you of intersecting lines and^planes. 



\ 



Consider_the^jj.ne^ by a 'point on the li-ght switch and a point 

tntersect an^hing tnslde^the^ 



^ - -on- tHe peeeil shao^pener-* 



l^e determined by a point on the light switch, a point on 



9» Consider 

-Jthe pencil^sligrpenery some third point in the room^ ^^^^^ingle 



plane determxA^^^f^e35^j»dpes thi^pUi^^iJitersrct t^e .walls, of .the yodm?. j 
V Where does it i^i^oH^'the'^ceiling?^^ il/" intersect the instrucfeor?^ 



Is anyone decapitated? ^ 





ef erring to points located\i^i^^certa^ 
nged When we say that ohe point is between two othersTTT^ ^ 
people seated. around a table it is difficult to say who is between .whom. 



Is Nickl)ef^?eeii^e and Brian, 'or is Sue between 'Brian and Bfick, or3bth?^ 




^d3 
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Class ^Exercises 



10 • ' fixamine lihe- PS. 



Name two segment^: f 



(a) whose intersec- 



tion is a, 



poi^t . 




(b) .whose intersection is' a se0[nent. 

(b) whose Union i| a^ segment. 

(d) whose union is^tte segments. 

(e) whose inters^cti^on is empty 



in the figure in Exercise 10? 



11. How^ many. segments are 

12. Simplify the following; by referrrng to l^ne AC/ 




ia), AbH BC 



■ 1 



— e- 



(•e) aQbC 



(b) AC N BC 

(c) ABU BC 
Xdl^ MIJ -AC 



^"T C7) A t)"^;^ — TT"""^ ^ 3 — ' 

(g) ACH (A^ BC) 
5 . ), (h/B^nAC . ] _ 

'* 13» Draw two. s.e^ents AB and CD so that '-'AbO CD is empty but,. 
^ . AB n CD , j.s iiot empty. ^ , ^ 



ID •6 ^Sepafatibns ^^ 



7 ',-v , 




A point on a line< separates the line •into two parts. Each pariS is -called 
,a half - line . \ Thus, AB "is separated into two half - lines by the point C in 
the' following diagram. Notice we have three subsets of the line, the two 
h^€-lines/'and ti:ie' point o€ separation. * ^ 



-4- 

,A 



B 



\ie speak of the halt-line containing A or th6 half -.line containing B. ^ 
.4 Wlf-iine together with its end-point is called a t^. Thus/ the /Union of 
y^poin"^ C with the half -line containing point B .is a ray, written a|» ' , 
fo^e the notation used and contrast.it with the notation use'd for line and'^ 



line segment. In the latter two cases order^made no dif f erence*- -a?hus . M ^ ^ 
and BA both denote the^ sam^ line, CD' and d5 name the same feegmentf / 
^^der,, however, •^is import^^^ ^ and bI do not :^an ^ 

the seme ray. The first letter naiies the end-point while the second letter 
names some pther point on the ray. Ray ^ starts at, A ,and contains B; ^ 
1^) ray bX starts at B ^and- contains 'A. ^" « 

: r - A similar situation holds with^a line in* a plane. Thfe line separates the 

plane into tva' half -planes . In 'the foi;Loving figure, line £ separates plane 
m into the two half -planes containing P, and Q, respectively* 





^ Line i belongs to neither half -plane, but forms the^.boundary*. of each. Note/ 
it -the line divides ifhe plane into three subsets, the two half -planes and 
.th^. line itself. 



Space is separated into tiro half - spaces by a plane. Here again we s^ 
Lon^ 



that the pl^ne belongs to neither half-si^ace. . 



Class Exercises 



l^f. - IJray a ^^:^|jje containing the three po^^^^ P, Q,^;^nd R, ^i^h R between 
P and Q. Use the diagram to simplify the following. 

(b) rallR? ^ 1(e)"" pOr^- - ^\ 

(c) -'MU RQ ' • . ' * ' . 

1% If pointy A and B are in. the same l;ialf-space formed b^ plane m in^ 
space, what' possibilities exist foi*' MOm ? 



^"JOTT Coneluglon . 



^*What major ideas" have .we Qoveredan^.t^is chapl^r? Vfe have looked at - 
geometric elements as ideas, and seen that we do nSt put points, lines! and 
planes on the board but drily representatipns of.sucb ideas. We have seen that 



1^ 



some'*elemeft'|.s o#-^ometry are defined, whSffeas some ar^ lel^ ,t\ndef ined^ 

\ These Vettse as our building blocks to develop mote complex tAeas. 
Wie hav$^seer^?hQy point s^^ lines, ^ d planes in space are relatedA We have- 
* * discussed the intersections^ and uhiSns of~Uiese~^Titra^ geometiic^ elonents. 

In the next chapter we will continue this approach an4 use these bspsic 
^ ^ elements (0 ^oint, line, and^plane to de^lop o^er geometrical figures. \y 



^4. 



Chapter Exercises 



\ 



1. 
2. 



Sketch, two planes, m and n, that intersect in line j. 

Giver^two osets, one \?lth eight elements and one with twelve elements, 
'(a) ' what is the maximum numiber of elements in their intersection? f 



The minimum? 



(b) 'What is the maximum nuniber of elements in their union? The minimum? 

3. "If m and i 'denote ""a plane and a line, respectively^ draw a sketch to 
show each o^the foljlowing situations: / 

(a) mPi i = 0 



(c) mfli = point A 



If m, ji, and p denote planes, draw a sketch to' show each of the 
following; 

' 1^ (a) ' mH n = line i • ^ - A- (el. mfl nfTp = line i - 

•(b) mfl n,= 0 - . (d) m fl n fl p = point * A- - - . 

5* How do a ray and a halff-line differ? 



'^'^ 6. How do ABy 51, b51« 4nd AB ^fjfer? 



. /if 
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? 1 C6hsl der tl^e accoi^banying sketch, and tlfe^iTies and planes""sUi^sted by 
the'figure\ NaUie lines by a pair of points anS^O^nes *by th]^ poiuts. 





«> 



K&me^ the following: \ 

(a) A pair of inif^sectifig places 

(b) A pair of parallel planes ; 

(c) . Three planes that intersect in a point 

(d) " Three planes that intersecH; in a line 

*(e) A pair of parallel lines > ' v * * " ' 

(f ) A pair of slcew lines 

(g) Three, lines in the ^ame'^praqe that, interse.ct in a point 

(hi Three lines not in the same plane, that intersect in a point 
(i) Four iU.anes that have exactly one point o^i common . 



How^many planes are .determined by , d line and>a pc>int? h^Tst anyj:onditions 
-be pla'ced'oh'tKe line 'and polnV for "the Vnsvrer Vo^ ^"a^- 
Four houses, A, B, C, D are on the same street with^tvo boys livingA 
in^house A, three in* B, two in C, and t^^ in D, ' as shown below. ' ^, 



■ / 



3 

s 



< 2 



c • 



1^ > \ 



ERIC 



If the boys form a club, at which house should meetings be held^in order 
to minimize _ walking? ^ ^ /' • 




\ 



Answers j^Oy Class Exercises 



Other orientations are possible. 




Humber of 
^ /Points 


,1^ 
. "Number of . 

, Lines 


i 


/ 

§ . -3.. • 
6 ' 


. \ '-■ — - 
1 

6 

. ^ ' 10 











J- 1- 



-Since the ends of any three Of the table legs deMMiiine a plane, a total 
of fpur planes are possibleL The -three poin;fe^;o^^ the tripled determine 
only one plane. The^ends or the tabjLe legs need only lie in the same « 
pl^ne,.5^0hd thus not ^ecess^rily be* the jsame 'length. ■ - , 



t 



•Answers will depend upon the situations. These ojii^^ions are designed • 

• ^ i . ^ ' / ; / ' ' ' o 

to help' you visu^ize lines and planes in space. . , * 



*al answers are possibly ^ 

and ^ . 
and QS 
PQ \and ,^3^ 




' (J) \PQ ^and 
(e)''^ ai^ 

(e) '4. 
(f) 

(g) BC 

*(h) B 



RS 
RS 




14. ''(a) PQ . ' ^ ^^--V^ 

15. Either one point, or the empty 'set. 



(d) R 



-1 
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Chapter 11 . v> * 
»N->!miC "GEOMETRY, 11' 







I' 






J' 






•A ^ 





Kles andV 



11.1 An^es snd X Trlangles ^ 



You are, familiar wit)i the temis. angle and triangle . Eo\^ d© we define and i 
-use these words ioigeoraetry? We define angle ^as the union of two raysr, with.,tn^ 



same end poi,nt 



both on 'the same line. common end point is 6aX 



the vertex of the angle and the" rays are called thq sides of the .a^^le. ^Thhs, 
In^the figure below, angle ABC , written^ ABC, is composed of the reys 
bS" and BC" 'wid^h goint'^B in common)^ * . "~ . 



y. 

ABC = BA BC ^ 





tri the symi351 \"-*i:ABC*" 'the letter in the middle always names* t^e verte:;. 
^ABC« and ^ CBA, ho^jgyer, both indicate the same angle. Notice ttat the 
ang^le Is composed of rays, not segments. A figure such as the one shown 
below ife fiot-^ by our definition, an angle. , . - \ . 





The figilr^*dSes,. o^ course, determine an angle in that segment BA Jugge^ts 
ray BA 0nd^ segment BC suggests ray ^ BC. These xays^. then, give us an 
angle a a defined • 

» , An intuitively simple aspect .of an angle is the Vi'riside" dr "interior" 
of the angJLe,., . Probably every student, could point to tnp 5rea or region we^"" 
have in mlr^a when Ve use such a ^or(3r. An ang;le divides\ a^j-pl^ne. into two ,^ 

ions and in *s6me. serfs e of the* wor:d ve mean the small ett*. of the two r^ion'^. 
jOe^cril/ing sUch an area in >terms* of, our previous ideas in:volvfea the. careful 



\ 

use Of language, if we are to say' exactly ^whj?t we. mean and nothing else. 
^ Recall that a _line,,$epa:iat es--a plane- into two regio^is. Thus, given a situa- 



tion l-ike-^6- one-showm—r- 



we may use pointy ©f ,the plane to' 'identify the two regions, that is, ,the 
twjp half -planes, Let ^ P and Q .be poi^nts s;i<:h that^the. intersection ofAhe. 
line" / .and PQ is between P arid' Q. Then P and Q are on opposite 
sides of -Une I ..,_^the term "P-side of line i ",\ we mean the half -plane 
that coi|tains the point P. * ' ' . ^ ' 

, In the following figure the' horizontal* lines indicate the A-side of 




'in a similar manner, the .vertic-el^ lines in, the following^ figure indicate 
*»the C-»side of ."Jb, - - ^ ; ' * 




' - ■ these ideas we are^now able to describe the interior* of , an angl^i 

Given tfre ^arigle. ABtf, , .-- ■. ' ■ 

■'. ..> .-'-^ I. ' "I ' ' ■ ■ ' ■ . . 
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the rays BA and BC determine tkdfl'ines BA ^snd BC as shown. " 




If we' again refer to the A-side of BC 'and .the C-side*of ,BA^ ' th^n' the 
intersection of these two regions, doubly shaded, is what we mean by 'the 
interior of ^ ABC. 




^^ '"Fq^ally, wb say the interior of ^ ABC is the int^^rsection of the A-side-, 
' bf-BCyand the C-side of - • * ' , ' ' 

J . Still another way of defining ti:ie interior, of *an^ angle, is to 'talce any 
poin4,; M, -on .BA and any point, on- BO. 'These two point^ determine 



"a segment^ -MN, as show^.-^^. 




}Ie may define the int^ior Qf ^ ABC f o . be 'theiniop^uif^ll such segmelitsl- . 
"^vi,J,J[3t^i?he" Except i^U Of their endpoints. V/hy are, lE^lie^^finitionS of ^ the in^ 
" ".e not the same if we 'include tiie ^^dpoint's^of the segments ^ 



V*'-^^- ^eripr^of angle 



2k9 5G3-' --'^-": -? .-' 



'When we consider two intersecting lines, . 




-^W-^'that the resuXting'rays fornffour angles. We dall a pair of opposite 
angles, such as BPC ^ and /ffl), , vertical angles '. Notice that their 
sides form tw^ pairs of opposite rays. The figure also contains another 
pair of vertical angles, ^'APB and ^ CPD. • * 



"Triangles ' , , 

Three non-coliinear points. A, 'B', and • C, ^ Trill determine three seg- 
- ments, AB, AC, and BC. Th^ union of ^ese three segments is called 
triangle ^ and. is written "A ABC". segments .a^^alled sides of the' 

triangle The points A, B, and C \ are called . vertices (plural of vertex) 
and angles ^ ABC, ^ BAC and ^ ACB determined by triangle ABC are 
called the angles of j^he - triangle . 




in^d^^ 

y 

•A i\BC = ABUBC L^"^ 



It is the union of segments,, not Jiijgs 



.rax^^ 



Note carefully 'the def^aiiion 

rays^ , Although the^se^^ms ]^ 'and^ AC determine the. 
and thus detei^ine^,the^ 'angle -BAC, ,the segmen^jfchejg^elve^ 

Ws^OT Ioc,ates three, a.rrgies^- v 
•triamle. ' '-.»/ v^n ^- 



angle . This i,S whjr"' ys . s^y 
but thai 



th?t. 



t^-Iet^ 



th^; 



^l^rfjSqt of --the ' 



%^^s a plane into two regions which we Qall^1^h: % i wt^4Z, 



three . sub s,et qt^n ^ f ^'i^^d** 



f^e^ipt ;ff^KC trianglC^* Here again we tiQve 
^'the plane, ^he'trtapWl^^^^^^^ interior, and its' 'e3deriQr-^\"He may us^ -^^^^^^X^^ 
interior the angles of a triahgle to define the interior .of ^^Xi^B^^%0i^^^ 
The three angles determine/ by A ABC .each have interiors as shown. ^ .^-^2^^^^^^' 




PERlC" . ■ ■250- .;2'6i. "-ii^^^^ 



A 



By using the intersecit^on -of these fhr.ee sets, ,we may define the interior 

of a triangle as the intersection of the interiors of the three angles of 
/ 

the triangle.^^ , B * ^ 




0im 



/ 



This definition puts the point P in the interior of the triangle shown*^ 
above,' ^since it is in the interior of each of the angles. Point Q--' is ' 
"not in the interior of -the ;triangle. although it. is in the interior of 
^^'BAC. If a point is in the interior of two angles of a triangle is it- ii;i 
the interior of -the thiM^angle? - ' " * - * 

, ^ A diagram like the one below may help students understand the meaning 
of the di/ffeVent> definitions given. 




^You may ask students to shade regions such as interior A ABC D iftte:|7ior 
A ADF, 'Or interior A ABC U ,iht^t±OT, A ADF. Of you may ask them to 
identifyrthe j^oints in the union and intersection of sets of points as 

- fpliovst • • * - * , ' ■ * 



^ . 'SK'""* AB fll* A ABCL^ 
" c.'.*BA.n BC . • 



BF 



, v:' d , 

v 48.. A"ABe n interior A-ABC^ 



m) ■ 

(points A and B)- 
(point' B)>^"^'. 

(i^) • • . ■ 



■y. 



^4 



ClasS'-Exer(4ses 



.1. Define.-jthe exterior of jan'angle and of a triangle. (Make Use of the 
'•fact that the" interior ihas be^n, def ine4 in each case.) 

2j, -Refer to the figure below. , ^ | 

Desi51*ibe the set of points i^J 

a. A/^^ n A ECF. 

b. A's>m n Bc. 

/ *^ / 

\ * % c/ the interior qf A BDE H FD. 

/ - / 

I. AB BC. 
'e. '{M ^) □ ([1 ro) U (BE n 





(Note:" Exercisesl3-5' refer t^S-fthe followinfe fiSiirer)" 




3. \Name^our pairs of ^vertical angles. Are there ot'hers? 
h. }(ame three ^alf-pla5es. •* . 

S ^ * . ' 

5. WAat is ^J)PE n iljsPP*?. 

11^^ , Simj^le Closed Curyeg '^^>^.*^^ . [ ^ ^ 

,^^e ^irord *'curve" is ^ot^r word ^^itlv^we use in both everyday language 
'andj^n o^ur mat hematic ai^ ^angfJia^e . Like many othef^wq^ds, the two usages d.o 
*-not^^ee in ^^11 respeetg* '3e3^w* are some' representations of curves. ' • 
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A -plane ' curve , is a set of points, ill in one plane/ whicti can be'.rep- 
resented' by a pencil ^rawing ra^e without lifting the/^ncil from the paper » - 
^ Segments and triangles are bo"^ examples of plane c^*ves. Note that .a straight 
line is also a curve,.,^It is .4his t6^hnic^l usage/t,hat does npt agree \^ith^ 
our general usage where cur/e is alsociated 
^❖^directioa/ ' - ' \ 

Curves made up of line segments arV^cal-led broken - line curves. 

( 



wit)l the concept ot^ changing 





The&e are often encountered in th6 graphical rej^i-esentation 6C data where 
they are called broken * line graphs > A curve which can be represented jUy a ' 
^> — ^igui-e^which'-'Starts.ajad* stops at the same point is a closed^ curve . , Further- 
^ more, if the curve ^pasdes through no point twic^, th^n it is cal\led a siyle 
closed curve, liotice that a ^ijrple closed curv^e does not rjiec^^prily have 
a "nice" shape, but only that it is closed and does hot cross itself.. -in 
the examples beidj^ a^l are curves; (a), (c)/ and (d)''a/e closed cu-z^es'; 
(a) and Xc)^ are s impale *c leased qurves. ' 





(a) ' 




A property of simple closed curves, that seems ly obvious,* 

is that such a curve separates the plane into exactly two regions" giving . - 
three subsets of the plane.*' Any two points .in the interior, 
B in t'he figure Ijelow, may* be joined by a broken-line <;urve 

.^crdss th^ Simple closed curve. ^ A similar statertfent hoids fo: 
the, poirits C ..and D. Also^ the segment connecting any'poiJit of the interior, 

' P, wit|l any point of the exterior, Q, must Intersect the'ctir^e at least once.' . 



such as ^ A and^ 
that does not 
\? the exterior and 



This information is contained in the Jordan Curve -^eorem Vh 
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? simple closesjl curve separates th,e plane into Sxactly tVo regions. 



'2.87 



ch states that 



We r^f^ to the curve itself as the boundary' 
boundary of tlse exterior. The in%rior 
of rhe interioiV witfiMts boundaiy rfe 

We may use Vhe concept a6#^linpl)s 
of" a triangle morX. concisely. "A trri? 
the unioli of three \egments 



#Tiitfi'e^ai-e, of co'Ci^e, many kirj|^* of^s 

"group oftehese, which in^l;ides^%he triVng 
polygon j£s a simple closed plane curve com^ 
As with triangles, vre refer to the segments 
determined by' the s±d,^s are calle'd the angles 
\^ the angles are^ called the vertices of the 
.convex or concave. 





interior,, ,or the 
region ; the ifhion 
,ori. 

ate the definition, 
'sed curve which is 



les. One important 
olygons . v.^A 
of line segments. 
■dss ; the angles 
the vertices 
Polygons are either 



convex pcJiygon 



concave polygon 




7 



Apolygopr^.is^ said to be^'" convex if* each of its sides. lies\in the 
boui^daiV^of a halfpKne^w^i^^ coiitsins the rest of the, polygon\ 'it> we think 
of extending any or^sidefhen the remainder^ the ^lygon.wiA be cont^ned 
;in pnly ones^f, the resume "* ^ ^ 

. '\fPplygohs are -classified in ^^(tejik ways; oxi^ of Jhe aim^^le^tXis by the- 
number* c^^^aes. Polygonssiu^ff^our Isid^ called quadrilaterSk; POl\ 

, ' * ^ ' ,^ ' \ — .J ' . 

gons-with fives sides are called pentagofys . A few polygons with theL 'namds ^~ 
,are l^ted belpw: ' - * ^' > ' • V * ■ . • - \ . > 




Triangle 
""^jUadr i Iqst e r al 
Pentagon 
Hexagpn 
Heptagon. 
Octagon 
Nonagon 
Decagon 




Number, of sides 



6 
: 7 
. 8 

9 
10 



other polygons have rimes, bur\such najies arre Teldom u^ed. 
many students fM.nd in.terQ4ting is to^^^coyeii-ftemesHroF^ 



possible, 



^TO^rd stems , 



.any polygons 



A segment cohnectifig any two non-adjacent ^vertices is called a diagonal 
of the pb^ygon.. 'prianAes have no diagonals while quadrilaterals have .twcT.- 
From the sketch below /we see that a peotagon has five diagonals. 




6. { CQmple:te the following, table and find a f6rmul a,.t:^ the number of 
jdiagon^^ in a poljrgon of ri sides, n> 3. 




■ . / 

7. How many Simple closed curves can you find in the f igure^below? 





-.What— i-s-vrOTTg' with -using'^he term "curved line"? 

Identify each*of the figures below as one of the following: 
\a." closed curve not simple ^ 
b. -curve, not closed ^j^. * \V 



c. simple closed curve 




Are and Q in t*he interior or exterior pf the cu2rve ^below? 




li.^ What connection does the Jordan Curve Theorem have with the pi'oblem 
in the introduction about the three houses and/ the three utilities? j 

12.. ^ Must the diagonals of ^ polygon always lie in the interior of t:iT€^ 
polygon? , . ' , 



11.3 Transvergals, Parallels , and Parallel<*>grains 

, ^ Wh^en two lines in "a J)lane are boTh intersected by a thijrd- Xme, then 
the third^J-i^ne is called a transversal. ^Such ^ situation is shown below 
whe^e line is the^JjxansvBl^sai . ^ . ^ . -'^ " 



• ft 




^4 



Jlere the angles T iave been itoitifie^^ tYie Ase of . num erals wyitten in 
the interior of the ^njgles. This" i? "^.use of Yiumi 



P - .^^^ — ..iB. that"~we-have not 

encountered before. -!Shey 'are being used as^^abels^n^es/m^^ as a SociaJ^ 
Security number, room fnumber, or a tel^ep^one number -.c^ 

* . Many of the pai|s of angles forme^^ a tra^sV^rsa]^^^e\IJGOua•tered so , 
often that* ve give~fch^m special RameVrimrb^f .angles such\Ap 1 and 3, 
^acre called correggon^jgjngles . Angles '6 "aBF^S^are also ^rres^onding 
^n^s/ Do you see two Qther pal!rs ^ox3::esgonding 

3 and 6 are/-callefa alternate-interior angles . Can^, 
behind sujth. a name?\ ' • ^ ' -"-^ 



^^^^^^Iss such as 
. you se6 an3(^atipnal'€ 
"When tvb pai;p« 
— resulting" segment.s— 



of parallel lines intersect, the figure formed by the 
'Called- a parallelogram. ,A p'&allelogram is also defined 
as^a^adrilateral whose opposite* sldee-44e-UiaaJaral3g^ lines. XHere opposite 
mean^non=^ln%ea2s^ We write ^\ABCD for parallelogram' -ABCbT- < 




In the figure above ^^^m€iit£x™ and . AC ^e"dlag6nals of ZI7AB0D. 
Parallelograms and tHedr pro]^r1^|^ill be considered again in "Chapter 12. 

■Glass Exercises 



i 



13., Using the figure above, name: 

a. four^airs of corresponding angles 

b. two pairs of altei^^e-interipr angles* . • * 
..four pa^rs of vertical .angles- ' ^ 

li*-. - If j^^!-^'""^^^;^^^ ^3 a3:^Tba3^allel and m^, m^, and are paralfel/ 
^ind ar parallelo, 
parallelogram. How 
How many diagonals? Triangles 



which is partially in the interior of another 

.elograms can .you see in, the figure? , 




We haVe examTfhed many-s,^bsets of the plane, such as lines, angles, 
triangles, and. polygons. There are various other subsets of space, not 
subsets"^^^--pi£4'gj^._y^t If ' we use our lines and planes 
as building blocks, a vajiiety of\solids may^berformed. , . ^ ^ 

By Property 3 of the las^^^apter, we know th^t aiiy '"three npn-Collinear 
points detemine a^'uniqu^ plane. AY^Ccrtb point not in the plane of th^fir 
three will determine a spac^e figure a|J,led the tetrahedron . We may def.in^ 
a tetrahedron as iiHe' union of the four triangular regions determined by .four ^ 
points in space, not jjti the. s^amq plane. In tetrahedron ABCD be'low, the four 
points A, B, C, and are called the vertices, the segments AB,^ AC , ^,BC^, 
BD, and CD are called edgeg, and the four triangidar regions fornidd are 
called faces. ■ - ^ ^ 




1 
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The tetrahedron is an example of a glass of three dimensional objects 
^ known as polyhedrons. Other representations of polyhedrons are shovn^ below! 



{ 



• / 






Just as polygons separate the plane, polyhedrons s*epa3*ate space. 



/space 



'is divided into^ three subsets, the interior 6f the j)olyhedron, the ext^rioi>,. 
and the polyhedron itself. - ' * 

• Polyhedrons of the type shown, are called simple polyhedrons and have 



an interesting relationship among the vertices} edges, andlfaces. / 



will count them in. each of the preceding figures, you will find tha/ tt^ 

edges . 



sum of the number of vei-tices and faces is two more than the numb 
This relationship, V - E' + F = 2^ is known^^as Euler»s formula, 
i^ veiy surpr4.sing/'and students Vind it interesting to verify -vt 



fact 
V 

various 



soli^is . 

An intuitive- i>roof of iXiler^s Wuia may. pjroceed along, th^followlng 
lines. Consider a polyhedron and ren^i^^one face leavihg the e&ges and^; > 
vertices- undhangea. 'Thus, if originally V - E + F is a conXnt, say *' n, " 
then removing one. face gives V" - E + F = k, where' k'= n - /, and 'now^^e 
-^r^i^sh to find k. ^ If we think of the polyhedron made ^^^^^^B^^ or some'very 
^formabSTe- plastic, we may operf it out about the -missing facdT ^o" that~ a plane 
surface iiade ot polygons, results. ^ Although these pplygc^s may be shaped 
" diff erentl3^ than the faces, ^f- the'wiginal polyhedron, ^hey viM be the' same 

in npinber,' and they will have the same .number of vertices, edges, and faces.~^ 
J Thus, -the 'numerical value of' V E + F r^ains unchanged. The argument in 
•the following p^agraphs is applied to the ^hfee as a specif icexample. Notice 
^^Jiowei^r -that'at no'ste^oes the argument defend upon any special' properties . 
^ or the cube ^but ' applies to .simple poiyhedra .in.^general.- 

ErJc ' ' ^ 259 273. 



0 * 



Removing- a 'face "opening Qut"^ the cmj^e^^^ results in the following ^ 
^ transformation; We in effect remo\e^the' "toj^" and "ffatten out" Lhe ren^inder 
^ to gi/e the plane figure ABCD shovM,^' Notice that although the shapes ychange, 
the**number of vertices', edfres. and /feces remains the same, The valj^ 6f * 



the number of vertices', edges, and 
•",V. - E +.F is still k. 




If Me draw* diagonals in each polygon .to subdivide the polygon into 

tri^gles, the value of V + F. remains unchanged, for .each diagonal 

^aMs t)ne edge and one face. Adding 1 to^ -each of E and F does not 

/ aflect the total V^Np + F- - ' 




I, 



ERIC \ ^ 



Any Ifriangle like A ABF which has only on e side exposed to the out- 
^;side" 'may bfe removed by deleting side ' AB,y 




'■ft? 
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^ J v". 



' This type- deliei ion does not> change V - B + ^ for^we have decreased 
.v^ both E and f''\t)y^ 1. We may also" remove"' BC, CD, and aS" ^to gi^e the 
\* ' --*^if ollowing: * ,> . 




I ^ * Deleting^"a,jbri'angle such as A AEF, by removing AE and AF,' also 
leaves V - E":4sF^/iinc^anged* for this' decreases by ly E .by 2, 'a^d 

p by .1. - . ' ' ' ./ 

"Tttae-or 'tJae^ther of these two. methods of deleting- triangles may be 
cferried out' until pnly a singre^fri^n"g±e--re^aiQ3^.^ value, kj -of . - 
^--^-r^/^g V'F . has^sVill not changed! anti at this point we resort to countJlng. 



^ Here^w^ s^^e-th^' -V =-^3, E =:-^3 and F ^ 1*. so'^hat ^ V - E + F = ^ =^^l,v. f 
^^^^^^nd^incg^ n -^1, n = 2, ^ Again recall tha1>S"the same r.esult would^occfiir 



w% st'afrted i^'ith any simple polyhe dron - other -than the cube 

% ' - — rr. ' - 

Sometimes* this formula is referred to as .fiedcartes* formula '^ittce Me 



seems to hav^^ pi^c^ded Euler 
faces if any simple- polyhedfofi 



Inj discovering \p, ^ ]rhe number of veirtic^^ ^and^. 



is two' more tb|art^t;e number ofLed^es. 



? s ' * mother / gc?life' ^ ^ ' * 



ic>u 'ai;^ ifakiliar with cylinders' atid prisms liKe the ones, i^ovn bei?w^f" " 



:7 %h,- 
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^These are examples of special kinds of geometi^ical^ solids t9 be considered ixt-^ 
more detail by student-p who continue to study mathematics • Instead- of treat- 
ipg each individual solid b& utaque, mathematicians, use general and broad' 
definitions to enebmp^ss whole categpries. Here ve will indicate a mpre 
general development of .cylinders an^ prisms. / 
Let us examine^ how such solids may be formed. 



Consider any simple closed c.urve in a plane and a l-ine not parallel to 



the "plane ^ 




Air lines a^BUllel to the, original line and passing through the curve will 
fprm what is callejd a cyriyit^rieal surface. — ■ ■ ^ 




iNotaee* first ;that th^ use| of the word, cylindrical <ioes| not imply circular? 

in ctdss^sectiori. This is another qpmion word used tin a broaler Aserise "than 

He rprmally use it. Second^ since this §urfalbe.is njade up of! lines, it ex- . 

"tends indefinitely in bcffeh directigns. The .definition here includes, the'l. case 

where cross-s^etions are circuiar, «such as represented by a cardboard mailing | 

tube. In junior high school most .exa^jiles will be special cases of^the more 

•general definj-tion given* above. Future work^'however iiakes it convenient to , 

have a general, de|*inition, of this 'nature. 

' ^. 1^ • ^ ' 

The simplQ -closed curve that' gives the surface its shap^ could be a 

.polygori,' btit^ the surf ac^'* is ,aSiili called a cylindrical "surface. 



^^•Whe« two paraliel planes intersect such a surface, that portion or the 
* surface* between the planes, together with the regions cut from the planes, 
forms a prism. If* the cross-section is not a pol^gofi but. some other closed 
curve^^Ve get what commonly called a cylinder. -(Qt^er defitiitions of" 
prisms and cylinders that use the* concept (of congruence are^^'sometimes given 

i|| geometry boeks.) .J^/ * ^ * - ^ 

'The 'polygons in tb^/^o parallel piarjes are called bases / Prisms ^are ^ 
'* often classified by their' bdses. Thus, ve have ta^iangular prisms, hexagonal ^ 
prisms,: and so on... ; ^ ^ ^ ' * • * ' . 




\<J*^'^^ c'iassificatibn^ are possible an^ ^ome wIlI be^t§d;en up latei* when we 
Consider volume and area, * . . - - ^ - * 



• We may also treat the. familiar cone and pyramid shown below as special 
cases of a more* general classification. ' ' * ~ 



Starting with a s,imple olosed cur ye in a plane ,^ a point P not ig^the ' 
plane, and' all lines thi:ough the ^point arfd the curve, a surfece i# genei^1:fed 
as shown. , . . - 



•P 




^^ch a su2rf acsi&Ais called .a .conicar surface'. 



Notice that again we are using a word, in this case .c'onical,^in a more 
general sense than is usual in everyday language. Common UBag*e Of conic^al 
implies circular, although this is not the c#se..vith our use in mathematics. 
The general case a^ove, hovever, certainly i-acrludes the. common conception of * 



a conical surface as a circular cone. 'This occurs when the simple closred 
curve is a circle. ^' . ' . ^ - 



In Jhe following ske-b>ch.the s*imple closed curve, is shown as a polygon. / 



^. Actually,. xhe conical sur^^ce' continues indefinitely in both directions, 
"it consists of two pieces ilth onlj^'^nc poijft in common. OTyese, pieces are*, 
called nappes .. The sec<^n(| n^pe, not shown in the figure^ occurs inverted 
an^ above the point P. . . . - f ' \. ' ^ 

V the-intersection of oKe oi^ the^e . nappe ^ and a plane is^'a ^polygon, 
then 'the, resuJLting plqsed surface is called a pyramid . In the figure above 
vre.^see pyramid PABCD. ^ Ojhe point ^ P is, called the . apex > If the pyramid, 
polygon "^ABCD is oalled the base of the pyramid. V'A Cetrahedipn is also an ^, 
example of a pyrami d g Si e familiar tiircular cone i^ formed when the iTiter- 
section is not a polygon ^ut a circle. Like prisms, pyramids are classified 
by their "b^es. The tetrahedron is a triangalar pyramid. A rectangular 
hexi^onal ^^pyramid are shown below. 





. JJ 



*!rhe construction of cardboard or stif^p^r models of*many 0f.the ..|' 
above prisms and, x^ramids .is instructional foif stydents, and they find it''" 
- yeiy enjoyable . Some pattern^ are given in the ZmOi Mai:hematdcs f^ ^Junior 

High School, Volumes ft and^II. 'These solids .may bemused in,-^ouiiting 
' edges, vert ic^,J^d^f aces, in verifying Euler's formula, and^ are very.help- 
fill in developing space perceptions. 



V ..' ' Clg^^^ercises 



15 - * If St plane 



cu 



SEi' 



\ 



cuts € pyramid "iietft/eeh. th^ apex and the base, that portion. 



» - *• ' ^,^,^^f Py^fi^^ which does jiot include the apex is ^allpd a tryincatld ' \^ 
\ ~ \ pyrarqid . Sk^ch a ti|inc^ted pyramid'Vith ^ 'hexagdnal^^base » '[ 

16. 'Sketch. , tile. pattern or 4 triangular" prism. ■ W - * ' 

? ; ^ . ' . * ^' . ..'"^ ' * ./ ^ ' ' ' ' 
lJ-^,Does a cylindrical 'surface^separate space into two subsets? 
- ; / ^ . * ■ 

\q — Z' * . . - , * /•. 

la.. JDpes. a conical surface^^eparate space into two sgbsets? * ' . . 





^ - i m- - 




11.5 Sid^ Trips ( Optional ) . \ . ' ^ 

. • ' . ' ... 

There are a variety of side trips' in geometry that toe non-metric in 

nature. Many oT these are of a puzzle nature, and although they can be caSt . 

".-^ ^ * " . 

in a humorous vein, they are important on aitother level. • ' *^ ..^ 

On^ of these pjroblems ,that is related to the Koen-igsberg Bridges, problem 

is •the**foi4owing: , * ■» ' * ^ ^ ^ 

Draw a continuous line cutting each segment ^xactly once. 





( 









This seems to be a simple problem and indeed it is simple to state; 
-hCQ^ver, its solution is elusive. A first effort such as -the following, 



i 



seems to need only a littlb change to be successful. However,* such ctianges 
always seem to require other adjustments. Students find this 'problem very 
challenging and enjoy seeking a solution^, Actually, a, solution is i^qt pos- 
sible as may^be shown by*treating it as a unicursa^ problem. Think of each 
crossin^j^f a segment as,»a.path, and let eech region shrink to a pc^t." If 
~we letter tl^ enclosed regions , A, B, -b, D, and E,' ahd the exterior P, 
then drawing the"requjired line is equivalent to tracing the -figure below 
''^ithou-^ lifting youi> jfekcil and'without jretracing a segment. Then it becomes 
a.ngtworic which, may be €^:famined f or Md .^ji^^ven vertices. Points^' A», B, C, - 
arid i are all bqld. fie.c^ling from tha<5-ntroduction^ that no pattern with more - 
than two ohd vertipe^ can be traded; we r ^^" " ''^^ ^ ' * * . 
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A peculiar dbj^ that contradicts, ipany i>r our common notions about 
surfaces, and edges, is the Moebius Striy. This is* made, fronv a strip of ^ 
paper, maCde into a loop by giving one fend ^ tv^^st befpre fastening.-- * 




. If you attempt to color "one" side of the mebius Strip, you |wi]J. dis- 
" cover thsSf it has only one sidel Also, *f olloving\one edge will show that it^ 
h£?s -^only a single edge! A still raore surprising result occurs when you . 
(or stud^ts) attempt to cut it into J:vo pieces ^aloi^g the^dotted iine. Ybu 
will aTjSO find it interesting to investigate what ^hapjiens ^hen you cut one- * 
third of the 'way in from one edge, ' A Sunday newsp^^, a n^ll of scotch , 
tape, and a pair of scissors will provide, many interest ing"^ qi^stiotis about 
a Moebius Stir ip. - ' ^: ' \v ^' \ ^ '. 

Ano'^her problem that' is easy to pose ajid^ai^i been tacid.ed by math^mati- 
oians without success for many years, is »th^' four-color map Vroilejn. The 
^problem is the following: "Whdt is^the minimum r]|Jfuber Of eolyors necessary 
to color a map so that no two ^adjacent countries ^ve tKe saraey color? It 
is easy 'to dra^ a map that will require 'four colors.* 



\ 



^ Here .nujneikls have TDeen'used to designate colors 




It, ±i generally believed that h colors are st^fi^c^.ent to colo;t» any 




\ap, but as yet no proof of this conjecture has been giVen. .IJ^ther )ias 

v ' * ' ' ' '* • ' ^ . • 

anjrone been able to d^av a..map that would require more than \ colors. 

f;ol3)9wing are some maps and a way oi' coloring them \^h. or^Swer, colas'. 




Junior hi^h school. students engoy drawing such maps, and attempting to 
color them m four colors or less. They also enjoy "challenging to-color 
Sjuch maps. With a IittJ.e practice, .you can color mqst maps in a few ihinutes." 

A discussion of this problem, which at present *ias neither proof nor^ — ' 

disproof, provides a good opportunity to exgl^re with students the difference 

between proof in 'general, and drawing conclusions by examining many cases. 

^The fact that it^se^ms 'possible to color all, maps we may^draw does not imply 

tfiat Ve will be able to so color all maps in the fj^ture. Jdiu may also dis- 

1/ 4^ 

cuss the„ importance of a single counter exainple, which is sufficient to pi;ove 
^ a s^iatciiiant j*alse. Such, a discuss i^^ will help to illumiuate the stateraetit 
attributed to Albert Einstein regarding his theory of relativity, "Na ntimber 

of observations ^j"i]>l ever prove me correct; a single observation may prove 

* ' / i '* ^ 

me wrong.'/ * 



il*^ Conclusion 



^f the* g^orrie^tr leal facts ramili^ar to yoi 
n\ e qailjaxer al . t r iangle s , n^^ (^ongr uent . 



j^In tiiis .ch'apt^ in the precedii g onq ve have Ic©Sed- at aspects^ ,^f ^ 
gectoetry. that^ w^re not dependent upon ■m( ^suWmen'P' or" distanp.e . ^^rhu^>^*^*manjr 



Ka\-« been omitted. 



r^^, seen 



igures, no rectangle^ no right 
^^a^[>2LS, eta. The nex± two cha^^s, hd^er, will con^id^ maHy^^'of the's.e 



' ideas . 

N^itlT^ ha/e^ we established a Ithec rem-j)r€of s^aence -that jrou undoii- 



Lo^i^edly 

|, ^recall from ^tudy of geometry P O^r object^^ in, seventh grad^ is/not. ^ 

^ ' ' to^jteaoh deduct^v^ geometry or to tevelop an y^iomatic iSystem,* but ^rather 
to provide t}?ie .^stli^nts ^ith^ enou^ back^jound so that; -their .foi?iij9j.^_st udy 



of thefsuj^^cfwill 



; In grade ten or .where ver^.f Omal , 



^ed itiQre 




geometry is encountered,^ 




2ful iogical study of the last two chapters 
Land the next two) vi-ll be .undertaken. At that .time a 'careful distinction 
between axioms* and theorems wOl be made. . ^An axiom, a statement accepted 
as^t3:nie without proof ,has mucl| *he.-^ame position as an undefid^ 
--^ !Pheor,§ms are statements th^t. are Established as trye by .proof, us-ing ^ioms, 

definitions, undefined^ words, and V)reviously established theorems . The) 
./roughly .correspond to 6ur definiticJhs made from undefined ^Jl-ds. 

'-It i§ imjgortant' to'^consider carefully the space over whi^h'our axiom^ 
are meaningfi^T^ For example, woulioDurvgeometry differ if we limited 
our "spac^" to a circle and i%B interiaas^v^^l ou^ axioms could remalb. 



,ed, but the results would be quite different 





distill be 

], but would all -be -located on^ the circle or its interior. Instead of 
extending indefinitely, they v^uld si^op at the circle. How woiold 

and "angles" differ? *If "p^^allel" lines are stiU defined as nbn- 
;ecting, how do ^they look 'in oyr new spJice? What can we 'say about ^y 
lateral with its vertices on-the (jircle? * Is it a J'^arallelogfajn?". - 




Do 



a "parallel 



"par anticlines' 

eyeiy two "intersecting lines form yertilial ^lesc^ You migrft fihd H 




-interesting to speculate about the differences between such a limited 
feebmetiy and th^be we "are in the pr<»cess of .establishing. 

^^^^Tou wiX). enjoy %ead'ing Flajbland , A Romance in Two Dj.mensions , by; 
E.A'*^'"Abbpf . This^ is an interestirtg^d ajnusing book describing a worl^ oi 
two dimensions peopled by geometric§l^i.gares . ^The her© is in jail for'r 

. claimir^ '''to have talked to a nQrsterious yoi^e from srfme higher>. dimensign. 







Ansve^s to Class Sxerclses 




The exterior of an angle is t^ie set of all points of tlae plane tha^ are 
nefther in the interior-^o'f the angle nor' on the 'angle. ^ - 

Kie exterior of a tl-j^an^le *i$ the set^of all point's ^f the plane that 
are neither in^iiihe interior of the triangle nor on the triangle,. 

Other definitions raaj^^be given, but must be examihed ^^ef ully to See 
f whether they include or exclude any -regions. 



3.' 
5. 

6: 



e , A BDE, 

f . AC and point B 
) 



. a. point E-— - ^y^. ^ 

Nj^ points -B and ^^,C ^ d. point B 

. :(->pB, ^EPF)j (^XH), ^CPF7; (.^BPC, k.DPE); (^APC, ^DPF)j 
\(ther€i are other pairs )r ' 

V- D - side of ^E;'. A - sid^ of CD; .E - side of AF; (there an^others).; 



Numb er of Siies- 




V 



^ Naniber of Diagonals *^ 




4- 



I'H (n - 3) 



Jhis question is intejided only to provoke some' thought on simple c^ose^ 
. curves. It is interesting Jiovever to ekaijine numbers of possible curves 
From the Jord^an t^uarve Theorem we know that ^ simple closed curve / 
will bound some interior region. Thus vje may examine 'the possible 
C(|pibinations pf, adjacent regions- Excep>t for .those that have only one * 
po^nt in common^^ every combination of ^jacent regions is j associated 
'wito £t £ imple 'closed <jurve.* - / ... ' \ \ ^ 





, 'T^hus region 1^^ is determined by V simple -ciQsed curve^/ as. are the 
<3ouble cj)^bin^Vions 1-2 and 1-^^^. *The pa'ir^l-? is 'eliminated/ ^ 
^hoVev^r/ knce^th'ey have •only oije point in coifoon and would nor there-'* ' 
^°^^-.^'Salt from. a simple cipsed curve. The following comtinaf ions, of- 
three regions'^al^o result. -from such curves: 1-2:^3, 1-2-7^ 1-^^-5, .iJ^'-l ^^.1-2^. 



k 




Analysis of lfhis nature, takirig advantage pf, sj^jnmetryi^vl^er^ 



will reveal that there are -63 simple ^53Eosed curves '^^nt^ined., in the*' " . ' ' 
original, figure v . . ' ^ \' . - ; 

8. 7 ^e word "line^' was used only with ^he connotation of sti^aight^;!: thus 

\^ -the term "oUrved line" is probably a contradiction. ' * ^ ' 



9y^ .a. the "sta^^'' 



ment^S^e "ji 



b. the* line segment, ^e "moon" 

c. t^'"dog^' or^the "bone" jl 1 

P ils Imthe e^erior; ^Q-* is^an the' interior. 



U. Befdre the last utility .has h&an connected the othMiWoj have formed, * ' 



. in ■1;he_ exterior 
d2^. V No. 



a ^'imple closed curve with onl house in the ^interi Jandf one'utllljty . 




; -k-ABF/LlISQ^I 





Ik. £17 DEMG is partially in / /ACLG»( other answer$.are possible)." 

Ttrere are nine parallelograms, three diagonals, and seven triangles./ 





. / 



iS. 



< 



f 



17. No, three subsets; the surface, its interior, and its exterior! 

18. No, four sub,sets; the surfabte itself, an "exterior", "and two 



^ "interiors" . 




nterior 



■suif'face 



interior . ■ 

- 4(i/hat we most commonly thiijik 'of as a cone, "however, ^oe si separate ^ 
space into three subsets. ' * . . 

^^,^1^.^ ^a. Ye.g. .Any p^ath must .Start ia Qne*of the 2:00ms 'with f ive jdoors 
• and end in the bther. « - , • 

Not possible^ since more than "fiwo. rooms have, an odd nuiribe r pf 
' doors . ^ • 



.Chapter 12 
MEASURMEtIT 



Introduction • » ' 

5n the , last- two chapters some of the non-metric properties of certain 
set5 of points were developed. In this and the. fallowing chaptW 'these ideas ^ 
will be reflated to the physicar^world througl/measuremer^t,. Historically,, 



geometry .deveiopeet through , the needs of man to measure an<i compare certain- 
physical thi ng^** in. his 'environment . Even the wore/' "geometry" came f^om words, 
which meant 'learth measure." /' ' i ' * 

These chapters will not develop^ rigorous explanatiorf^o:? measurement - 
properties, but will attempt to fumsh intuitive ideas' of length; ar^a, and • 
volume concepts as presente^in 'the SiMSG Mathematics for Junior High School , 
Volume I. It is important that /oungsters understand the approximate' nature 
'of measurement, the development: of arjoitrary units for .measuring various 
physi/?al objects, and the mathematical interpretation placed o.n these' concept;?^ 
A ma jot point to be made inAhis. chapter is the fact •ti:;at in measurement'^our 
units are completely arbitrary and although we are free to choose a variety of 
imits, we uj.timately settle on the most common standard units for convenience 
and eas^e of communication. Scientists are frequently confronted with measurl 
ing situations where it is more convenient to create a. new xinit than Constantly 
work with v^ large liiultiples or very small parts of other upits, ..Th't^^'p^ght- 
year" an^ "Angstrom"/ are both vuxiits treated to fill such special heedsv 

Such c6m(aon questions as "Hov^many people went to the *all game?" 0:5 /'H5w 

.mueh meai^-sh^l^ I' btiy?" or "How fast can a jet travel?" have answer's which are 

alilc^^ 4n •pii|;^fes(J)6^^^^^ They all involve numbers.. Sonfe *of "t^ie.Se answej^ are 

found by countajhg , while others are found by measuring . 

.The. question "How many?" indicates that you 'are* thinking of a set of - 

:ab*je/:^j.'^anid wish to know how many th^re 'are in the s^-t. "Such § set>is called 

" / ' * ' 

s.a dis<^e,te ;^et. Que^stions /as "How mwoh?", "How long?", ^'liow fast?", etcl^' 

used^tf) describe something thought o'f ^as all .in, one piece, without any- 

^breaks^. ^Such ^^^§^J>^'ij^^ed a continuous "^et. Sets Of people, houses, or' 

anitnals vare discrete. alrbpe, a road, or e flagpolre are>all tholight .of as 

b^ng cionHnuous si'^ice they are 'like ijiodels of line segments; you C^n comt a 

numb^ of .line segments but you 'cannot ' count the number of all, points on. a 

line segment. A blackboard ^nd'' a pasture may be th^Jught of as sets ol points 

enoadsed by simple c-losed curve.^ and as being continuous. Such sets of points 

are not counted; they are measui^efc^- 



ur 
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12.1 Congfuencg » . ' * . 

^ ' •• ■ ;■ 

The sizes of some contimaous sets .may be compared in various ways. For ■ 
example, to compare segments* AB and *CD, lay the edge^*of, arpiece'af paper / 
aioftg CD and m^rk^ points* X and D. , i> / 




' Place the edge of the papef along ^3 vith point C 'on point A. If is 
;^ bgtveen A and B, AB is longer than . CD. If D* falls on S, the segir.ents 
have the ^ame length. If * B ^ is between C and«* D, 5d is longer-than M. 

Oi* course, ;^-e need to recognize h^re tha't what've'are reerlly j^olng" is ' , 
idealizing*th^s situation*. It is impossible "to dr£fW representations t)f two 
•li^ie segmenxs.so t^hat^^fey both ha^e^'exactly the same length* This agajin is, 
^ an^'absxract intuitive iiea'that shoul'd not become ^enta3:ig led with the physical 
xepresentations, Stuc^nts^ should realize the differehces be twe^^i? Abstract 
00.^*10 ept^ and physical' interpretations of 1:hese abstractions, that th6-*drawings 
. irhey niake are only to help them interpret tl^^, ma,thematic3 they study. ' ^ 
^ ^ , Let us return to the segments^above *4nd consider partiqularly .the case 
vh^jre they^both have the ^ same length. When we write i+ = 2 2, we .me'^n -that. 
"h"* anS /'2 2" are two names for the same niamber. I^en we'wri-te. i^B p CBf wfe 
mean that ^AB and CD are two 'names for the ^ame segment;, that ^s, the tTwo 
segment's are the same ^et of points. If AB and CD- .have the ^^arae 'Ifengtrf ^ , 
tet are not tHe same set of poin<;s, our definition 'o^ equality doe^ tioi allcv 
usvto say they are equ^J. They k^e equal only in size and shape;c^/We *i^e the 
• • word congruent to describe'this relationship. 'The symbol den^ti^ig '^longruence 
■ ' is " aSa ve may now .write:' .AB = CD.' This is read:. "Segment AH is , 

. i congruent to segr^efrt^ CD." ^Jf wev wish ^to say that the lengths^of ^the *twd seg- 
•mentof ^re the samS,' we may use ^he notation "AB" foi^the length of^ segment AB 
• and vnrite AB = CjD^. • Her^>e meaji^that fhe .lengtjl^pf 'AB i&, phe ^ame as the ' 
'"l'&r?g^'"©*f ""Wl^'^^fefs^se of the. word "congruenl/' is'sfi extension** of the use 
you probably remember frotn high ^sclteoA g*eomet^ where, "congruent" aJLmosf al- 
ways referred to triangles. \ The meaning *nei/e is" basically 'the same ^s.-^vith 
triknglQ^* arid is the same meaning * stucJent^/will enc<s\ifiter when th'ey study, 
:eoniet^ry. Congruenl; means equal^ iA si ze> and' shape. 'V » ^^fev * * 



formal 



In working with the above segments we tacitly assumed the followiyig prop- 
erties of continuous ^sets of points^ which, along with one more prope^tjj 
(stated later K are th<f bases of measurement. 

* / - ^1 ' . • • 

f^. Motion Property > Geometric figures may b^^moved 

without c>>anging their size or ^ape. 
2.* ^Comparison Property . ^The' sizes 'of two geometric 



quantities 'may be compared provided these q\fanti- 
ties have t^^same nature. 



3. Matcl;iing Property . Two geometric quantiisies hajve 

— ^ ~ ' " \. - ll 

the same size if every part of one can be made^'to 

Mflir coincide to a part of the second so that no paft 

of either figute is^ORiitted. 

These are some, of the propei^ties thsrt ena^j^^ the 'sttiden"^*to ye late the ab- 
stractions of geometry to 'the physical world, and we should be aware that these 
' th. ' /■* * » Q f I 

need to be pointed out to them as the measuring proc?ess is i^ilized. 

In elementary school^jpaathema"iics., students make models/ and tracings of 

geometric figures and^test'for congruence by .de'te.rminin^^' whethpr two figures 

have the same "size and shape" by superinlpositlofi. ' In /Juiiior high scho^J; tlie 

ground work is being laid for a- more formal, definition' of congruence that will 

■ ^ ■ ' - / ' / . * • • 

oc(2&3E^<vi'n'«''av.deductive geometry course in high school. , For example, two spheres 

'^^r ^ . i ^ *- ■ . ' '^ . 

may be/'congrueo^t", but imposing one s'Dhejre on another doesn^'t make much 

\ 1 I — ' / - 

sense. From theM-dea qf superimpoaition^ let us__try/to moy^ to a more jfoiTnal 

' * • ^ * i ' ' ^ 

defitiitlon of congruence. i . n / 






Suppo'se ^A^PRQ^ ^a^ be^ si^erimposed on A ABC with R falling^ on B, 
P 9n A, and Q on C. Then there exists a one -to-one 'correspondence ♦be-' 
tween A PRQ and A ABC, each' p^inf of A P^Q qorresponding^o that* point 
of A ABC. which it "covers" 'when A PRQ is 3uperin5)Osed on A ABC. For - 
example, the point X 'wou^^d correspond to the^pbint X' unSer'this corre- 
spondence. But it is not Enough pimply" to say «that there exists a one-to*one 
correspondence l^etween ^ A PRQ., and A ABC. Something el^e is also involved 
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j.n the notion of congritence. Distancea must be preserved., Suj^pose A PEQ 



is superimpcsed on A ABC. as indicated by the following diagram. 



P 



A 
B 
C 



(Kcte: The double-heaaed arrow shows that vertex.? ^of A PBQ corresponds 
to'*th,^ vertex - A of A ABC^ and that A corresponds to P, etc.) 

Than for ^^any two points of A PBQ, the distance between them (i.|.. , the 
lerlg.th of the .segment Joining them) must' be the same as the distance between 
^the two points of A ABC to which they correspond. As' examples, th^distan^ 
^^ejve%n and X must be tlie ^ame a,s the distance -between B * and X^^ 
^<^BX = bXO, the distance between Q and P must 'be the same^ thaV.^^<f^:ween 
t and A (QP =l CA). . These considerations' lead us now to^ur de;^^«^tion: 

Two sets' of points ar^ sai'd to/^5e cojigr 



-0* 



|nt 

provided that there a qne^tO;><5Ge cor^^^^on'dbnce 
between thfem that preserves distance. 



By naming our triangles car^^illy, w'e c^pf see immediately the correspond- 
ing p^rts. Again considering tifa iwo triangle^ in the figure, we may srhow 



the correspondence' fis follow 




Given; A ABC 
A — 



B 

c' 



A PBQ 
P, 

B ^ 



AB , PE ^ 

AC" ' = PQ 

"^BC*"^- BQ. , 

IB = Ik ' 



preservation of distance for congruence ^?eds to ♦b 
'OS si We to eS^blish a one-to-one coi;respondence 

oh'? ' / 



T 



■r f; 

V../ 



' '• ''Tr 



between two aet?,of pokits that dcjes not preserve distance. For exanple, RS 
and TU^ below may be put into* a one-to-one corresipondence in the following ||k 



taanner:' 



sDraw TO 'and *US and call' the inter6ec1;ion of theSe rays ' as in the . ; 



fi^w^e be low. 




■"V 



. ■ / 



corresponding point ^Y*"** may be found by 



■corresponding point on RS ^.may^be. 

RS, This is ^ifiown' in' the followin"! * • \ 



r 



This shows that^fc^ each point off one line there is a unique ^oint on the other 
line, and .yice versa. Therefore, a ©ne-to-one correspondence between all the 
points on Ss and all the points on W has been established, even tl!ou§^ 
distance has* not been preserved. ' . 

Wl-th two congruent angles it is possi.bre to set^ up more than on^ correl 
■/ y •sbondence. Given, ^DEF = ^QftJ/ « ' 




w^se^f thit ./dEF = ^GHJ^or Ipw = ^JHG. 'Remember, as" JLong as the middlW 

iettep names th€ vert,ax, the oi^er of ,the lettei*s.for namingrgn angle is fm'-^ 

material.. .Also ^e have not said that* /DEF ^equals '/GHJ.' If we do this, then 

' we are probably talking about the treasure's of these angles as l^feing -bhe same 

, number arid will show Wis as m(/^DEF) = m(/^GHJ), where "m(/DW)" is a number 

* - . ♦ * » ' i •* 

indicating the measure or the a^glg. Here, as in segments, ye are making a 

dist^^etion between the angle arid^aTts measure. Even though we have not.disA 

^ cussed "measuring" angles yet, we probably have assumedHhe f o^^fig, fetatet 

ment and Lts converse: "If two angie^ are congruent^ then^heir measures sfre 

equal." • . r " , - . * 

Our . definition of congruence i^ a mbire- sophisti^cated idea than we wduld 

\e;fpect seventh graders- tQ accept, but it is the idea for vhieh teachers of ' 

these, stude*n1?s" are la^irng^the groundwork, ^^y cutting, supeilmposing, measui--' 

* • '^^^"^^-^ " ^ 

mg,. and comparing var.ious model$^of sets of points, Sftudeuts discover c^rtain^. 

• * • , "^-^ • '# ' ' » ^ 

chai^cterlstics of 'segments; ^linea, ^angl«;^^^olygons^ apd solMs. We fell ' < 

consider si?me.^9f .these iri'this chapter and the^^xt, - ' 



Class Exercises , * . 

(>Jb.ven the figjur^'with the'-'two/tri^igleS^^ 
congrjaent^ list the corresponding parts* 
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.A- 




B 



2. How would you t^t vhethe^r /XIZ i's* 
congruent to ,^jPQR? Doe§ congruence* 
of angles depend on the length of 

> ' the side^ o^ the ^angjLes? E^lain. 




•Jr the three sides of one triangle are congruent. respectively to the three 
-si-d,es,o^ another triangle, do you tlrink^the two triangles are congruent? 
Explain your rjeasoning. . » * . ^ 

'If the three 'angj^s of one.^triang^le are congruent-, respectively to the 
three angie.^ of another' triangle, do you* think the two triai^gles are con- 
f gri^erttj Exp Is^in your reasoning. * . ^ ^ 



12.$ ^ The Nature of Measurement^ - ' ' - , 

, We have said th^t there are som^ sets of points/ called continuous sets, 
J. whieli^ ^require measuring and for which counting as such, is Inappropriate. An- 
sw^£ Boay be given in terms of whole numbers or they may involve rational 'num- 
bers, If&t these answers are not absolutely precise.* The aacura'cy of the number 
used in the physical measurement process is restricted by unevenness in the 
object measured, by the measuring instrument -rve use, and by our ojg^^^roxima- 
tipn to an answer. ^heVe{oj'gjt-.?,V^ "^^^^ measurem^t. oiUphysiS:;^ objects, 
'^'is approximate . * ' ^ 

We used the motion, comparison, and matching properties frdm Section 1 to 
• dejf^elpp an intuitive idea of congruence. ^The&e three properties, together 
with .a ' fourth, ^he Subdivigign Pjroperty , are the' baMrS for measurement. 

^- Subdivision Property . *A geometrib eontinuods ; . 

figure of set may be s'ubdivided, * 



'* ' If ^ segmeni/ 
the leQgth of . Aj 



..AB 



subdiviji^a 'by a« point C so that AC ^ CB', l^eia 

the- length of AB.^ . • i ' 

raay be/s3ibdrOjded in other wa^s so as 'to compare the length of on'e 
segment^ with the length of abcrther segment. ^Suppose a segment is ckosen-6f 
ah> length le^s than the iength o.|' AB; call, the length -of the segment: 'M". 



A. 



F B, 



Beginning a*b ^ point* A in the figure above, a segment of length n i§ ^ 
marked off k times so that AP is of length kn. The sjrmboL "Uh" means - . 
"fpur times as -long as the segment of length • n." It is said that the length 
of' AB -i^ approximately equal to' kn, rather than to 5n,- because B falls, 
closer to than to, G. A s^bo'l fipr the words *'is approximately equal to" 
is a wavy /equal sign , like this: » We may write in symbols' AB - 4n 
and read it as: "The length t)f segment ^ AB is approximately equal t'o '4n."' 
Notice how these symbols are used; • • 
• - 

h ' is the measure, 

n is the^unit of- measurement, * • ^ 

hp. is the length. 

a In the ^example above, we picked an arbitrary uni-t "n" which we used to ^ 
measure AB, but we could have used any unit of length. Man first b6gan cpm- 
paring pd measuring 'physical objects by choosing some convenient unll. ^ Of.ten 
-th^S was^some part of his body and was quite satisfactory for his primitive 
^ culture. But 5s tribes and countries began to trade with each other, a need 
for more fftBndardized units' became necessary, and the head of a country might 
decree tjint the "standard "unit" would be '''the di^stance^; f rom the tip of his 
no€£ to the tip of his middle finge;r,".6r some such unit as t)iis. Even today . 
the system cc^mmonly used dn English-speaking countries is based^on these primi- 
tive body measures. . • ^ » • * 
I ' In^the^past, disagreements about linear units became* -so common that a 
, grpup of^ench scientists'^with representatives , from many^ countt^a-w^s^sfesbi^d^eek 
an- international set of measures. This group developed \the metric system 
which discarded ^he old units ^nd basfed all* units on the distance from the 
North Pole to the equator. The, meter is the basic unit of length in the metric 
system. (The meter was' planned to be one ten-ndllionth ^of ,the distance along 
a mer4diaii from the North Pole to the equator, but recently an international 
congress of sci*entists defined th^ meter in relation to the wave length of a 
certain 'dolpr of light.) The metric system is used V mqst scientists in the 
worl^ and is in cotmnon use in all countries except thoae^-in which E^iglish is 
the main language 'spoken. We will' consider^ the metric system in mo rej detail " 
-'in the next 'chapter. However, the history of measurement is interesting to 
Junior 'high students and can be correlated witli social study units quit? 
effectively. * . ' 

Another aspect to be considered is what is meant when we" say an objec^t is 
'6 feet, long. We' t/ill adopt the convention .thaji we meart the length T?^clo^r 
-to this number than to any other comparable one. In other words, - we say that 
the object is closer to 6» than to 5' or to. that the "true" length 1& • 



Er|c . •■■■■^'^^ 



between 5.5' and 6.5*. The greatest possible difference between the asserted 
length, and the "tkp^e" length is not more than one-half the unit used .for meas- 



uring 



g (in tk: 



is case, ^ foot)., TRis one-half unit is called the greatest 



possible err^ . 



• 1 

Aa another examjJle, assume a measurement is given as 2^ measured to 

• ' ' > • 1 

the nearest half i,nch. The real length then lies between 2r " and 2f- 

* ^ • 1 ' 1 1 . 

and the greatest possible error is '^'of ^ o5: ^ "... A diagram may be help- i 

ful-here. Note that we say the length of each of ^ the segments- below is^ 2^ 

.... ' ^ ' ^ ' 

inches-, wl^en measured to the nearest half irfch . ^ 



1 


2 . ■ ; 


3 


i . 1 







"t'ossilDle segments 



• 1 i • 1 

' Sometimes/the form, ' '^^ ' ^ ^^^^ where the "+ jj-" indicates the ^ 

greatest possible error.' This shows that the object was measured to^ the ^iear- 
1' * ' ' 2 ... 

^est - inch. Another way^to write this, would be 2^ " ,^ not changing, the frac- 

•tion to lowest terms, although the first method is usually preferred. 

The ^ precision in any measurement is shown by naming the smallest upit 

used. Thus in the example above th^ measurement is niade with a precision of ' 

one-heTlf inch, or it? precise td^^he ' nearest one-ha]f inch. .Greatest possible 

errQr^ however, is the greatest possible lil'fference between the real length of 

a segment and the ^measurement stated. Greater precision is .obtained ^y using 

an instrument whose units ^re subdivided by fractions with greater denominators. 

' • ' . * ' .1 ' 

Measurements -made with a" ruler marked in eighths are more precise t}>an those " 

made with a ruler marked in fourths. A.^micTometer ^is an example'of a precislo^ 

instrument whose • subdivisions 'are named by fraction^ with denominators of KK),/ 

1000, and 10,000. Constant efforts'to develop better precision .instruments. / 

are bei'rlg: made by "industry hedause of the increasing need for very close • 

tolerances. ^ • i * * . # 

We can see some of liie ramifications of precision anik gre#tefl possible 

error when we use measurements in various computations. Let us say that we 

have two line segment^ both measured to the Ti^Wg%^ ^ ^nch: + ^ inches' , 

and t ^ inches, respectively. We would like^|o find ^he sum of the meas- ^ 

urements or the length of the two segments when placed end to enj^. We could 

l$y thes^ segmejits tnd to end ^'nd measdire them, but suppose we* decide to add 

the numbers 2^ and . We have made some .computations revealing ithe 

greatest possible error of the sum: 



/ 



/ 



neast Value 



4- 
4 



J^eported Measure 



4 - 



Greatest Value 
t 



Thus the sum 7 really has -?he greatest possible exror of ^ * ' and is. not as 
precise asrcur original nieas^emenis . A further discussion of^omwtation with 



approximate data ^wi 11 be found, In *the next, chapter: 

Finally we should ibte that some problems of measurement are psychological 
in nature. For example^ wli^t does a youngster mean when he says that his age^ ♦ 
is 12? What does a woman mean when sThe. says that 'she is 33 years, old?* 



•Class Ex^iicises' 



5. If a-iengt^ is reported as 5r- inches, %he true leftgth must be t!!tween 
j_ and^ . ^ The greatest possible ^xj'or is . 

6. a. Measure the lengths of each side of the triangle to the nearest l6th 

i^nch andj^xpress your answer' in jbwo ways, ' 




b. Add the numbers represeirttrrg'-th^ m^a!5.ures ^rtd"^i^dic^^ the greatest 
^ possible erroi- of this sum, ' ^'f' -. [ 

• Indicate the measure aM'^^K^-Ti^Sr-rifdr eath. of the following rAea^uf^ements . - 
ft. 3 feet I * c' 24Tours* ^ 

^' pounds u d. l6 Qunces 



f 
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iven two different rays 
nt ^A, AB (J AC,= [BAC, We 
nd we will attack this essen- 
s, (1^ the u^it for measuring 
be meg^ured was compared 
e^meht wa^the number o'f unit' 



12.3 Angular* Me^ure ' ♦ 

^ Let us recall the definition of a<i angl 
and AC not on th^ ^ame line, wct^t^\comrA 
fieed to devise a ;thethbd^ for measu 
tiallj^as we did measuiretnent' ot( 
" a segment >fcad to be a segmq^it^ ( 
with upit se^ents; and^i^Hi -khe 
#|^gn^^M^.^^ Sindl^ly^need a unit angle 'with 

^'wMGh^tp compare the angle^^ be ^fh^^^sUred. *^^iiiie£^^^^ of an. ^gle is associa- 
todl^vlth its interioV, To m^asure%an^Xngle, its ifnterior is subdivided by the 
r,^v-«nit "angle.* . . 

, ^ ^ Students can select some arbitrary unit angle an4 in measxirfng various 
angles canrreviev again many ^f the ideas of approximation in measurement. An 
easily obtained and simple unit angle t;5 use is "formed by folding'a piece of 
paper as foflows: ' • , - , 

Fold it once .to make a model of a line separating twp^^half-planes . Call 



\t AB 



r 





Choo^e*a,p6int M on AB ai^d fold through M ^ so that 'm fallfe on m. 

^ A 




» ) 



Then [qm ^ is a jnodel of a 'right angle. * 



If y.ou unfold the paper, will api^ear like this. 




Thls;'shows four models of angles, all congruent, that together with their 
interiors fiy. the plane. . . ^ ^ 

Refold^the pape^Jg^b that youffgain l^aye a model- of a singl.e right angle.. 
Now fold so that the*:3^s represented by.^M^nd CM coincide. . S 



5 




This provides us with a modeX of 'an angle such that any four successive - 
angles. wiW^a common vertex will exactly fit in the ^alf-plane. \ ^, 

Rel'o Id your; paper » , Proceed ^ to make one mpx^^ifold a^ before. You now ' , 
^ have a model of an angle, eight of which, successively placed with a common.* 
verte^e, will exactly Tit ^on the half -plane, and it^^dge. .The picture beiow 
shows a model ^f sixteen suph ang'^les. Since .this, is^not a common unit, We 
might call i^t ^n "octon," since e!ight fill a half-plan6. , ' 
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V 



We may use eight of these octons a& a simple pixitr^ctor. Each ray "of the 
' successively marked-off octons may be associated ?rith a whole number^ taken'in 
^order from 0 to 8^ to give a pr6tractpr with' a scale on it suitable for 
use in 'measuring angles. It sho^^ld be emphasized that the measui*e of arf angle 
is a number . We rea^d "m(^ABC)= 7", as'^'^Ofee measure of an angle* ABGv is seven.". 
^-^r^S^teVeme^vt of» equality is ^rmissible since the measure of'a^igle' ABC * is 
a ni^mt>er/ _ ' ^ ' • [ ^ . • * , - 

' Eventu-ally'the purpil recognizes fthat approximate reacl,ingf of an^ie me^s- 
^ures "to the • nearest octon" lead him into a. situation such a^ shown below'in 
wtiich both /a, and^^ (clearly not the samfe size) haVe a iff ' "nV^a^ 2, 'to 
the nearest dcton . ' ' . ^ * ' 





The need for a smaller unit soon beco^ apparent. The standard unit of 
. angle measure most commonly uBed is the degj^ee .^ Other unit^ are used in more 
^ advanced or §pecialized^wo2k but wi>^^t be discussed here. The degree may 
be determined by a set of r^^^^j^^awn from the' same point on a line such that 
they determine iSO'^hg^jInt angles . These l80 angles .with their^-interior* ' 
' form a half -plane and its boundary, the line. Each'p/ these angL«* is a stand - 

^ard unit angle. Its. measurement is called one degree, and we.'^write it 1°. 
^ When Ve speak of tl^e size of an angle, we may say its size is 45°. However, 
it we, Vish to indicate the measure ot the, angle, we^st realize that a meas- 
ure is a number and say that its measure j, in degrees, iS! ,h^. If we lay off 
3*60 of t>ese unit angles, using^a single point sfB a commU vertex, then theses'' 
angles together with .their interiors ^co-^Cer the entir^ piane. 




/ 
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* 



< Even In ancient Mesopotamian civili-eation the angle of 1° as bie angle 
, of unit measure was us^d. The selection of a ^nit angle, which could be fitted^ 
into the plane just 36O times, (as above), was probably iVifluenced by their 
calcula^ton 6f the ^fiumber of dayg in a year as 36O. In tms book w^ concern 



ourselves orjly with aitgles whose measures are between 0 knd 



d^6. 



Beqause 



<?f oui* definition of an angle, it is not possible' to have an angle whose -rays 
coincide or extend ^in a straight linev ; ; * , . ^ 

Thus. the measureir^ent of angles esWntially becomes a process of, determin- 
ing how many times ,tfce given unit angle ^s contained in the given angle. ,What 
we are 'assuming, of course, is the existence of a one-tb-one correspondence 
between all angles and all %ie numbers betyeen 0 and I80. In fact, tMs 
v§ry one-to-one correspondence is ^o'stulateid in many new ^eonjqtry books, j The 
corre^pemdence is similar /to the one-to-one correspondence between all' piintS 
on a line and all real Ambers'. , . ' 



difi 



icuit 
on a 



Rethember^that measurement is oi^ly approximate, and ofterl it 1 
for youngsters to' 'draw and mea.sure angles precise t;o 1^. The jjiai'k: 
staM&d protractor are ^is-losel^' spaced, and' the width of the side of a /model 
of an angle may fill' the space betwe^ri two of these markings. Therefore, 
when a measurement of an /j^BC is given as 65 degrees, it 'should bJ" indi 
cated as: m(/ABC) « 65. Protractors of cleai* plastic are. available ^nd are 
quite effective .for demonstrations on the overb^ead projector.' 

^An exercise that students can do is to d^aw^ several angles, theii find the 
measure^y^n "octons/' of these angjies. U$in|^ a ^jjrotractor, fhe measures, i-n, 
♦degrees, may also be fouifd.'* Students also likte j^o exchange, papers- ^nd measure 
tpe angles their classmates have drSvn^ 



'.Class Exercises 



The pketcl^ shows a ^ptra(?tor^ placed , on a set Of rays from point K. Find:". 
the measure, in^ degrees, dt each angle named. » V - > J i ' ' *^'u'%= 



• • A 

I 
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b. 






* c> 




n. 


d. 


/fkg 


i . 


e. 


/akd 
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/bke 
/dkb 

^HKC 
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12 A Classification of . Angles and Triangles — ' ^'^^ 

^Nov that we are mo^re familiar with coiigruence^nd linear and angular 'meas- 

♦ ^ ure,^ let us explore some geometrical facts relate^Bo ideas of distance and 

measurement. This section states many definiVions^lready familiar to jrou but 
are^givea here for- your referent J- Seventh grade students sometimes. encounter 
- difficuitV^fe in visuali2ingi3^fta+-£i3Li^^ definition, 

will attempt to point out some of these trouble sgpts in this^I^^ti^nT^A^ain, 
^ - hoveter/ students ^need to hav^ ,an intuitive? ^lii^or th^' idea^ pr-es,ented 
^here^b«fore they can v^balize them meaningful] 

We^may now^efiipLe al right angle as an angle \jhose measurement ^s 90 degree: 
one whose size ±s less than" 9^5, degrees a3 an acute\ ngle/and on^ whose measure 
is more/ than 90Megrees as an obtuse angle. Hoti^e )l£at because' the measure 

• of an ^^ngle is associated with its interior, we dofbt need to sajc^thai an ^ 
^,obtuse%ngl^ has a degree ifteasur'e of less than l80. ^ 

. ■ * Ivfhen two^line,s interse'c^t, they are .perpendicular (symbol: JL T if pne .of 
V_the aogies, determined by the lines is a right angle. Line segments and rays 
afe^ said to ^, perpendicular if the lines cpnt&ining them'^re jferpendicular.' 
^^bser^e^^ewral of 'the piss^bilities below*. ' 'Stud-ents sometimes do, nit* want tc 

accept the conditions as displayed i^.' (c) and (e).v a?wo pieces of wire, or > 
^ even pel^cils, ^episesenting* s^egments, i>^^^d on the staie of an overhead pro"*- ^ 
Y'^ector/ tdll'often.helV to^rnake^ . \ ^ 




,ERIC 



(d) Line £ W 




(e)*Mep J_ line h' 



If ^two angles^ have the sam^ vertex an(^ ha-ve a y^ornmon ray but haVe no 
interior pointy in x:otnmon, thefTthey arer called adjacent jangles . > "If the sum 
of .the' measures^ in degrees,, pf two angles is l8Ci, then the anigles arW called 
sxii)pl;ementary anglers If ^the sutii of Ahe m^^^ures, in degrees, of two angles 
i s 00, then -they ar^ complementary angles - Supplementary .and complementary 



angles may be adjacent but t^ls is^ nof necessary 
oKeiT^ 



ain, .these t*p^ "terms are 'j^i 



i^nfused, and studenl^ need to see^/many instances of both rj^ef ore the^- ^ 
*iJefi'jiLtions*'55'5''''<j;^l established in'th^r minds, ffie English usage of the,- two 
i^gxd.s (as wel l as the^ord "con^leraent*) is also a little different than tlje 



mathematical usage, and this m^y. need to be^pointed out.^ 

(■- 



Class Exercises 



9- , If two adjacent angles ar^ supplementary jt wha'S can yeu say about the~JLine 
♦ ' fortned byj^^he *'outsid4" a^etys? 



10, If tVo adjacent angles* a^'e complementaiy., ^hat can you say about the 



/ 



."ou€side" 



Axi^fot^oi^ reference* ve may classify triangles according to either 
angles. ; , . . , . . v-v 






In triangle ABC all the angles arc aoute angles, ana A ABC is called 
^an acute triangle^^ also A EDF with t^ie obtuse ^ngle EDF i^s called a J obtuse 
■ irianglp. • One of the angle's- rn- A' GHJ- is, a rigiit angle and the triangle is ^ 
called alright. triangle. ^ . ' • 

UsirfTsH^s of a Triangle for classification, we say that if none of the / 
_ sides 'of a triangle are congruent', then the^ triangle is scalene. If two sides 
' ' are congruent, then the triangle is isosceles : If all three sides fre con- * 
gruent, then it is ecTui lateral.' , " ' - » ' * 

Some of^\e following exei^ises are examples of .trouble spots for students,, 
but they often enjoy 'trying, to f^±n^ a couriter-example. The converse of a, co?!-, 
ditional statement may cause difficulties '(see' Exercise l6)^ but here is'^a ' ' * 
place where logical reasoning may^be stressed to'^good advantage,, * ^/ " 



^ class Exercises 



11. 'Is f%'possible to have 
J' a; * a scalene' right' triangle^ 

b.^^n isosceles right triangle? 
• c. a|> equilateral right triangle? 
d. aA isosceles obtuse triang'le? 
' - * e. an equilateral obtuse triangle-?^ 

' ' 1 * , , / 

Ig. What seems 'ta ^e,^ true,,of j th^. _8Qgles -of^^an equilateral triangle? 

13. What seeniVt® be fihie of two of the angles "of ok iso.sceles triangle? ' 

'-^ Ih, If a triangle is equilateral, 'is it also isosceles?.'" 

' .10. Is the converse of the statement in Exercii^e l^ii^tinie?' 



In Chapter 11^ names we^e given to certain pairs of angi^ forji^d when 
two lines are cut by*' a transversal, namely, correspcndtH^anRles^nd alternate 

'.ioterior angles. The SMSG text. Mathematics fop- Junior High Sphool , Volume I, 
very effective!;^ leads students through a dj.:5overy of the relationship between 
cojresponding angles and sho^s that T'hen ^araliel lines Bre'~'^ru^''^5y~5"^arisver 

-sal, the corresponding angles are congruent. 




m 

In the figure above, r^ aM .r^ are parallel (i-e,, r^ fj r^ = 0), and 
t is a transversal. - ' ... 

^ -The angle ^ in eacff paiiNsT corresponding angles are congruent and , » 
hence equ^l in measure. Thus, we^ may write: ' ^ > 

b'^t^ ^ ' , m(^b,)^= m(^f) ' ^ 

' e . = ' ni(^d)^= m(^h) 

We •■yUll not' go through this devel'opment but will list this propeirty and 
*two others which 'will be used in subsequent^ ge^me^tric proof. 

Ij, Vertical' angles formed by* two int;^Vs'ecting lines 
are congruent. / - 

II. Ttfo lin^s in liie^sanfe pla|fe and" intersected fcy«a 
transversa^'^r^pfi^J^M. iI^and or)ly if a pair . 





^ ^ ^^^rc^.,v^'^2?te congruent. 

Let us now prove, through a cYass' exercise, ,the following statement about 
.triangles: 



Th% sum of the- measures, in degrees, . 
ly tria 
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of the angles of any triangle- l,s l80, 



rv /A • : * . • . ' ' \ . ' 

• . . . s .'-^ ' - ' . . . . . ^ • - • ' 

The proof I's^baSed'on the property, that if a- set of angles and their interiprs 
'form aj^lf. plane and its boundary/ then the sum ofv the'nieasures of the angles- 
is* l80. \ ' V • * . • ° : ' - 
< >N . . _ • :: . * • 



Class Exerciser, 



16. .Consider^the *A;ABC and!. Ap'>n4 ,BQ/ 'SJ^'^Ys^ drawn" t^^^^ point C so" 
that m(^y) = m(^y'X. ' ; ' 



. A * 



f. 




ang>les marked 



Answer the questions and use a property 
following: 

aT^'ls W^par'aTiel i^',"^? 

b. What name is givei^o -the ^ai" 
X- and X' ? Is, 'milxfk m(/x^ 

' * - c. What name is given to the pais of ai^es marked^ 
, 2 2» ? "'is m(/2)> m(/zO? ,1^ - 

,m(/^x) + m(^y):'>t mX^z) is the sum of th^ measures 
* of the angles? of the triangle. ' 



Why? 



. ■ , ' Why? 

J* jr. Jt J ^ X i I 



.Why? 
Why? 



m\ . milx') m(^y>)^ i m(^z») =^80 
h'>.. m(^x) m(^r); } |(^z) =: 180- ^ 



Why?, 
Why?^ 
Why? 



We conclude thfergfore that the sum of W^^asuresy-- 
^ in' degrees, of^'t|^ anfeles;pf the triangle is iSOr 



^A,fornal proof a geometric theorem, usually appearing 'jln^ tenth year. .* 
gecftnetry texts, has Just been developed. HowevdJr<^ it is important-tt>-not.e 
that this should not be done with, seventh ^rader^ unless a great deal g^'^grounq, 
work is iaid and an intuitive develqpmeut of the^e properties has t)ccurred^ 
Students need to measure and find the sums of the'measure^ of the^ apgl^^ pf, ^ 



many triangles. They shx^uld^ cut off two angles of a paper ^ model •of a trian^- 
iar region and place ,them' beside the third angle an4 see that the three angles^ 
•and the-i-i^ interiors seem to fill the half-plane. Wso, before these properties 
can be used as reasons ip a proof; the pupils. have to state them in precise 
math^atical language and understand fully what they'mea'n^ ^ . , 

In-»this section we have not stated m&ny of the properties of geometric" 
ftgures, and we. have not given a definition of many of 'th^ coiimK5n pol^'gons. 
Soiae of these are left for you as class exercises and chapter problems. As 
•-dth nruch of the mathematics presented at the junior high level, geometric ^ 
concepts can best be developed b;^ having students use paper .and pencil ac they 
read' and 'listen, by letting them construct models, and by the teacher asking 
leading (Questions (-^ On the ^uther hand, much %f mathematics is qui te^ abstract^ 
&nd t'he^student6,need to be .led toward tjiese abstractions as they progress-. _ ' 
/throGeh-vthe junior high school years, ' . ■ / 



Class Exercises • . * J ■ • ' • <^ ^ 

• - ' ".^ ' » ^ ' ' ' • ' ' 

17. Given a lin6 r and a point P npt on the line, define t^e shortest • 



18, 

19. 

20. 



• segment from P to- >f. * ' , ,. 

Define .what vqu think i^ meant by the distance^ between tw© parallel lines. 

In Chapter 11 a parallelogram wa6 defined, but a rectaSigle" cOuld^not be 
^defined. Why not? ^ • ' * ; ' 

Trove: If two parallel lines, and X^, are 'inter seoted by a trans-. 

„ ___i=^rsal^-_t, then a pair of alit orpat e Int erio r an g le s , -[^^ and ; 



^f, acre congruent. (Hint: Use Properties* I .and II a§ stated in 
this section ^ - ' a/l ^ 




12>5' circles 

.One of the most common sinrole closed curves is the circle, in the 
chapters on nonmetric geomet;ry we vere pot ^ble^to giVe,^ definition of a 
circleT Why^ not? The reason is that we need the congep't' of 'distance and 
messu2»ement to define 'a circle?. . Prqm the, primitive idea that a circle i? , 



"round/* through, the idea that it is the set of puinLs at a #LXed distance^ 
from a gi/ve if point, Students may*develop the foiicycdn^ definriion:^**!:. 

'* ' A cir<?l^" 'ls a simple Closed curve in- 

* ' \ ^ a plane, each of whQse points is the same 1^ 

r • \^ distance from a fixed point in the same . • ' ' 

plane called the center, , ^ - . 

.'Jfey we repeat again that the definitions stated .in this ^ec^ion are In- 
cluded only for completeness and handy reference. .However/ some of these 
^ght refresh your pieniry, slb they* certainly' are new to many^^f the more re^nt 
junior hi^h' school%rograms^. 

In the figure below, point P is called the center; but, by definition, 
the Center i^not of ^ the circle. The segment FT is called a r^a^ius of 

the- circle and is defined as any segment which Joins the center P to a point 
on the circle. The- word "radius" is sometimes used to meah the di stance ^from' 
the center to anytpoint on the circle. •^Usagej.will generally indieate the 
correct interpretation for the word. . ^ t^-^y A • 




- ^ A diametertorf a circle is ^§ segme&t^th^^ contains, the center of th^ circle 
and whose end^nts lie ^o^ the circle. ?^Thei^|^^^^hip between tlte radius' and 
the diameter pi" a circle can be expressed as: ' ^ 

^ . d''= 2r, or r = |d. 

^Tiji^ jg^em^^^a. trL^^l j-elatlc^h^h^l^^^ i't^is important a 11 tt 

our develox5ment of areas of^irctrl-ar closed I'egions . * ,n 

C^^ptain other sets of points often^^sociated with a circle rmv\^(^' r^f^n^ 




In the figure above^j^ line i contains exactly one point of the circle and is . 
-galled a tal^gent to circle P'. The ^intersection of the circle* and the tangent 

i^ poiijt- T/^^called the paint of tangency . The endpoints of ^e^^ent AB are 
, on ..th^ clrqlie^ and . AB is sai d^t^g^a^ cjigrd of ^he circle.. By this dB^ini- 

tion IS a dia^meter also a chord? — ^ ^ ,^ ^ . , . 

In Chapt^br 10, separations of lines, planesT^and space were discussed. . A" 
point separates a line into "yiree^ sublets: the t^o half- lines and the point 
itself, line s?paraj;es a plane into tjiree subsets: the two half -planes and 
the set of^ points on tWe line. Pescribe how a p^lane separates space intp^three 

subsets. 1 -* . » * - * 

\ ^ ^ 

Does a circle s.eparate a plane into thre^^ubsets? Yes, the thtree sets . 

. "are the interior' region, the set of points on /Phe circle'itaelf , and the ex- 

telrior ^region. Does a^ single point on a circle separate the circ:j.e into, tbree^ 

subsets? Does^ point X, for example, separate the tiircle beloV into three sub- 



— sets?^ 




i 




We see Jthat whether we move "tn a clockwise or a^ counterclo:<;kTtise.vdirec^, ./ 
tion, 3je will eventually return to X. Therefore^ a single poini; sepa3?a$es, a 
circle into onlyS^wo subsets. Unlike the situation with the^ line* 
\ Just as we considered parts of lines called -fene^ segments, Ve.will consider 

parts of circles called arcs . ' . ^ . -s \^ 




j 



In the drawing above ^ the qircj.e is separated into fou^parts^ or subsets? 
the two i^oints. X and Y and the two arcs determined py them. ^If no ambigu- 
ity results, we usually consider the "shorter" of th^ two ar^s and name it XY» 



■ V . - -. 

The symbol "'T^" represents the word' "arc." 

^When- the possibility of confusion exists, 
wef ISbel a/point on the arc as in the fig- 
ure to thes^i/ght. We may nov speak of 
2CAY *withoutiknbigurty. 

In working with arcs we often ^sh tj> co^are them just ab we cprapare 
lengths of line segtiientror measures of .Mngleff. Thi^,of a* circle divided into,. 
360 congruent arcs.'. Each such ar^ deteAanes a unit -of arc measure ^called one 

* degree of arc. ^ Rays from the center of the circle* passing through the end- 
points of an arc, determiJPi^ a central /angle^ . We may think of a degree of arc . 
as "being determined by a cei^tral angle which is a unit angle of qne de^e.' 




V 



-v— Jn -the 'figure abo?e';'"if tlie meWure'of ceijtr^ jingle "^UJB, in d^eeS, is 
'70, thfen the measure of ,AXB . in degrees is also 7-0, written: m(A3S) = 70* 
Remember that arc measurers not a measure of length. .For example, consider ' 
the two concentric circles below: - ■ * 































« 

> < 





The two arcs ahS^ fiiiTTiSve l£he same^-cei^ral angie^^^^PH. ' H^here-l ^ 

fore, ARB and^, DSE must have the ^ame* arc measure, even though the "lenglh" 
of is. shorter than the/ "length"* of DSE,/ .The leng.th of -a circle is called 

the circumference '^nd this will be discussed in ^the next.-chapter. - ' Vx/ 

One not^^of cauti^on: \Some students have 'difficulty using rulers^ protract 

^ tors, and con5)a^ses for drawing figures and measui^ng. Although mathematics ^ 

. is not a course ^in which drafting should be taught, it is^ essential that'stu- 
' • » • / ^ " ^ 

denfs receive some instruction and practice in the use of these devices. 
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V . • Class Exercises 



2*1, !Dwp raeahings v^re given to the vord "radius." What are the tw^meaniVigs 

• * 
of the wo2rd "diameter?"- * ' ' \ . 

22. Define diameter in terms of '9 ghordl . . ^ ^^.^JL^^^ ' 

23. DraV a circle, and an angle in the same ^lane so that their intersection • 
consists of; a. 1 point, ^ b. 2 points, * 3 points, 

rd, k- points, ^ e. no points. 

'2h. I)escrib'e the^lnterior of a circle using the concept of distance. 

25. How many degree^n a quarter Of a circle? i^tsne-eightfi of a circle? 
in five-sixths of a circle? 

' ' , ■ I . * . ■' ' . 

2o. Givert two* concentric circles, demonstrate a one-to-one correspondence » • 
between the points in AMB . ^nd ihe^points "in. CND. 




.12 



1 

.^^^Stjficlusion • 




1 



This cKe^pter has amempcted to exteitd nonmetric geometiy by developing the 
^ " ■ Cq^^pts"" 6T tfofi^rue^Tce^ fee nature of m^a^reoienti and s# brief discussion of 

circles. In ;the next chapter we will continue this discussion on the "metric ^^^—4 
^.properties oi^, s^ts of. points by examini'iig perimeters,' ai^eas, vol\;imes, ' and 
systems^of measures. * ' ^' . ■ ' 

* _ Sometimes the intuitive and. measurement aspects ot, geometiy become bogged 
'dpwn in a dictionaiy approach. It is important tha*t this be avoided. Students 
^ V4St3f^lop nonverbal awareness of many of these -ideas befo're they can state them 

formally^ Throxogh di^scoveiy^ tftey see relBtionships in sets of-^lnts, ^d 
. ^^J.Jieiy^in'^erest an^ ep^Joymeni in und^3pstan(jling this kin^ of, material is aroused. 



\ 



KLC 
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t ^* * • Chapter Exescises * • • * 

• ^ . / / . • * . ^ ' ' \ ^ 

1. Draw a segment 2 inthes long and divide it so that if can be used as a 

. ^ ruler to show a^precision of one-eighth inch. ^ 

• ' * * • » .. 

2. Draw, a segmer\t 2 Inches long and divide it so it can be used/is^a- rviler 
to show a greatest .possible epror of one-eighth inch, m f 

5.. A rectangle has a length of 5 incj^ies aM a^ width of 3^ inches. Each 
measuyemeht is given ^with a precisien of ^ inch.. 

. a.* Draw^ rectangle using the longest j)ossi^e s.egraents that have these ^ 
mGasurements . ' v, \ 

b. In -the in^^'rlor of the rectsingle in *(a) draw^ another, rectangle that 
has the^ shortest possible segments with these -measurements. 

4'. ,^Name- a3 onany *i^pecial kinds^of quadrilaterals as you" can. • . 

5* What dQ'you think is meant- by a regular polygon? ^ - ... J^" 

'6. jjjfhat condition(s)* ar^ necessary and sufficient for" two circles to be 
* congruent.? ^ . • 

7. Given a^ circle aqd a tangent to the circle. Whfet do you think the rela-- . 
tionship is .between th^ -^angent and the line vjiich joins, the center of 
the circWtD the poini of tangency? ' '\ \ ^ " - " 

8r ^ Draw two. arcs whose degree measin^s are each 6o but such ihat one seems 
^ - to be twice* the length' of the other. What seems, to be true^l)Out_ tlte^ j 
radii of the circles that contain these arcs? - • * . 




10 



Define a sphere. . * • • - < ^ 

> ^ proved that the sum of the degree measlirfes of the angles of a triangle 
was 180. If a "triangle^* is^drawn on the surface of a sphere, is" this 
stili;.trae? Give a ^fi nit ion- of a' "triangle ^on* a sphere.", What is a 



^j^^^^^righf triangle" op a sphere? 



i 




•O .... ™. 



r / 



-I 



1. ABC = A EDC 

. . AC = ^rc 



^Angwers for ' .Class^ Exercises '' 



2-. 
3. 



TaCF ^ ^ECD 

^toyZ = ^PQR. No. The sides of* an angle are raye and have^ no. lengths . • 

Yes. Reasons will vary. (A formal prooi' is not requireyi^ b^t intuitive 
reasoning by testing several cases will show that this se*ems to be 'true.) 

The angles- of these triangle"&-^e con- 
gruent respectively, but the trian^l 
are not congruent. They ^re called^ 
similar. 




5. 

6. 



4 



and -5^ , 5 . ' ■' , 



AC 
AC 



BC 



p9 J. 1^ 



i 
\ 

b. 
c. 



The greatest possible error of the sum will be ''three ^\^mes- the*great- 



eslL3)ossible error of the- length^ of any one side. 



Measure 

3 I 

I7v' 
2k , 



Qs , a-. m(/AKB) ^ 20 
' ' ">/b'. m(/FKE) « 90. 

•/ e. \ m(^AKi^70,. ^^- 

*'vV9• • {•They are perpendic\iiiar. 

' ' 12. '"-^^feyrra^e cohgruent, . 
' 13^ ' ,5Jliey>®5re* congruent. 



Unit ' 

jfoo^t 

pound 

hour 

-©unce^f 



.i. 

\ ^' 

. 10. 

?■ ^ 

•No 



•m(/BKE) J5 '70 ; 
m(/CKD) « 100 

^(^DkB) « ^0 , 
Tn(/HKC) z 35 ^ 

y?hey .are perpendicular.* 

i / 

/d. Yes e. * No \, 



14. Yes , - * . 15. No, ^ • 

16.^' a. Yes,, by Property II . •' i- ' ' ' 

b.^ Corresponding angles. Yes. If 2 anglis are congruent/ their 

' , measures are equal ^ * ^ 

' c. Vertical angles. Yes.. Vertical ^gles are' comment, and therr 

^^fneasur'es are equal. ^ . ^ • ^ 

^ ^dy ' Were drawn so as, to. have equal miasuresf ' • 
^ .e.. The measures in the sufn on t^e left are equal to >the measures 

. * « in the sum'o;i the right. / ' ! 

> » * ' / 

f. By 'definition of "sum.'' • / " ' t - 

g. Property .1135. / ' , ' 
• h. Two names, for the same number,' as indicated .Steps (e) and (.g). 

•XT- The shortest segment from a point P- to a line r is the Segment 
from P perpendicular to r. * 

18.' The distance between tv6 parallel lines may be described as the length • 
of any segment 'contained in a .line perpendicular to the two^ lines, and 
having an endpoint on each of the lines 1 

19' . The definition of a rectangle depends on the use of a right angle whicT 

was not defined until angle measure was discussed. ^ 
20. Given: If and transversal t. 

^ Prove: Is ^ /j ^ ^ ^ 
'a. . Ij^ = [h becaus^^f^operty I. 
^' ' IJP because of Property II. 




^' a ^^L^^ = ^(Z^) = "^^l^) because congruent angles have equal measures. 

7 b - 'Lf , becaiise angles with equal mease's are congruent, 

k ^ Hence rf two ^;^llel lines are cut l?y a transversal;; a pair of 
alternate interior angles are congruent. ' . * 

21. "piam^ter" can be used to refer to'' the length of a line segment ^oining^ 
two points of a circle and containi^the center of ^fhe circle. "Diameter 
can also refer to the line segment itself which contains th^e cent^ and' ^ 
nas endpoifjts On the circle. \ . . , 

•22. A diameter is a chord which passeT through the .penter of a"circle. \ 




23. One possible answer is given for each case: 




2k. The interior is the set of all points X auch that PX < PR, where P 
' \ • - ' , • ' 

t is the 'center of-^th*e circle. 

\ 25. 90, *ii5, 300 , , 

. \ /f^ ' ' ' 

• 26. "Corresponding points may be determined in the following manner: Select • 
^ ■ • * ^ * . r ^ 

, any point OQ AMB. Draw a ray froni^ 0 through that 'point. The ray 
\ . , * *' ^ 

^ passes through a corresponding j^oint on CUD. This may be done using 

' \ - ■ 

^pointa on either arc,. and for any point on either arc a. corresponding 

point oh' the olher arc may ,be determined. This establishes a one-to-one 

oprr4s^Mence between *the two sets of points. • ' ' ' ^ 




Chapter I3 . 
PERIMETERS'^ AREAS ^ VOLUMES 



Introduction 



This chapter is a continuation of Chapter 12 in that we discuss the \ 
'use "of measurement in finding perimeters,^ areas/ and volumes, iathough " 
there dr^ Several ways of approaching operations on numbers representing ^1 
measurements, we have chosen a fairly traditional one as described iu the 
first seotion. , ' * 

J\n attempts! s mad^ to point out -^diff iculties that sitidents encounter 1 
^ In dealing with, suoh topics as the approximate nature of measurement as it 
Celates to -perimeters, areas, and volumes, t'he number jt, and the relation-' 
ah;ps^---b<ween the various geometric figures. For example, the eoncept <xf i 
area is approacTnedJ^y. discussing the closed rectangular region, then relatfng 
areas, of the regions of other^^Slmple closed curves to this. ^ . ' 

A brief discussion of 'other units of measure relating to weight and 
time, along with some of the problems that students may encounter in their 
future ^ studies of mathematl-cs^and scier^ce, will end this c^iapter. ^ 



13-1 Operations with ^ Nibibefs of Measure- ' /l 

■ %• ' 

Binary operations orf numbers havejbeeh (Jefin^d in Chapter 6, but how * 

may we define an opeifation -on the so palled /'denominate'!, numbers? This has 

^ not really bq^thered us very much, but students sometimes encounter trouble^- 
'\ ' / ^ - ) ^ 

both^in operating with these numbers, and in converting from on^unit to 

•^^ ' ' , . ' ♦ 

vSnother.^ ThereTore^ we need to consider these 'aspects brief Xy. , '' 

If we- have 3 yards of ribbor^ Snd 2 y^ds %f "^'bbon, ho;^ do we fjnd 

\ the total combined length? We know how tp aSd numb er^"!^ .but "adding lengths" 

is something diffetrept. We could say we have *tw9 segments^o^,^ 3 y!ards and 

yards, respectively;-laA6?^fia^to end so that ' they', have ^/jUst one point in f 

common J Then we get a sp^ent whose Measure, in,ry&rds, i^;H;^'^and^,5^hose 

length is 5 yards. ^M- • • ' ''" ''t', C"^ ' 

Let reemphasize our terminology. Recall that in a phrase,Ja<;h as v' r 

'''3^ yards is' the length"^ "we said "3 is the measure". The measure ?:efe^s ^ 

-■'to zhe number 3. (The unit of measure is the yard.) Now we can apply 'tCwJ. 

arithmetic ^operations such as addition to these numbeVs'' called measures.. 

, If we have 3 /'yards 'of ribbon and 2 more yar^ of ribbor>, then we have 



MS 



5 yards of ribbon altogether, because the sura of* their Dl^asures is 5 
.^(3 + 2 = .5). \ ^ - ^ , ' 

However, we must be veiy careful "her^.*^ "FoV.. example, "it^fflaices no sense 
to ^attempt to fipd the sum of 35 11.. if ^ the degree measure o-^ 

an &ngle aaid 17* is "^he ^ch* measure of a line segment. We need to expand^ 
the Comparisorf Property of CJhapter 12 which said that two continuous geometrjJ 
figures or^sel^g of the same kind may be compared as to^ size. Let us fuorbhe^ 
agree, then, t,hat when we operate on two ntynbers of measure, that they rep- 
'resent the same "kind of measurement", with the same unit. You have already 
tskcitly assumed this when you did some of the exercises^ ^.n Chapter 3* 

the British-American system of units- there is a hodge-podge' of stan- 
' dard units^. As an example,* 2 feet, 2h inches, and — yards are, all 
rlames for the same. length, and we may use the symbol "=." to show this: 
2 feet = 2^+'' inches = j yard. Also the interrelation among the units i^ 
capricious;' 12 inches make a foot,* 3 feet make $i yard, 17^0 yards make 
a mile. ' ' • : 

It is important that students be able to change a n;easurement froh one 
unit to another,^ so they must know the relationships among the ^nits. Meas- 
urements in diCfere^xt unita^^ut treated as^if they were in the same unit 
'are often the basis for ei^^^ In other words, reading the names of units 
as well as the number of tiiese .junits, ©using cc^on sense to determine which 

is the best unit to use fox^ 

r ■ 



rticular problem, and being aware that 
operations are performed on the^ Aumber^ ijped 1^0 be stressed with students. 

As we stated earlier, most scientists and most ofe the non-&iglish 
, spewing countries of tha vorl<l use the^etrj.c system .of measurement.. .Even 
our units arfe noV defined in, terfeis of the metric 'system, and mofet rulers 
thai; children use in school, today are graduated in both irrthea. and centimeters. 

Our common units were originally iSased on body me^ures and developed 
over a long period of time, .whereas, the metric system was 'arbitrarily made^~ 
by 'inan with 'no relation to hi^ body .' However, it /as related*ta our base 
ten system of numeration, which allows us to handle such measurement's quite 
easily. -L^t us compare base^teri with the metric system. . 




Length 



V/eight 



V6l\ 





Thousand 


^^lotoo = 


10 


kilometer 


kilogram. 


• 


Hundred 


100 = 


2 

10 


hectometer 


hectogram 


t I t i ' I 

• 


Ten 


10 =t 


10 


* dekai^eter 


dekagram'. 






1 


10° ■ 


meter . 
« 


■I f^i, C24J1 \, 




TehW 


0.x = 


10-1- 


' de'Qimeter 


^ decigram 




^Hiindredt^h 


• 0.01 = 


10-2 


centimeter 


centigram 


< 

• 


Thouaaijdth 


0.001 = 

• 

• 


10-3 


millimeter 
* 

*■ 


milligram 



me 



kiibliter 

riectoJ.ite: 

dekalitei^v. 

; litV^' 
V 

deciliter 



centiliter 
milliliter 



"In a manner much like our decimal system of numeration, each linear , unit 
1 ■ 

is either ten (or ^q) times-as-large as the adjacent ianit. 



3,s the sBmh length as 10 meters 
ai)d volume. 



Thus orte dekamete 
The saJn^ relationship holds for weight 



/ 



The prefixes designating pbs-itive powers of ten are adapted froqi 
Greek and, the prefixes designating ^negative powers o:^ ten are adapted f^om 



iQi tnb 



the Latin. This system of units allow^s to write such a phrase asf" • 
U kilometers * 7 hectometers 2 'dekamete^ 9 meters 8 decimeters 
6' centimeters in a much««impler way: 47^9-86 Ine^s. ft should be noted 
that the piref ixes "deka" and "hecto" are seldom used. We ihcluded them for 
completeness. # ' ^ , 

lOnce students'^understand ^the prefixes and how the metric sjfe'tem is 
'~rel-«ted--btr'bHse^ ten, it then becomes a simple matter for them to^^^compute ^with. 



For example,,' suppose 'we .asked students to find 



the^e measured ^'uantit^ies. 

the sum of 4 'dekamete!rs 6. meters S centimeters and 7 meters ^ 
3''^ (iecimeters ' 6 centimeters^^ This^.pr^oblem could be written in thi^ form: 

^ > , if6.02 m. 

'- '7.36 m . . 

and the sum of the numbers found quite easily by the ^base. ten 'addition 
algorithm*^ . 
^ . > ;"^tuderits-,often "thfrO^ a '"grind" ^or a 

"dir0^";»^^'^'i.s is usually- caused by too much emphasis being "placed on trans- 
lating frftn;' this system to^the English system and not spending, enough time-. 
In looking at the metric. system in its 'own right. 



Class Exercises 



D^Y'ide ,6 yards 2 feet 5 inches by 11. * 



2. Divide T-meters 6 'declmete/s ' k centimeters by"' 

3. *Which of the above .problems is "eas'ier" to d,o? ^^Jhy?' 



13^"^' "^Perimeters and Circumf ererfce, ^ 




The. total length of a simple closed curve is called its perimeter . In 
the figures below we may think of the perimeter of; each figure a$ being the 
distance an ant would have to cr^^yl along the figure in order fo- return to 
the same' point from which he started. • . . ' 






m(» Often students think that the perimeter of a closed curve me-^s^' something* 
like "P = 2(^+ -^y:, oTj "P = As", or^ jtd.^ These .are just mathematics^ ^ 
sentences C^ormulas) which state precisely a recipe for dealing with tlie num- 
tiers used "in .certain geometric figures. These sentences should be the er]d 
result of the • student ' s experiences with measuring and finding the total 
lengths of many 'closed curyes, and/class-ifying' them according to some con- 
sistent pattern. Students, usually 'have little difficulty witi) the concept 
^Of perimeter, even though it is subtle. jDften, however^ the^ 'do h aye -diffi- 
culty with the approximate natur^.,of 'mea^suremerit, "plugging" pumber^ into 
.a formula which has very little meaning to them,, and ^ operating on theise 

~ -Haeaomiuate- niQinb]em . ^ 'r->' y-- — ^^-^-^ . - - i *»- f:. 7--- 

For instance^ let us consider the perimeter of 'a triangle^ .with sides of 
inches each. A >student has no^^trouble with! what we mearl by '"perimeter" 
but let us explore what might happ^ when ]<?^5^-hi?n to' f ind t^e^.^jperimejer 
• in dif ferent Vays. ' ' ' ; . * ^ ^ i^-|>x - , 



This measure, in inches,, of each side was given* as 1^. *This ixnmed- 
'1* 1 * o ^ 

lately tells us that it was measured with n- -in^ch precision and that the' 

^ 1" ^ ' . ♦ 

greatest possible erro?^ is rr-r . Theref©re, Tsre can write the length of 

"*^r one side^'as ■ (^g'-i J^) ^ "the perimeter can be Expressed as 

± ^) 4 On the othj^r*^nd, suppose ^e' did not tell the student tlie 

measures of the- sides, but"* asked ^him to measure each side to the nearest half- 

, inch, then find the perimeter^ He would report tlie sides as 1^ inches each 

and the per^raete^ as approximately inches. If the sidee are measured to. 

the nearest inch^ each would be reported as 1 inch and the^ perimeter as 

approximately 3 idiches. But if we ask him to lay a string as closely as 

possible On the segments so that ttjese segments are all "covered", then 

measure the string to the nearest inch, we, would expect him to say .tiiat the * 

perimeter is approximately k /inches* Which one 'is more nearly cor;rect? 

As we 'saw in Section *2 o^^hapter 12, the greatest possible error may be 

increased dramatically b^ addition or multiplication. All j^his example ^oes^ ^ 

is to poi|lt out t}ie neetjL again to lay careful "ground rules" for measuring 

'and approximations. 

Another commo^ irouble spot in perimeter is computing the circumference 

\of a circle-.* One ox the student ' s /first contacts with 'irrational numbers 

bccurs in ^ing ir to find circumferences by the f ormuj-as C = jtd or 

C = 2nr. They do not realize that .the symbol "jt" represents an exact number, 

_ and, that if we wknt to represent such an irrational number in decimal notation 

. then we^jnay do, sQ,,oi\ly 9.ppjjoximately. „One ^tate JLegis^Latur^ even '§it.temp±^d.,~-^ 

»in^i8Q7, to pass .a ,iaw establishing the valu^ 9t?>^^' as two rational numbers, 

^ cjt .3.1H6 . , . ' • ■ ' ■ ■ J • v.. 

* It 'is interesting to note that ^tlie decjUnal .expansion .of , jt has been 

l^l ' carried outv to thousands of deciaRi^l places by cpmputers, even, thougjh mathe- 

^J^. • Trttaticians have long known that it is an irrational, number . The fascination 

* of the expansion^ of jt has intriguedipeople since , the time of Archimedes 

^ and lythagoras-. These long, computations .ar^ jorobably of no practical, value, > 

T.'s/; i-. . ^^yt "t^^ computer has helped ^in an examination of the distrfbution of the 

^^Tf^l dilgits/^n eipatislon. Of jt* : '^^' . • - 



Most seventh ^rade students have had .experience in elementary school 
with conifuting an approximation*3t9 jt through finding the ratio of 'the v 
length of • a piece of string laid -around a circular object and .the length of 
the diameter of th'^t object. A variety o'f methods^ are available f$r com- ' 
puting approximate values of n . Often an infinite series ^is usedHo' ji^mpute 
n. ♦An example of one of these series is: ' * L.-^ 

, A value of n correct to 55 places is -given in the SJ^G Mathematics for 
Junior High School , Volume I. ^ . ^ 

The important point in this discussion is*^that nobody has any -control 
over the v^lue of jt; it- is an irrational number. However, we^ may approx- 
imate jt' wifh" rational '):Tumbers ^to any degree of aacijracy we wish. We may 
— fe lrik , of -it as^beirig squeezed or bracketed Tietween successive whole numb ei-s, 
then tenths, then hundredth^, and so"^on. " ^ " * 

- ' • • ' ^ ■ " 3 < JT^ < ^ 

3'1 < n < 3'2 

3.1^ < n < 3'15 ■ : ' . . 

. . ' / 3 '1^1 < n < 3.1^2 

In '.actual 'practice we often 'use the rational numbers , or 3,1^+ as 
approximations for ^ 

Questions usually arise with respect how to use n in ^ computations . 
If the radius of a circle is 10, then th§ circumference of the circle^ 
2nT, may be written in the form 20jt, which is a "perfectly goad number.- It 
:. is ihe product of 20 ^nd n. Numerically it is betweeQ 62 and 63; ^' • 
62.33 correct to 2 decimal places.. For manjlf^racticai purposes*, a sat- 
isfactory answer for the circumference of a, circie is -usually found by using 

oi- 3'1^" as ^n approximation to n. We say that-.,n is^ approximately * 
22 22 ■ • * ' - . 

.^.^.e,quaa,-tp, r^., ^vrit^g , n^a -Mj^^n^ 3>.I^^..-:--I^'-Vorkf ng^p;^blfras.,^ h<^W;% 

ever, we^ often instruct youngsters to use ORe of the^se values in their com-' 

^ •> ' * pp 

put^tions, and it is legitimate to say in tljis'case: "Let jt. = ^ qr 

/ 3t =*3«1^". On %he other ;hand, students tn ifhe *3unror high school 

should get lots of practice in e5cpressing answers in terms of n §is well. 




1 ^1 



0 



Class Exercises 



- ' To five decimal places \ is 3-1^^159 \, Which is a closer approximation'* ' * 



to this: 3.1i4- ^or ? 

5. .State a mathematical sentence (formula) for the perimeter of 6ach 
simple closed curve .below: * * » "* 



(a) 



. ^ S 




(b) 




' y 



X + 3 




2y 



2y + 1 



If a 'wire is strung around , the equator of the emh so that it is ^ 
10 feet longer than the circumference of the ^arth, how far above the 
earth would it be? Assume that, the,equater is a circle and that, the 
wire is the same distance, above* this circle at aljl points. Use — 
for n. . / ' • • 



13.5 




In discussing perimeiters, we s t at ed^thar"^^aenti s usually had little' 
1 - - i r'^^ouble yith th^ ooncppt of perimeter. ' *'fhlsr ia not' true ol^ the"; concrept "or 

. area.^ Asjc most people ^hat the "area of ',3 "rectangle" is, and they^ll 
. probably --say, "It' is, the 1-ength times width." Again it is certainly^con- ' 

L . ^r^^.""^ we^'can f^ind areas of closed r^ctangi^ar regions by, mull^l-plying ^ 

1 • j'y^^^.^^^^.^eP^fsentiti^ the l^gth and .the'i^umb.er^ rp^presenjbing the J^dth, ][ 
1 but;-6his -in no way cphVeys any idea of whaii 'area kally i$/ ''Lel^slnves--^ ' ^ '* 

C > tigate this matter-'in i^his section. ^ ' - ^^ 




The --term' "are^" means the tneasure of the cl^ed region of a simple 
closedvcurve. In' Chapter 11, closed region was defiii^d as being the union 



T^if. 'a .simple clQsed curve al^d^its Interior. * In. chjposing units pf mfeasui^ *Ve 
.agreed tfiat our units must be qf the same ^j. 



'^ineasjui^d. Sieref ore in^T:)WBT^' measure ci(S^sed negiqns 



a si the set of points to l)e ) 
i(>sed negiqns/we should cfioose 



1 



unit of arear*^tadents 



- some cia&^' reg ion "ST* Ctn it' . 

We may picK any "^i^bltrajfjy shape for a stands 

Jjnay. ^proximate areas by using ^'units'* of various sl)apj^s: circles, tfJjngles, 

reyr^ct angle sy hexagons, or eVerr jL;rregular shapes. This^'activdty-wi-il h^Tp 
students understand the concept of area and perhaps convince them that jjt^ 

' is only for convenience "of communication that we adapt, as a standard uruT, 
a' Globed regton -wlios^ boundary is a square with each side b^ing a standard 
unit of length. Ail\measurements of*;area*are then made by comparing aglrj'nst 
this standard unit on area. ' . • 

Students are 'contused, when tbey*, hear "statements like: "Inches times 
inched is square inches/', and "Feet^ times *feet ^is squ&re feet." Remember, 
in dealing with numlSe-r^Qf measurement, we agreed to operate on the rmmbers, 
pnd that opiating on ttip names of the un||Ss has no meaning whatsoever. 
E-ven though we hear^t^e^se statements often,, and t^y arg mnemonic devices, 
-we should probably avoid them with^ students. We 'eall these units square 
inches,^ square feet; or square' centimeters because their ^undard-es are 
squares-.- ^ - . V ^ ) i < , y ^ . *^ ^ 

, . Le^t us "agree on arf-$teni^ that -will save! us a little time a/d space 
throughottt the rest of^iSis ^Siapter. often heaj:* the phrase, "area of a 
rectan^e". We previously defined ar^ja as- ^he measure of a clos_ed^^e£ion . ^ 
A rectangle is not a' closed r,egion, even though it determines a' closed regidn. 
Thus,^ the phrase "area^Qf a recitangle is iheaningless. ^What we really mean 
is the area or a closed reet angular region. , Howev^er, this is. quite a mouthful 
. and we will l^ree^ to^rejturn to our "mathematical siang" if fio question of its 

, leaning re;sults. We us0 ,^'ar^a df a rectangle" to mean "area 5f the closed > 
, rectangular, region" ** , s. * < - • ^ « ' 

Why, then, can we find the area of a rectangle by multiplying. the n-umber 
representing th^ unit^ of .length and the number rep^-esenting the^. units of, 
vidth? Let us look aj: a Vectang4.e whose length is 5' gloops and whose 

• wi(Jth is 3 gloqps. ^ \ , \ 




5 gloops 



We^choose a closed square region^ whose side has length « of • orje gioop, ' 
and calX it a squfire gloop, *. ' - ^ * 

1 square gloop t 



\ 



Now, how many of these congruent closed square regions are necessary 
t6 completely cpver the closed r^ctaagullg^ region^ We see thBt .15 are 
needed and we may state that the area of rectangle ABCD is I5 square 
gloops , • 









-4- 

























B 



A shortcut to obtaining this area would be to consider this as a' 3 
by 5 ^ array ^and then fir^the pro&ct 'of ' the numbers 3 . and 5, This is' 
what we meani when we ^state the mathematical sentences a'= /w, or A = bh. 
The symbols A, £, and w 'represent numbers^ - and the sentence A' = /w ' " 
states tl:)at^ !some ""number * A is^'the -product of two numbers, / and .w, Thus>, 
in our figure ^|b'ove, we should. state that the area of rectangle ABCD, in 
square gloops, is I5. - , ^^ 

Again, we have idealized this situation by assigning the number 5' to 
the length and the nUinber 3. to the width. Practically, In measuring,^ we 
usually encounter paart's^'of units and either Ijav^'to subdivide Qur unit Or 
consider fracti9nal parts of unitS;.- There is a large ^ap between the idealized 
situation and the practicel situation that needjS to be bridged carefully, 'A 
simple closed^Kiurve draVu on an^)verhead' projector and overlayed with grids 
of di;fferen1^nTt:^elps develop l^his^ concept of area*, ' - ^ ^ 

. " We ^houia also) consider greatest possible error'as^t relate> to area. 
Think of physicdlly ja^asufing the length and"~vidt^i of iTl^itangie^'^ith a * 
ruler whose precision is one-fourtS inch, and obtaining approximate measure- 

. 



ments of 3^" inches and . 2^ inches 




•\ ■< 

326 

313 



' 3 1 ' ^ 
. We' rAay write the length and width in the forms, 3r ± ^ - Q^d 

• 1 1 ' ► 

^jj- ± ^ . Observe that thex,e^ is a'*largest rectangle and a smallest rec- 
tangle between vhicfh our given rectangle will lie. 




5?his may also 6e shojim by a table: 





Minimum 

r 

.Rectangle 


Measured 
■ Rectangle 


Moximuni > 
Rectangle 


Length) 
A 1 


3|in . 

. 2 


* ^ in '* 


f 3I in- 


W^dth 


4 in 


2^ in 




Area 

1 - 


/ k93 


135 _ 5*^0 _ 

i 

^8|j sq in 


589 - 
9g sqHn 



From the table \fb see that the measured area of the rectangle lies 



between Vzi- 9q*ln. and -9rr- sq.iiu The errors fr.om the reported^area of 

n28 . , ^ hT ^ . M9 ' " ^ 

ogr- sq.iti, are sq* in. and sq. in.., 

The greatest possible error for this^ rectangle is thus ^ sq. irl^ 
we can indicate* the precision of the calculated are^ by writi^ig: 

^ ^ ' . • Area = {Q^ % ^) sq^ in. ^ . 

Usually-ve Aust find the calculated area and do, not concern ourdflVes* 
the possible errors but in fields like tool design and di'afting, thej 




with tJie po 
tolerances often- are very^ critical. 



"■'.4''* 



♦Only after the 'concepts of area, precision, and greatest possible^ error 
have been established shoiU-d students spend t^ on developing the formulas . 
for finding a^eas of^simple closed curve regions. Let us now show one 
^pproach to these formulas. We hav^^statid^ha^ the sentenpes/ A = 
^ or equivalentljv A = bh, will help*t% find the ^^e^' of 'a closed rectangular 

reg'iqn. I^i th^. discission we shali''use the latter fohmla, "where^b is 
• the fneasure of the length and h is the measi% of the vi^t^ of a rectangle. 



par.allelograms, triangles, 



An attempt vill be made to relate the forrnulafe 
^trapezoids/ and circles to this. ^ • ' . \ 

If we are^ giyen a ^oder of a r^losed region 'representing a parallelbgraA, 
then th"?s mode^ may be cXit and reas;sembled in* such a w^y so as to make it^^x 
loM, rilte a^closed rectangular region.' See the fagtires below. 




It may be proved, that the-^figure^on/the' right is indeed a rectangle 
whose area is given by %e ^P^^'O^^^gf' bh. Our Subdivision Property/ which . 
tells the Jwo ^reas are. the' same, now aljJLows- us to state that "th^ formula 
for ^ the area^6f^t1ie^£ar^lel5gr^^ is ^so giyen by the formula bh. ' ^' 

Areas of^triangles jnay. now be irelated^to areas of parallelograms, ^Think 
ofamo"del'of any closed triangular regfojO,/sUch as is pictured, below. The 
^ height of a idngl^ is defined as bein^ the length tha-perpendicular 
from the vertex T ^to the base 




QfoAsider another modet, . AiR'S'T','* congruent 'to A i^T|t<|t»d place! ^t- 
ti^ -position Shown b^xov. ' . ' . 




315 ' . 




It can be proved tha"Gr figure RSR^T is a "^rallelogram, but we wili accept 
this as be-lftg true. Observe that -^he area of parallelogram RSR^T, A = bh^ 
is twice as large as the area ,of the' triangle-. Therefore, we may s-tate-^fche 
•formula for the area of a closed* triangular region as A = . 

^ Moving on to the area of the^ closed region of a trapezoid, we shall 
need to add a little notation. A trapezoid has two sides parallel, and 
both are often called^ases. 
the following model. J' 



Let us call the bases b^ 



and 



* W 





t, 



If anothe^y^^^del congruent to WXlffi is made^*and placed as, cin the dxa- 
~gram_fee3^, it i3 possib® again to prove 'that the resulting fi^gure is ^. 
parallelograjn. We' will accept tnis as true, -also.^— 



i 

7 ' ^ 





5he ate^ oV this^ paralle]|ograjn WS'W'^ ma/'be^foun^ as 



the height anji oase.* As the length of the^ base .>^may^ be egcpres 



1. 



he produ 



ed as (b^ + b 



,^ then the formjila for tht^^area of the' larfeer figure may be expire ssed as: 

A ^ (b. + jDgjh. . Hbvever^ the two trapezodds were congruent, ^*d our.^ea, is, 
again ^ twice' as'Xarge as we wish. Therefore, the formula to hdlp us find the 
'^•i area of our original trapezoid 'may be stated as: ' , , 



A = 



^■(b^ + b^)hj 



■316 3 29, 



• The last formula that we will develop hejfe is the one for the method of. 
computing tlie area of a closed circulaij region in terms of the xadius x^f .a 
circle. Inhere are several possible^ approaches, and many are -dlbsuus^d in 
SMSG ^ Mathematics for Junior High Sghopl, Volume We hfv-e said that we 
would relate our formulas to 'the formula for the area of a rectangle*. ^Let us 
pursue this train of thought by trying to transform a model. of a closed cir^ 
cular region into a model of a parallelogram, then allying the formula. 

Let us imagine drawing a large circfe with several' radii, as sbown. 
below, so that all the central angles are congruent. - For* convenience we 
chose 16 central angles. fJot'e also ^hat two semicircles are fo^ed. 




Now imagine cutting aro^fid ifhe circle, then cuttfng it in two, then 
cuttiVig^ along the dotted lines. Eight of these an^uldr portions should, 
look something lil^e this^when carefully laid out: ' '* c « 




r . 



If both portions are cut in this manner 'and fitted stogether, then we would 



have something. \ik^ tjie figure ."^e^ow 





%e upper and lower boundaries o't.the. complete^' pattern have .a scalloped^ 
^ ' ' •^app^ai'anc^. I-f, in the samel manner, we cut the circular, region intp smaller 

I'.' s^/i smaller slices, it vould seem that .the b^daries .would, approach the 



'~ - 317 



330 



appearance ol^*the followijig figure: 




But this >5 a rectangle and the area may founS by the sentence A =.'bhl 
All we have ta do is determine the measures that correspond to b and h . 
Do you see that 'the measure of the base will be approximately one-half the 
measui^ .of the circumference? In the last sectioa^ "i^he relation of the cir- 
'cumference to the diameter and the radius wa^ stated' as C = nd or 2nr.^ 
'One half ofL thfe circumference then would be just nr. Now, if. we c'&n state, 
the height, h, in terms of the radium, we will have our problem solved. 
Notice, however r the measure of the height is the same as the measure of the ^ 
radius of our "original circle. ^ Therefore^ in the formula A = bh, we may 



substitute jtx for 



"b^ 



and 
•A 



or 



for 



r • f 



obtaining: 



A - nr . ■ ^ _ ^ ^ 

This is the well-Known formula fof finding the '"Strea* of a ^a:r^cle. Bemember, 
this has been stri(^ly an< intuitive approach .thais se^ms to suggest th^^om- 
ula for the a^:ea of a circle. Nowhere have we proved that^^this is true. ^ 
We shall leave the proof for- later courses in mathemati.cs . 

We have developed a few of the more familiar formulas for^areas. Many 
Other, simple clgsed curved regions may be subdivided into these common figures. 
§0 that^their .areas may be ,corapu-J?ed, \ ^ ^^-^^ ap]^roach and these 

f^ormulas We nit tVi only ones; there' ^re many ways to present these ide&s. 
We have taXen.a strictly intuitive appk*oach, but students will encounter more. 

• M ■ r ^ ' ^ i * . . 

sophist iqated-' methods as "Bhey c ont in tfej their Mathematics education. 



^ 1 



Glass Exe!rci^es 



7. In a rectangle, does the length always have to be longer than the 
width? JSkplaln. * - . ^ . . \? . 

^ - . . ' ~ - - '--^ 2 ^ ^ ' "/'/^*'* 

8, How '^rouid yoCi justify the' statement*, A s , as the. aS*ea f orhiula 

for a closed square region? - ; \ ... 



If a fanner has 100 feet of fencing, what is the a^bximate area . 
of the largest garden iie may enclose With this fence?. 

; 



,13-^ Measurement "of Solids - . " - ^ 

The concept^of volumes of solid regions is a bit more difficult than 
thai: of areas of plane regions primarily because students have trouble^^.vis- 
ualizing solid regions vhen the diagrams of these are always in a plane. As ^ 
was suggested in Chapters 10 and 11, sketches and models of solid' figures 
made Isy the students will help th^\nderstand three dimensi®nal space better. 
i|^*^1nie-.u$e 'of " i'-incf^?^ubical blocks to "fill" a model 'of a solid, models of ^ . 
a cubic foot, a cub^'ic yard, and so on, also enable students to picture the 
volume concepts a ^Ui^tle clearer. 

The discuss ion, ^^t^ previous section relative to area al§0^"apl)l^^rt^"^s..^ 

* volume, and ye^will not spend much time repeating 'many of these topics. In t 
other words,^we should proceed with students in a manner simii?ar to the way 

^n which "linear, ^angular, and hvea measurements were developed. Let us 
brief ly -ment ion these 'ideas again. 

Recall that^ we have said .that, theoretically, a continuous quantity may 
have an exact measure, but that pr&ctically it never doe^s,^ For example, we 
, are talking theoretically when we say a segment has a length.^ We are talking 
practically when'^e say its length is a particular measure correct to a cer- 
tain number of places. We have also sai4 that the Set to bfe measured mxift 
be measured by some, unit of the. lame kind: a unit segment to measure s^^ment:?, '"^ 
a' unit angle to measui*e anglesv^" and a unit closed region to measure ciose|i ' " 
regions. Sirailarlyr we nfe^d to choose some unit solid to raeasur^ solids*] * I ' 

Let us''ipause fpr a m6ment and consider our teiminology* In Chapter 11, . ' t 
. we did not Refine r:|'ght prisms because the ideas of, c6ngruence aad angle • 1 

* measures liad not been disgusted* A Vi "hi prism is a prism in which t]|ie lateral, 
edges are pe;rpendict£Lar to the bases. All lateral faces of a right prism are 
rectangular regions*' A right rectangular prdsm is a prism whose opposite 

'^/a'ces are congruent rectangular regions . The term'' right, rectangular solid • 
> will" refer "to tlie set or points consisting of a right 2*ectangula?» jprigm and t 
' its interior. The volume lof a particular solid is the ^number assigned td the 
\^ measure of the space 'it ocpupies* We will usually speak' of th^ volume of i a ' I 

* right rectangular prism; .iDy this we really mean the voliune of the correspond- 
ing soljLd.^^In other words, the volume is associated with the solid ar^d not \ 

"with the surface which bounds -the solid..' "* * ' • 

- * » ; ^ i , . . . , ^ . / ) ' • , 



. • A cube may b"e defined as a right rectangular prism whose edges are sii^ ^ 
cong2?uent. A cubical solid is^he usuai choice fpr a unit/of' volume ^ and 
through discussion with st/idents^ they soon realize that this is the pi^^> 

'f erred unit . , 

If we wished to fimd the measure of th^ surface^ of a solid^ this would 
be'^palled^he surface ao^. Surface area/Villotf^d discussed here except 
to say that the aijeas of^he faces, of a. solid ^gure may be found as in the 
last spction^ then -^he suif of these aj/eas^ i^ould be the surface area df ouj:. 
solid. Students can often be h61ped/in determining surface areas by/ "opening 
up" the paper models oil the solids/they have constructed..' j 

Two other aspects that we di^squssed in detail previoiftsly and that should' 
be related to volume are the development of the standard formulas and the 
greatest possible erroK Let/us consider the formulas first. The volume 
of a rectangular solid is ma4sured by the number i X^w x h, whe:^ » 
w| and h represent the nfeasures of lengthy width; and height in.the same 
units. Tnis may be expreySsed by the familiar formula: ^ ' * . 

' V = j^wh." 

< -* 

7 

Since .the measure^ of thfe area of the base is equal to " X w '\ we 
frequently jsay that t^i^e volume of a right rectangular prism'is the product ^ \" 
of the' area of its base by its height Letting B stand Yor the measur^^tji^,^ 
the area of thp base, this becomes; V = Bh. ^ . . " • ' 

The importance of developing the concept of volume before the formulas', 
, cannot be streiiyyd " Loo much. Students do not really i!eed formulas if they 
understand th^|^Concept; they^can always develop their own recipe^, if volume 
is understood., ,The formulas, ^ta-^e ^ in cc^ncise mathematical sentences hqw ' 
-deal with the, numbers involved. / *A \ ' ^ • 'I" ' ' ' / .^ii.^ 

^ " Just as^the formulas f^or areafe of closed regions were all related 'to ^• 
the are^ of ^ 'rectangle/ the formulas fdr certain other volumes could all 'be 
related to tl^^ volume of a right rectangular sol^d..^ We-rna|r first ,aonsiidei\ 
right prisms f^ith dif f erentf .shaped^tase? and see that the |-|olume is equal to ' 
•-the area of- J.ts base tarries its height: ' ' ' ' * . 4 ] • ' 



An oblique prism such as pictured in the drawing below 




may be thought of as a deck of cards which has been pushed into an oblique 
position but still having the same volume as the corresponding right prism. 
It differs from a right prism in that its ^lateral edges, whilq still con- ' . 
gruent, are not perpendicular to the^ba6e,s. Also it§ lateral faces are not 
necessarily* rectangular. \ ^ ^ 




\ 

The qnly word of caution needed here is thal;^ we refer .to the height of this 
oblique prism as the length of PQ, ' nA the length ^f a lateral edge. 

The sanie approach with slight modification gan made to apply to 
volumes of cylinders. . . . i ' 



\ \ 




In each case shown above, the volume is^ given by tj^e product of the area of 

the base and the altitude. The right circular cyilnder^ on the left has 

" £ 2 2 ' ! * ' 

volume given by V = jtr h, where nr. gives the jarea^f the base. 

'^'^ \ . . ^ . • . 

We may jstate in general that for ♦ any prism OTj cylinder, right or oblique: 

-''^^ * ' V = Bh . * I , - . , 

'\ Formulas for volumes of solid regions bouodedl by pyramids, cones, and ^ . 
spheres are more difficult tc> justify 'Ji^ the way t'lat we have been proceedings 
and these ard nc5t often developed for seventh grad** youngsters. We may, 

fc ERJC 
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/ 



\ f 



• - 

r 



however, make the following "relationship bi^tween pyramids and prisms, as well 
as cones and cylinders, plausiblj^ by using hollow models and water or sand 
to establish ^the^ relative volumes. By this method we can show that 



for any pyramid or cone: 
Study the figures below. - 

(a) •. • . 



'(b) 




(a) The volume of a pyramid is one-third the volume of 

a corresponding prism. I 

(b) ' The volume of a cone is one-third the volume of a 

'corresponding cylinder. ^ ' . 

' - • • ^5 

The volume of a sphere ma^ be related to the volumes of a cone and a 
cylinder in the following manner. If the radiu^ of ' a sphere is . r. think 
of a right circular cone and a right circular cylinder each with Jhe*. 
same radius r and each with height equal to^he diameter of the sphere, 
expressed as . 2r. Consider hollow models of^pfch as in the drawing below. 




< • 1 




RJ.C 



^ Noy, if we asked' st.uden-J^s to, perform, the fcjllowin^ experiments, certain ^ 
results would seem to be indicated. If the cone is fi:j.led with s'and and this 
sand is poured into the ^cyl^inder, we Jcnov^from tjie previous ; experiments, the 
cylinder will be about' cJne-third full. If the sphere is also filled with 
-"sand and then emptied into the cylinder w^ich is/already' one-third full with 
sand from the /Cone, the cylinder will appear to be completely full. Several 
trials will convince students that the volume, of i the sphere seems to be * [ 

. two-thirds thatfof the corre'sponding cylinder and twice that of the corres- 
ponding cone. ,"S^^ce the radius of the hase of the cylinder is"r and its, . _ ' 

'^^5e48lre*lT"2V>WYolume Bh-fs .'. . ' 



322 33^ ■ , 



Therefore, the volume of the ^sphere is 



, ' -V = I X (jrr ) X (2r) ^ ^ . > • 

' • ' or * 

' . ' If ^0 

From this ^xperiihent, we are fairly sure that V = r* jrr-^, but remember 
that we still have not proved Lt. A physical measurement^ can not prove a 

^mathematical idea, only suggest it and suppoH it. We will leave the formal 
proof of this for a more sophisticated" course in mathematics. 

Th6 other aspect we mentioned earlier regarding greatest possible error 
is the last topic in this >section to be discussed. Recall that we observed 
that the multiplication of two numbers used in measurement quitiiLiy increased 
the greatest poSsibl^ error. The involvement of a^'third number in computing 
volumes quit,e* radically increases this again. A' large amount , of classroom > 
time probably should" not be spent on this topic, and the use of an .overhead 
projector vill help-accelerate "the presentation and understanding of greatest 
possible error as related to volumes. For example, consider' a right rectang- 
ular prism measured with one-half inch precision with the following dimensiCr^: 

^/=lo|±^, w = 3|l^, and h=5±^.A table similar to 
the one used for l^ectangl^s in "Che preceding section of this chapter could fee 
drawn beforehand on the overhead projector and completed by the class. This 
method would show the development of the problem and is quite effective. with 
students.^ We will not do the mechanics of the computatiot?, but the greatest 
possible error in volume hefe is 27. 89 cubic inches. This seems large for 
the measurements originally made to the neare-st half- inch, but illustra-fees 
the xapid inc"rea^e possible*- in such calculations* 

Class ^Exercises ^ ' . ' * . ^ . 

10. Suppose £ and w of a right rectangular prism are each 

doubleli and the lateral edge left unchanged, ^at is the '"-^ • 

^fect on the volume? ^ * . ^ * ' " * 

11. V/hat is the, effect ^on the volUrae when each of * ^ , and h of ^ 
a rectangular, prism is doubled? * *^ . * , 

^ ' . • ^' . 

12. The sides of the squere base of*a pyramid are .doubled -and the 

height ^is halved-. -How is the volume affected? s 



J ,. o . . . - 

13. ^If a truck is called a 5- ton truck when its ^capacity is 5 cubjc 
yards', then what is. a truck called which has a body 6 feet wide by 
9 feet long by 5 feet high? . , . " ^ . 

lh\ -Compute the greatest possible error in ^the example given in the last'""'' 
paragraph, if the measurements are' made with one-quarter\inch precision/ 
' ' i-e^.. ^i^- I ^ ^ = 3| ± I , and h^= 5 ± J . \ 

- 13-5 .^^Q^ciusion ^4 . ' ^ 

^ Several topic! aWut geometijy, b<pth"m^tric and nonrae'tri(5, have not ' ** 
beerv mentioned in these last fetv chapters, but rlo^^because they are.unim- 
. portant. We should not be left^with the impression that <^nlx lengths^ angles, 
areas, anS volumes are measured'. !^me, weight, and mass, as ^v.ell as other 
quanflties, could have been presented here, too; but a discussion of one 
. topic ^ 1 ike ^ are a was considered la depth rather than lightly covering many 

id^a§/ Many definitions wQit not stated^ either, but may be .found in 
• SMSG Mathematics for Junior High School , Volume^^^I^ It is hoped that the-, 
pjresentation here will furnish you with methods pf introducing these other 
topics to studentfeT Much of this me^erial on measurement has always been 
included eVen in^^e, most traditional textbooks, but students often /have^ 
-r'not reallS^^lunde/stood th^ concept^ involved. o / / 

0 As you have probably observed,- measurement is the .vehicile by wh/ch 
mathemdtips ib related to the physical world, it is the language, of 'kcience . 
In^resiing'eiiamples of how mathematics may be introduced through mea\urement 
^ and scientific experiments may be found in tie' SMSG <publi cat ion.' Mathentatics^'' 
^^Qgh Science . Students ^'should find in tbil book somef different approached 
to the ^development of some-of their mathematicsa' concepts. -1 . 

Scientific and engineering problems are requiring more and more precise 
''meas^ements and measuring devices, and. new units of meajsure are invented to 
meet '^-Biiese needs. For example, an angst'Bogi is a unit of length which is 
one hun^d millionth of ^¥ centi)[neter, and-a'.micro-secpnd is -a unit of tim.e . 
which is a millionth of a second. These units..are ve^ry small* On the other 
^.^^^^ astronomers ^also need very large units ^Ach as the light year VhicT^^?!^ 
the distance flight travels in one y^ar at ^pj^oxlmately l86;O0O miles" per - 
second. ' ' • I \ ^ - ' \ 

. Students should remember that measurement is always approximate,, and 
answers are expressed to the nearest unit, whatever unit is being used. 



Also, a decision must be made by thfe student as to which unit is 'the mgs% 
appropriate for any^ particular problem', ji^venth grade youngsters should 
b^gih to have .some exposure to a few of^the unfamiliar uhits of measure as 
well as, the relationships between these and the more co&on ones.'^ 



Answers to^Class Exercises 



1 ft. 



10^ in. 



2. 
3. 



5. 

6\ 



0.955 ni. . 

The second problem ig easier because we can use the ^standard base ten 
division algoivithm immediately ^ 



3y is a^ closer approximatiQn to 
(a) P'= i^s ' 0 (b) P = hx I 6 



n than 3.lii 



(c) P = 2Tc'(a + 3) (.d) P = lOy +J 



The wire would be ajJprgximately ^ or l|^ feet ab^TC"*^e eaVih at 
all points. The circumference ©f the earth can be represented by^ CI = 2n 
If the circumference is^ increased by 10 ft. then the radius is increased 
by X ft. and we Have \ 

'^.lO = 2n(r + x) . ^ 
But S/ G + 10 = 3nr + 2jtx ' ' ^ ' 

thus ' , * 10 = 2jtx ' * and x 

It is interesting to note that the prQblem can be.solyedl 
knowing^ the ^radiu^ br circumference of*t^e earth. . 




ing longer than the width/ 

^ 'i<r HZ 



In everyday usage wq think of the length as 

but it QiakeSj, no, difference jzhi^k is the l^ngtlf^^and wlr^ich ip tl^/wii 

because ^this may be interpreted as°an application of the commutative * * 
property c5f multiplication, ' 

Usi/ig .the formula for the area of a rectangle^: A = / w, and realizing 
that a square is a special kind of rectaJigle, ^lows us to substitute 
s . for botU' t v» 

9?^' ^It.i^ a closed circular region with an area of appro^timately 795 square 

10. The^ volume is h times as great. ' . • ' * . ' 

11. * The 'volume x§* 8 times as -great. ' - • ' ' , ' 

12. - The volume is- twice a& great. " - 

13. It is a lO-ton- trupk. 
'329 



f; 'lJf. ^13 ^ or . I3»6i+ cu.^'inch^s. 




V 



2. 



Chapter Exercisea 

jnxe measures of the sides of a triangle in inch urjits are 17^ I5, and 3,3., 
(a) \l^at would be the measures of the sides ^i^* measured to the nearest^^^-*, 
foot? ' ^ ' . " ' 

(b; Vfiiat;is the me assure of the pexiraeter in inches? In i'feet? 
• (a)*^ How 40" you ^p2,ain what seems to-'be an ;Lnconsistency? 

Which planq region has the greater area - a region bounded by a 
-square with, a side whose length -is v3 inches or a region bounded by * 
an ^q^ii^^l^^^i^ngle .with a sid^ whose Igngth is k inches?- 

• Here is prbbl^ which your students might do: Take an ordinary 
half dollar. / . 

*^^'(aL' yr,avV;^^outline of it on a graph paperlgrid with unit ^ inch. 
tV^ . , . . ^ , - . 10 

' Est imat^tl^e. area by ui^g the'' grid. ' ' ' i 

<b) Use 'thread to represent t^\e circumference and radius-, measure- 

"V, them on the graph scale, arid^use tiiem to compute the area. 

'(c)- Compaa:e^ the two results. , ' • * . 

(a) - -A child measures ^ .rectangular prism with. a ruler whose unit is- 
an inch and obtains these. -me^su^ments: length, .5. inches; width, 
^ 3 inches; height, 6 inches. What* is -the volume? 
(13) The same prism^ is measured with a ruler whose unit is 0.1 inch. 
The length is now reported as 5.2, the width* as ,and the 

. ' -hei^t as 6.3 inches. What is^t'he volume? 

I' (c). How do you e:q)lain the large discrepancy in 'the answers to . (a) 

^""^ M ' 'J * ' ^ ' 

A cone has^heigh"^ 12^ feet and base^a circl.e of area "6 s'quare^^eet. 
What is the heigi:jt of 'a. C3r;i^I3l6r whos6 *base and|voJ$me4re' equal" to 

'>J.v.that of the cone^ ' ^ > , * . I ' 



r 



Find. the volume of a ballbearing wl^ose raddus ia 0.1 inch. '* 

JUhe radius of an Unopened tin can is '2 inches fand the height is 
3 inches V « ^, ' T' 

,^(a; What \s the pircumfel;ence of the base? ' * 

'-(b)' What is. the volume ,of^he can/ ' ^ } ' ' J 
, (c)* What is the tpt^L surface. area of the. can? ' ' 



A rectangular prism is measured to be .10" by 8" by ^ 6" with 
1-inch precision. ^ 

(tg) What 'is the smallest 'possible measure , of the tnie leffgth? 



Width? Height^ 



Si. 



(b) What is the largest possible measur^ of the true length? Width? 
* , Hg^ht? - 0-^ . ' . • ^ ^ / 

(c) Kh9,t is "the smalt^^ possible measure of the 'true volume? 

(d) Whai is the iargd^r possibly measure of the true volume? 

A. ' 



9. :(a) . Consider a model t)f a square region with -a side o^^ 8 inches 
and cut along the lines as in the diagram below.^ What uas the 
. area of this square? ' ^» 




(b) The pi|^,s.aut ^from the^are^SJ!;i,be plaged^go. form a v 

rectangle similar to the following. What is the'Wa of this^ 
rectangle ?'~ , y - ' - - *^ - ^^t.^-^i^^' 




Note: Students enjoy tTiis ^problem, ani Invent several theories abou€'., 
why •this paradox aeeras to happen. ' v' ^ 

^ ' ^ ■ ' ... ) ^ 

10. If the radius bf a circle is d6ubled, .vha^ i-s^he effect orv the 



circumference? What' is the e•ffect^orv the area? 



V 



CSiapter ik .... 

/ ' DESCRIPTIVE ^^TISKCS ArjD PROBABILITY^ f 

t 

' Introduction 

The gathering/ sunmiarizing, and presenting of data is an important and 

, common activity ioday. Information is presented 'daily in various media by 
tables, charts, and graphs. A variety of descriptive terms are used to sum- 
martzfi;.-l^Pge-^antlties of data. Whi^e ^ost people are not directly concerned 
with* the prepara-ttion of such data, every educated person should have some 
ability to correcijly interpret statistical data. For this reason descriptive 
statistics is introduced at the junior high level. The main points discussed 
here ar,e graphing^ of data, and measures of ceiatrg;. tendency and dispersion ."0 
In each case solving problems of this nature gi^?es students an understanding 
and an ability to intei'pret infomation more clearly. Having made sevei*al 
brofeea liae graphs and bar charts, they f inS little difficulty in reading 

. and^ interpreting such graphs * - ^ , 

The gathering of (^ata may range from simple reference .work such as 

'looking up previously recorded info^atidn,' to the more sophisticated random 
sampling procedures used in various types of quality * control. Although we 
will^not be concerned here with the problems of sampling, students are^ quick 
to see some of the flaws inherent in different sampling methods' and enjoy 
diswssing ^his topic. Information for such work is easilj' obtained. Student 

* heights, weights, dietanae from home, number of brothers and sisters, ages, 
/''^^^ are 'all e4sily pb tain ed 'and lend -themselves to statistical treatment. 



lU.l ^ Gjraphing 



^ ^ ^ Hav%)g obtained a set of data by some meVxns, we' are usually confAnted 
with the task of organ'izing and preparing It^for presentation,- Oft^n, ,sets' 
^ of data may be presented in tatle form as the example below. However, it \ 
, is usfualljr difficult to abstract information f^pm" tables, 'q^aphs.ar^en- 
: erally cle'a^r, easier to read, and often show relationships not readily 
/ apparent, in a table. ^ ' * * 



Population Facts About the United States . 



Census 


. . Population ^in 


' Increase in 


Perceni^ of 


Years 


^ • Millions • 


Millions •■ ' 


Increase 


• 

, " 1790 


3.9 




i 


1800 




1.1^; ■ < 




< I&IO 




1.9 


36.it 


' 1820 


9.6 


2.k % 


33.1 


1830 


. 12.9 


3.3 


33.5 ^ 


lO40 


. 17.1 




32.7 


1850 


. 23.3 


- . 6.1 


35.9 » 


i860 


31A 




35.6 


^^^^ — TA7r\* 
' 10 fQ 


on R 

39*o 


0.4 


2a. 0 


1880 


50.2 » 


10,4 


^ . 26.0 * 


1890 > 


^2.9 


12.7 


^ -25.5 


' < 1900 


76.0 • ' 


13.1 


20.7 


■ 1910 


92.0 


16.0 


21.0; 


'^20 


• - 105.7 ' 


13.7 


. 1U.9 


' 1930 


122.8 


17.1- 


.16.1' 


19^0 


131 17 


. >^^" \ 8.9 < 


7^2 


1950 


150.7 


. 19.0 


1^.5 



The broken - line graph is a common way of picturing jiata. Such a gi*kph 
ia made by first locating points on graph paper and, then connecting them consec- 
utively witK line se*g|inents. The^graph below shows the data in the table 
given previously. Here it is easy to see the ^ changing rate of 'population 
increase, the decrease iih rate during the^ 1930*.^^, . "^he population iHj^the 
years labeled, as well as an approximat*i|i\ to the'/j^p^lat iqfn at any given time 

Students^ generally need help in vthe^preliminarjC^w/^ ^hich mtusjs be done 
before apy actual graphing takes place. One of the-'*b^iggest prpblems in. con- 
structing broken-line graphs is deciding upon "the scale. How* much each unit 
spade should represent so that the graph is of the appropriate size must be 
decided before any point s^^ are pul on the paper*. Some students will even need 
step by step instructions^ as to how, to decide 'bn tije scale to be used. Such 
directions as, "courit the number pf spaces available, divide inio the JLargest 
quantity* to be i^hown oa the graph paper, and round ,off to the next larger 
unit," * may be necessary. ' ' ^ ' - ^ . * 

gar graphs are another way of representing data graphically and are. also 
relatively simple to^construct. The , same 'problem of stealing occftrs as in 
draMng a broken -linj:^faph. "^Once they have mastered the basic techniques, , 
stlidents mainly need .'practice in making neat, clearly labeled graphs wWch 
display the desii'^jd inf oiroation . ^ 



Circle graphs* are still, a third type of graph with which stu^ervts must 
be famili^. The:^r preparation requires *the use of a protractor and some"' 
calculation as to the' size ^of angles needed in a particular graph. . Ratio and 
propc^ion or percent are usually needed. , Thus to prepare a circle graph of 
the data presented in the^t^ble below we need to 'determine^ the size d£^each 
angle. * ^ \* 

Fruit Preference for Lunch 



Apples 


8 


OrangQs 


12 


Don*i care 




Tojal 





^ 



To do so *e heed either the percen^^ or fractional .part jof the total' each 



observation represents. 'Both are given below. 



Apples 
Oranges ^ 
Don't care 



Total 





Fractional 




Number 


Part 


Percent 


/ 8 


1-/6 . . 


16' 2/3 ^ 


12 






28 


J ■ T/12 


/84/_3 ■ 









^ Sim 
* * 

D^rees 

^ Bo 

210 



In either" baS^ we'see that' an angle 60^ tflll repx:esent>the^^^ votes!-" 



fx^r apples, sin^ 



V of 360 is 60 and 16- percent, of 
Of eoXiirsej..alT\problems;'will not give such exact results but roundipg, _-pXt.»^;a 
the 'nearest .degree will, usualiy as' .accurate as necessary for most -grapl^^V . 

Fruit Preference for Lunch . ''vt^-K^< 



Class Exercises' .. ' ^ 



^ .Use -JJie figure below, to answer questions l-3o.. 



■ \ 




1. 



'Ji/hat percent "Of ^he circular^ region is region A Y 



HoV many 



ees should be. in the central angle if region C is to be 

v. . . ' 



3*4 2 P^.^cer^l'*o£ the total area? 



If, 



i^S^he^ same sT ^'^ as ^ CT li^w iSany degrees ^are in tl\e central angle 
of region B ? "^^^ 

^Make a broken^llne graph to show a po^ssible trend in the 12 successive 
tesT" scores given: 72, 8o, '"^^'^^S^^^^ 98., 75- 80, 100, 6?, 11. 
•5, Show the'data in, exercise \ by,.'rrfeans a bar graph* ^' - ' * * 




V 



.V? 



Summarizing Data ' ' * ' ^ • 

Although informataon preseftiifed in graphical form "is often easy to undei*- 



'^tiewa, we'^ay w^nt^^to Xn6;^ mofe^ aboiite i^he 'Two (Jttestioni which generally, 

i,^ ' arise are, "What is an, average or- typical fiigureV" and, ''"How mych do the * \ 

observations diffe^.from this average?" In tfife/f3(rst question we are looking 

. for. a sinjgle^tumbei' which cam* be used^Jo represent ^1 the data. In the 

secOTid '(}ues1^h v/ are concerned^ with how "bhe vaajibus observations are dis- • 

tributed about tnis average ♦ Some dtts of .observations are 'spread over a >^ 

. wid6 range while some may b^ very close togei^heA* The* terms used. t(5 answer 

* / ^ * ' • * " . * ^ 

Mshe first^ question ^e measures ©f central i tendency^ . The iTerms used to, 

; ^answer tHe second are' measures of dispersion ,- } . . . 

' .Mathematicians "have th^e technical terms used to measure central ten^ . 

^eiT^y:: Tlir - y^jun^ rffr»nn^ mn^iftn^^ anr^ mnc^e^ . v .fir.\ nf thd three give^ a number ^ 

WTiich in some s^rfse may serve to represent all the data. Unfortunately, 



eac^b is ad^pciated with tjie word "average". 

^ The m^atl or arithmetic mean jis what most people generally tlHnk of ^hen 
^ they use tjhe word "average". ^Ihe m^ of a group of , numerical obserS^atTons" is 
.^calculated -by adding all the observations "and dividing that, sum by the number 

of observations. Consider a small company of nine employees with salaries 

as shown, below. Mding the salaries and di^ri'ding by nine gives a. mean salary 

,of . 41^,000 . . ' 



$.0,000 


(President) , 


♦ 


35,000 


( Son-in-law) 
0 




10,000 


r ( Vi'c^ -pre s ident) 




' ; 9,000 


(Custodian) 




?,000 


(Treasurer) 




' 6', 000 


(Designer) 




5,000 ^ 


(Salesman) * , 


r 5,000, 


(Salesman) 




1^,000*' 


* (Production) 





Although the mean is frequently used-, at times it ma;ir be^^isleadin^;;_^In * 
attempting to recruit a iev employee to 'the xiompany, it was pointed out that ^ 

. the '^averageV salary in the company was $11^,000 * It is true that this is 
the mean s'alary, and the 'aVe rage of $11^,000 dge^ in a way represent all' 
the data. On the otKeis hand it seems misleading* and we arechot comfortable 
with^4t^ince .seven of the nine salaries are less thBn this average salary. 
Thi&^is one' characteristic of ^he mean. It is sensitive to observat?.ons such* 
a§ the president's salary,^ which differ markedly from -the others. 

^ Another type of average, not affected by a ffew observation^ wHidh deviate'' 
markedly from*the othei's, is the medi^. * ^ ' , 

- The ^gdian is ^'efined to -bf thfr^3nidd£kf numt>er ^^hpn^data is ordered w±th x 
respect to size. If there is no middle 4iumber7'*as'' is''thei:ase Vhe^ tte total 
se^ contains an even number of elements, then the median- is the aritHmelic' 
mean of the two middle numbers. '"Thus, in the example above, 47,000*' is the 
median salary. This, seems to be a more significant figure than the mean 'in 
t-his case, sinq^ now halT'the salaries are higher (or equal), and^half the^ ' 

^^salari-es are lover (or- equal). ^ You..^ecognize thS' median as the; 50th ^per- • 
centile, ^*tefm used in reporting test data. N^tick'thUt the median would 
remain unchanged even if the'President's salary were doubled, .while ?h6 ' 
mean woul^J. be changed sharply to $19,000.' We shou];cC not fault the mean"-Tor-- ' 

being affecte'd by individual observations} i^ may be .that this is the exact'- * 



.point we wish to empha-size 



V' 



f 



often in a grioup of^ obs^Wations. 
^5,000 . Occasionally, 



still another measure of centr^ tendency is the mode IJie mode is 
defined to be the number which occur^s mo^t 
Using our previous exampre, we see |ihe^ mode to be 
a set of data will h^ve mfcre than p^e modi. 

Thise; three measure^ mean, i^edian, Und mode-, are m used ^at time^ 
to descr^^be. central tendency .y. Any i time Reference is made to an average we 
4nust under staM whali measure is being used. Either careless or deliberate 
misuse 'Of these terns can lead to '^erroneous conclusions. Thus the saying, 
^ "Figures don't lie, but li^ars figyip." _ ' , > 

/it is'importailt for student J to realize that very different seta of data 
may^'have the s^ measure" of^'entral tendency. 'Consider a second company of 
nir^e.employ^ees. Salaries for tV^'is companyV -Company B,. are listed with saO.'- 
allies of the previous company. Company A, for comparison. - 




Company A 

10,000* 
9,000- 

7,000 
6 '000. 



^ i ... 



^5^000 



Company B 

19,000 
18,000, i 
17,000 

16,000 

' li|,000'' 
. 12,000 , 
ll,O0Cr 
'^10,000 
^,000 : 



» ^ y Examining the salaries a|>displayed in tabulated ftfmi shows a very 
1^ "^^^V structure; for instance the -lowest salaay in Coiqjany- ,B. is 

—I greater t^an'the^five^owes^^ <^ '*he_f ther'_hand,„both ^c^^ 

■ have-the ■■same 'mean salarjr, 4lk',Oob , important -difference between these ' . 

two' situations is. the difference between 'the highest anV lowest salaiy 'in 
each case. In Company A this'.difference is ^'HjOOOjj.Wile in Company B. 
it is only $16,000 . This number, /the diff e:^nc^. betlefen thl largest and ' 
smallest number in a set of observations, is called the range. ' We see thai 
.the smaller the rarfge the closer ^e fndividual members of the set are to*the *. 
, measures of central tendency;- ' that ''E^ the closer 'they "clustei;" about t^e 

^m^m. The yange' th^ gives' us some indication of" how the "^ata is distributed . 
• '%Bdfnt'irhe mean. --It.-M a:'-me^^ur€ of disEP^-§ion.' ' ' ' ' ■ 

measui-e of disp'^f-sion is'tfie average deviation from^the me^. 
The average deviation is comp^teS % finding the dif^prence between each 



-'.V 



335. 



numbly and the mean, and then if ind^g the mean of these differences. ' This 
gives us "on the average" how much each individual observation deviates fi^m 

the mean . • • ' ^ . . - » 

* ' * ' I . ' ^ ' . ' 

iLet us refer again to our companies, ,each with a mean of ^lU,000, and' % 

i ' - 1 * * 

compute the average deviations ii> each case. • * 

Company A/ , . Company «.B 

(taean $lU,0<DO) (mean ^1^,000) » - ^ . i 

Salary Deviation from mg^n ^alajry Deviation from m^SLn 

^5,000 • 31,000 19,000 5,000 

35,000 2r,oQo , 18,000 u,o6o 

10,000 U,000 17,000 , , 3,000 

9,poo / 5,000 * l6,000 2,000 

7,000 TjOOO ' 1U,000 0 

'6,000- &,000 , 12,"000. 2*000 

5,000 9,000 ^ 11,000 ^ 3,000 ^ 



5,000 , 9,000 10,000 >,0( 

4,000 ' ^ 10,000 9,000 5,000 



' 101^,000 • ' 28,000 

Average,, Deviation Average peviation 



^'■i. si! ^ J. ^ . 



» \ 

Here agsiiii the relative sizes* of the average deviations givet^^^'i^ 
mation on the scatter of the data- about the mean. • Although otlier measures 
of central tendency are more commonly used, the average deviation is ea^ 
to compute and does give us an indication , of dispersion.* / , 

-1 — > -T-^--7^-7n T -r . - - ^ ^-^.-^ 

I ^ The range has the. disadvantage' that it is affected by individual obser- 
vations., and thus^^may not always give an accurate picture of the dis^Cribution. '\ 
^The average deviatic5n' is less influenced by any one observatioh and^thus ^ - .^ , 

gives a bette^r indication of the scatter of the' data. 

You are familiar witft other pleasures of dispersion such -as' standard 
deviations andr Variance, but these are much more difficult .to compute and 
'their interpretation requires, much efiare tim^ than is generally available in 
grade seven. ^ . • ' * * / 



ERIC 



Class Exercises ^ 

6. Find the mean, median and mode of" the following observations: 
(^^,'5, 5, 5, 5, 6, 8, 8, 10, 10, 11) ! " - . • 

?• What is thje range of the above data? 
- ' \ . ^ 

8. Find the ^verage deviation from the mean for^the distribution 
in Exercise 6. $^ - 



Probability ^ 

* 

- The study of proS'ability and its- applications is an important part of 
many disciplines. Relatively simple ideas which can be expressed in. terms 
of coins, cards, >dic^^^j>d marbles in bags, have developed into a powerful 
tool used in a wide variety of areas. The methods of ' statistical inferent:e 
developed from the ideas of probability are used in making, decisions in 
such diverse areas as medical reseat^ch, quality control, and insurance. An 
understandi3?g of some ^of the key ideas of probability shouibl^ be, part of every 
junior high school student's education. !nnese ideas are relatively simple 
to grasp and can be used to answer a variety, of questions about" chahc^ events. 

When we talk about the probability of some event occuring we are asking 
th^ ^^^^f'^^^^^l^T*''*'^^^^ V' r^f-^^^^ expect ^^U, event„,tP.o,ccur in a given , 

■trials?" 




Ih the.simptLe example otm coih^we 



b'M:lAd tVa Vaya,^ "either head/s or ta3.1s. It seems reasonable 

lidolne^is JustH*^ likely toj^ occur las the other and we would expect" 

^abr^t twenty-five heads^and twentv-f ive ^^ils in fifiy^t^lals. ife 

would say^hat the ratio of tl^^umber of heads^tio tife number of trials i3 

^'^^ ... ^ ' , ^ • ' ' * 

1 : 2# , Since .this means that about half the tiife we would get a head^ >re 9by 

--,.« _^ ^ \ " ' ' 

tl:}at.thel probability of get^iHsT^ head Is^ TThe sake ^asoaingjleads'^u^ To'' 

expect a given number,^ aay a '3, about one put of six ti^aes whel^. rolling an 

ordinaiy die. wqul^„pxpect the ratio of the number oi^ threes to the number 

of rolls t§ be 1:6. ^Again we would say the probabilityJlof-' getting a , 

thi'ee is ^ * ^S^ce'''^^St^!t7r~"fehege-.,c.a £g^ only one of the possible outcomes 

can occur at a time and each appears equally likely.. 



p This idee leadp to one of the basic notions of probal^iLlity. iS''' all. - 
the possible' outcomes of an experiment are equally likely, then we may expresfis 
the probabildty that an event £ will, occur as , ^ 



• i 



where t is the number of jfbspible outcomes^in which^ event occurs, and 
s is the total number of possible- outcomes. - ; 

Thus the probability of a head shoving on a single toss of a coin is 

since, of the 2 possible, equally likely outcomes* (H and T), only 1 (h) 
is a success. 

The probability of a 6 shoving on a single roll of a die is 

sinc^ of the 6 possible^^ equally likely outcomes (l, 2, 5 and 6), . 

^ only one (6) is a success. 

' What can ve s^ about the number - in' the probability formula 
P(E) = ~ ? If every possible outcome is cotlsidei^d a success, then = s, 
- = 1, and the probability of success is 1. If no outcome^ is considered ^a . 
-success, t = 0, g = 0, and the probability of Success is 0. ' 
If an event A is certain to occur, then P(a) = 
If an event B- cannot occur, then P('B) = 0 . 
^ * - - Furtherj ve may ^^te ^ ^ , * * 

"^'^^^^ O' < P(E) < 1 . ^' 

As the probability chapges from 0 tovardlS 1, we become *more and 
mo^'e pei:i:ain^of success, ^, 

Example: What is the probability of drawing the four of hearts from an' 
v" • ordinary- deck of *52 playing, cards? ^ , " , 

Solution; Since out of ^2 possilDle outcomes a success can oc"curr <in only 
one way, the ^obability is — * -We assume each card has an. ' 
, equal chance-|)f being drawn* * ^ o > 

^ Example: What-rs^the .probabiXity of draw^g^M ^ce jf5rom th§ same^detk o'f 

52 playing car.ds? , .^-C" ^ . > 

Solution: Here we.»may draw any one of the four aces so that a success may,. 

^ occur four v&ys out of the 52 possible outcomes'. ^ tThus the 

probabfSrtty of an ace is ' ' P(ace) = c ' 

" . ' ■ 52 13 

• Cla^ss Exercises - > ^ ' ' * : 

^f^^ What is the probability of getting an ev^ number in rolling an Qrdinary^ 
^'•y ■ die with six faces numbered , 1, JZ, 3, ^, 5, 6 ? . ^ " . .^ 

10. " 'What is the' probability of 'getting, a prime number in rolling the die 
in Problem, 9i\ , - . 1"' ' , ^ . , . * " ' 

Q / ' ^ \ ' ^: ^ 338 3.50 > 



1-1. What is the probability of drawing a five from an ordinary deck of 
52 • playing i'ards? ^ ' 

12. What is the probability of drawing a red five from an ordinary d-eck 
.6f 52 ,cai-ds? 



^ «4 't 

^ Since, the pi;obability of event A is &iven,by P(a) = j then 'the 
probability of A not occurring will be given by 

P(not A) = . - ' 
_ s : ^ " ^ V 

^ (This is so., because if-^A can occur in t ways, then it will fail to occur 

in s - t ^ways.) But changing the form of this fracti9n gives the following: 



P(not A) 



' s - t ^ 

s " s > ' 

1 -1 • ' ■ ^ 



s 

P(not A) = 1 - P(A) . * 



Therefore the probability of an event not 6ccurring is 1 rr^nus the prol^abil- 
ity of the ^' event occurring. This seotas necessary "since \^ wa^t^^ jbb^.sum-of the 
iproba^iliti^s. for any particular, situation to add to 1. • 

* . P(a) I P(no^ A) = 1 

^ To ansyer questions of probability we need a Inethod of determining 

all possib:(.e outcqmes of 'Ce3rfcain tj^pes of events. One way of listing the 
, outcomes is illustrated below. Suppose we wish to enumerate the possible 
-,^,,.^^^9P,ss 3^ 1Q^^ a penny, nickel, and dime. The tree diagrambelow 
shows -all 



shows -all possible aritangem^nts for the three coins. 

»• ' > Penny ^* ' Nickel Dime 



From this^tree we see there are eight possible,^ out comes, listed telpw. 
/ ^ ' POSSIBLE OUTCOMES 



HHH 
HHT 



THH ^' 
TTH 



Since each of these ppssible dutcomes is equally likely, we assign l^cflieach 
the probability ^ .^'The Sum of the probabilities for all pos6ible outcomes 
•in this situation, as in all cases,* is 1 . We dre now a .position to 
answer questions such as the following, "What is the probability, of /getting 
2 heads and one tail when three coins ^re flipped?" Referring to iheH^bie 
we see that 2 head's Snd one tail caja occur three ways out the^^ eight, so 
that the probability is g- \ — i-- 



"Class Exercises 



tse the table developed above to enswer., the following: 

13. What is the probability of getting at least two beads? 

1!+. What is ihe prc^bility of all tliree^coins being the same?* 



^h.k Probability of --A^ or B 



Our pr^vi6us discussion was limiti.ed to single events'. Otjier situations 
^ arise when we want to know the probability that one of two or more^events 

occurs. L^t us consider the pc^ibje outcomes if we roll two dice and record 
\the numbe4*s showing. We coiil'duse a tree to list all/'^ossible outcomes but 
another^ way wpuld be to think of\the two dice as being different colors, sav 
red ai^ white*. Thefi we see that^/e could get a jed l^^^yith any^ face. of the 
;^ite, 'ive.,, Rl-Wl, JR1-W2, BI-W3,'' Rl-Wl+l'^Rl-l^. RL-WS. The same possibili- 

ties exist for a red 2, a r^^d^S, and ^o ^'orbh. . This^lead^s to the 

' ^ . ' . ^ t . • \ ' \> - * ^ ' 



table below. 



\ 




Possible Outcomes with Two Dice 

R W 



B W 


R W 


R W , 


R W 


(1,1) 


(2,1) 


(3,1) 


(•^,1) 


(1,2) - 


(2,2) 


(3', 2) 


(!*,2) 


(1,3). 


(2,3) 


(3,3) 


(•^,3) 


(l,'^-) 




•(3,M 




(1,5) 


(2,5) 


(3,5)' • 


(^5) 


a^f^') . 


(2,6) 


i (3,6) 


(i^.6) 



.(5/1) 

(5,3) 
(5,^) 
(5,5) 
(5,6) 



R W 

(6,1) 
(6,2)^ 

(6,3) 
(6,1^) 
(6,5) 
(6,6) 

S 



In the table .we are using an ordered pair notation. For dxamjgle^ (3r^) 
means 3 on the redj^i€, and a ^4- on the white die. Notice ^hat this^ is 
quite different from (^,3), -sl ^ on the red die and a 3^"- on the white. 

Sometimes the possible outcomes of an exjJeriment are rVfj resented in a 



sainple space a^ sh<5wn below., ^ 



6 
5 

3' 
2- 
1+ 



white 
die. 



X X 



0< 
' X 
X 
X 



X 

X 

X • 
X 



X 
X 
X 
X 
X 



X X X, 
— I — 4- 



Xr X 
•ri h- 



2 3^5 
red die 



The circled x corresponds to' the out^comes isA)*' To each of the 36- x^s 

' - • ^ * \ ' • ' - ^ ' 1 

in the sample space we hare assigned the probability of zrr since each 



outcome is equally likely po all others. 



Thus P{3,^) = 



With a sample' space off this type, many probability problems^ reduce 
themselves to. simple* probleks bf Counting appM^d to^^he formula P{E) — . 
Thjs relationship of counting to probability ie very impoiSant and .is one 
of^the reasons why probability makes* an appropriate topic f(5r the junior 
high school mathematics clas§. ^ . ^ * ' 

/if ask ijor the probability of getting, e sum of . 3 on one roll of" 
tjie r^d and white di-ce, th^re are two possibilities associated ^^ith the eveat, 
.(.1,2) and. (2,1). The probability theri/d^ 



PCsUm.of 3) x^.[(r,2r.or {2,1)J ^ 



35 



y/ V Notice, .however, that, each individual evenly, has a probability of 



So 3 



A 



7* 



so that we could l^ave arrived at the same answer 'by adding the individu 



probabilities. 



p (d. 



^)x,r (2,1)) = P(l;2) ^,1)-;. I 



This property of adding- probabilities hold/ only V^ien ,the ^ouibcomes under 
question are mutually exclusive ; that is, when the^ g'annot ^ occur at the same 
time. If events A and B are mutually exclusiye and have probalJilities 
P(A) and P(b) respectively, then ' " ^ 

' .P(A or B) = PCa) + P(b) . " • 



i 



Consider again the pr^bilitiy of getting a sura of 3 or less on a 
single roll of the red and white dice. The sum of 3.v or ifess means a sum 

V • • 

of 3 or a sum of 2. (Note that 2 ^ is the lowest sum possible on two 
dice.) The'event 3 and the event 2 ^are mutually exclusive, hencfe we 
proceed, as follows. ' ^ . . , 

<^ ^ * P(sum of 3 or less) = T(sum of 3 or sum of 2) 

_ . • . = P(^Jim^of 3) + P(sura of 2) r 

-V--' = P ((l,2)-<jr^(2*im P(l,l)' 



i P(l,2) + P(2^ + P(l,l) 



1 



3^. ^ 12- 



• Our result, °of course, agrees with that fourth for the same problem 
solved directly by counting pbints in the sample space. 



r 



. Class Ex^rcfses ^ .« ^' 

Use -fche fable developed in this section to. answer Exejrcises^^l^lS. 

. 15. What is the prbbability of a liesult with a sum of- ''8? 

4i . ' ^-s^^js^. 



sum of n^e? f^^i 



"16, What is the probability getting a double? (bol^i^apes the sanje) y 

l?.- What is the probability of g'^ting a double o: 

18. V/hat is the probability of gettin^^a double'^tJ^ a sum of eighjb? 

^IS^. From a bag containing 3. re^i marbles^_^ white^arbles^^ ana:^ \ black 
marble.s, one is drawn • Answer the foliowing.^guestiopsy' 




(a) What is the probability of^e^Jiilng a red,? white/ hi ^ck-? 

(b) V/h^' is the 'probability of setting a^red or^Ji^^k? 

■.(c)' Wha-t is the probability^/ getting a ■whi.t e oi-. red? 

-(d) V/haf is-fhe j^robafeilitj^^f getting a red 9/ white or black? 

' - - ^ / . ' 



^ I ^^ 



'Ik .3 > Probability of A and B ^ ' ' ^ h 

The question consi(i^ed in the last section, the probability of either 
A or .B, - has its^ counterpajrt which may be asked as follows: "Whet is the 
probability of both events A and B occurring?" If wesconsider ;bhe simple 
^case of flipping two coins,, then ve have four possible outcomes: » 

^ ^ (H,H) , (H,fy , {T,H) , (t^7) . ' • " *; 

Again, we a'dopt the notation where the first letter 'corresponds to the first 
coin; the second to th^ second coia!^ We agree that each of thes^ four pos.-* - 
'Sible outcomes is equally likely^to each other, ience to 'each we assign the 
probatfility ^ j/Thus, we may write 5^ ^ ' / 

- If A^ is the event that the" first ^coin shows heads , -fend "B* the dvent "Ehat 
the second coin shows heads, then we have P(A and B) = ^- . 
Notice^ however, tha:t individually 

P(A) = I and P(B) - | . • " ' ^ 

In this case theA, . . . - ^ _ • , 

* • 9v 

P(A and B) = P(A) - P(b) ^ . 



„In other words, . ' ' • . " ' , 

* , P(H,H) = P^(first^coi{i H) -and' '(^e^cond coin 

- J ' ' = P(fir6t coin H) • P(second coin H) 

. _ 1 1 ' . ' ^ 

' 2 ' 2 

. • . ■ . ■ f.- •■ • : 

-/ij^t.ustrjr^ this* approach on the probability, of getting a ^ljl) when rolling* 
the red and wh'ife di|pe. We alreai^y. know that this probability ^s.. ^ but 
notice again that the probab'iiity of each individual event (a - i on the' red 
^ ^ die and a 1 on the^ite die) is | so that 'the desired probability is 

' ' 'X* It" ' 

' given by the product ^ * ^ • ' j-^ ^ ^- 

This observation' is.irue in general whenever the events ar% independent^. 

* By Independent we mean*, that the/outcome oT one event has no effect on the 

/ 'outcome 'of the second. In general: , . ' * - 

* ^ , \ If events- A^-- and p ar-e independent, . with - ^ ' . 

. r"' probabilities 'P(A) Lnd --P(B) respectiv'^^j^ 

■ ' then tfee probability thet .both events occur i 

. » — — — . ^ 

V •/ . . is giyeft. by , 

" . . • P(A and B) = P(A) • P(b) . \ ,, ' 

^ O J. ' ' ' - " ■ • 2^Si ^'tZ ' ' 



As an example^, of the above, suppose we flip a coin- and roll a single die^ an& 
• ♦ ask the probability of getting both a head and^a 5. Certainly the* two *eventS 

^re independent, and since the probabilities Of th^"\wo events are rr and r* 
^ ' rei^pectively, we have ^ ' ^ ^ ^^'^^ 

'>*^* ' J(H and 5) = P(H) ^ P(5) • * 

. _ 1 1 

* " 12 ' 

This. .example'- is simple and could 'also be scSved by^tree or talTLe showing all 

possible outcomes • ^ In mofe complicated examples, howeve>, the use of the ^ 
ftndividuaJ. probabilities is simpler. ' ^ ^ ' 



V 



Class Exercises 

« ^ , , ^ 

20^ Find the probability of a head showing on each of 5 tosses of a coin'. ^ 

21* A coin is tossed and a die is tolled. What is the profcabillty of getVing 
' a hefed and an odd number? * • 



22. In*the preceding problem what is the probability of getting a head and 
a number less* than six? ' . ' ^ 




0 



- 1 



} 



; ERIC f.. ; - ^ 



.■,.•,056 



•K 



1- 12| 0/< 

3. ■■ ■ 

6, mean = 7 ' ' 
median »= ^6 

mode =■ 5 

7 V yi^ange- is 7 



o > . 



Answers to Cla«s Exercises" 



2 



V,av&rage dey'iation = 2-^^ . ^ 

.c .e-. \ (|) ... . ■ ' 

18. ** ■^,(^) V ^Note that these events are^ not mutually .exclusive, 
" ' gives ^ sum of 8 'and is at the same time 

■a double ."^ » 

1 ■ * 



•20. 32 



22; — ■ ■ 

12 . 



/ 



- r Chapter Exercises 

;^ ' ' 

Six darts were thrown at a* circular dart board. The following ^ ' J 

1 T 

•observations wbre obtained: (8, To; 3§; 5; * 

Each observation is the measured Mstatlce in. inches of a dart 

from the center of the target. - , • 

Fii>d*the mean*, median, and mode of* the -data;' 

WJjat is the range and average deviation^of t^data in E^^ercise 1? / 

Suppose in Exercise* 1, all the measures- had been doubled by mistake. 
What would happen 'to the mean? Is your conclusion true in general? 

WTiat would happen "to- the range and average ^deviation if the data in 
Exercise '1 had been doubled?. Are your conclusions true in general? 

J? a bag of 100 oranges contains "-.^^^bad, what is the probability of 
the f irsforange chosen bein|^good? If yoiTTi^e given away. 37 (franges, 
one of which wa^bad, what is the probability that the next one is bad? 

,e a-t^'ble showing the possible outcomes- in^'^ipping four coins. 

the table abQve,. answer Exercises 7-10, 

*What is the probability of all heads? ^ . , 

. - . ^ \ \ ' r . y 

V/hat is the probability of exactly th^ee he'ads? ; ^ , 

'^at is. the prolSability of. one or more heade. (Hint: First find, . 
the probability of~^no • he^clf . ) 




)balDilJty of exact] 



What is the probalDiJ^ty of e^actlj? one head\or all; tails? 



An ordinait^'deqk of .52 playing cards' is shuffled, one card drawn,. 
repla"fc<^d, the deck shuffled, and a .second card drawn. 

(a) What is the probability ihat both cards are ^ed?..- ' ' ' ' 

(b) '^^''What is the probability t^at the first, c.ard i"a,«a spade and 

the second) is the ace of Jiearts? ' r • , 

,(c) What is the pifobability that the second card is the same , ,^ 
J as the. -first?. • . , » " ^ tvw;' -C^- 

<d) What is the probability that the two of heartsL5*i9''^^d^6sen first , 

and: the three, of h^rts is -^hosQn seconds ~ \ ' S 

A. coin is fli^pedtten times and a , head 'appears each time.'^ Assuming* 
rthe-tsoin to b^e honest, what is the probability fefa, head appearing \ 
•nextv . (^Hxn^; The c^^^ does not have-^a/ Memory v^) . 



ANSWERS a?0*C{iAPTER EXESRCISES 



.Answers Problems in the Introduction 



SEND 
+ MQjRE 
* MONEY 



9567 
108$ 




3. 



The vanning strategy f or *the s^i^le nuirfber game is to always choose 'a 

number so that the total after^your turh viir always be a multiple 

of seven. ' ' ^ » - , ^ ^ * 

The second number §aii\e, where the winning sum is 85, &an be-^OB' by the 
player reaching, 77» first. * Regardless of what number his -oppowent^ben 
calls, he will always be able to chopse a number that .will make the 
Bum 85. The magic number is eight, oi!e more than the largest number 
that can be used. Since 85 = 8 • IQ 4^^5 all critical' pojLnts are.^^5***?" 
more .than multiples of ^ 8 ;^ i.e.', 77 - 7? + 5, 6^ = 6C+'>, and 
so forth . ^ The first player may win by choosing 5 and 'then ^ach time 
^ afterward, picking a numVer to make the total 5 more than a multiple 
of eight; /i.e, I3, 21, '29, ... . . , * %^ 

. ^ •. - * 

The problem of the counterfeit coin among six coins differs from'the 
hea^ marble problem in that weighing three coins against thi*ee coins 
wil#yield. no rieU information. Fi-om the fact that the scale does not 
balance we^ only^ lea^rn that'tlie coins are not all of the same, weight. 
To- do this problem' it-will be convenielit to label the coins a, b, c, d, 
e, f . Suppose we Weight a; b^ against vV^- d. There are "three possible 
outcooies of ^ such a weighing. ' - • \ 




' ab 




.Case II 



359 



Case III 



s, • J- 1 

1^ 



Case I ,^ ' » • , 

Here we see that either a or b - is heavy or c, or d is light, while 

e' and f >g,re good. ' * ^ * * 

Second weighing — compare, a, d wi^h e, f* Again three outcomes are ^ 

possible. . ^ 




ad, 



ef 

T 




"t^ius a is heavy 
• (problem solved) 



thus b is heavy' 
• * 

"or c is lights 
r 

(third weighii!^ needed) 

_J : A 



thus d is light 
(i)roblem .solved) 



Third weighing compare b and e — two possibilities exist. 
, — ^ 




■ T - , -T . y 



1^ 



'thus b-- is heavy 
* (problem solved) 



thus /C is light 
(problem solved) 




pERIC 



3U,8 '360- 



Case II' 



When a, b and '-'b^iLance, either e or f ' is the false coin/. 

Second weighing --^ comp^ 'e. and a ,. Three possibilities exist. . 





A. 



thus e is light 
(problem solved) 



thus is the 
counterfeit coin 
(third weighing 
needed to determine 
if heavy or light.) 



thus £ is heavy 
(problem solved) 



Third weighing 'compare f and a. Two possibilities exist. 





^tKus f is light 
(problem solved) 



thus f is heav^ 
(problem solved) 



Case Ifl * • ' ' - / 

This'ipase is handled with, the same reasoning as Case I with the 
obvious changes » Start with a or b , in light and c or d is 
heavy. Notice that the key to the solutions of both Case I and Case III 
rests on the interchanging of the position of a So in from one side to 
■ttie' other*- ■ « - . < . 



4 



Only figures b and c ipiiy- traced. Figures a and d each have 
^inore 'than tVo odd 'vertices . ^ . 

It is not 'possible to connect the'* utilities arjd houses under the 

.condi'tions stated. This, is discussed fcRrther in Chapter lo.* 

/ ^ ' \ ^ ' ' . ^ - ^ ' • 

The smallest possible nu^b^r of A/eights needed to^ weigh objectgjj in. 

pouncEs, between 1 pound and 6| pSunds is six^ namelj^. wei^ts of 

; 2,^ k, 8,^16, and 32 pounds^, A siiuilaf' problem occurs again in 

Chapter 2. ' ' ' ' 4 



A 



I 



(a) AflB = {girl,chair)' ' • . 
(b.) ApIC =' {chair} and 0^1= {chair-} - . 

• ' ^ fit 9 

(c) aPKBIJC) = {boy,girl,chair}n ({girl, chair, dog}y {chair,dog,cat)) * 
i = Cboy,girl,chair}n {girl, chair, dog, cat} 

♦ = {girl, chair} 

^ « 
' ^ ' % . 

also (AnB)U(Anc) = ( {boy, girl, chair }(! {girl, chair, dog}) IJ ( {W, 

' girl, ch5ir}n{chair/dDg, cat}) 

' • . . = {gifl,chair443Hch?i^} ' »j 

? =(girI,Qhair} 

^(d) aHCbOc) = {boy,girl,chair}n (^girl, chair, dog}Q {chair, dog, cat}) 
- ^ • =' {boy,girl^f^air}n {chair, dog} 

= {chair}' * 

also CfKAriB) = {chair,dog,cat}n(tboy, gijl,chair}n(girl, chair, db^}) 
1^ , = {chair,d^,cat}n {girl, chair} ' . ' . 

S = {chair} ' . ' , ^ 

(b) l?o. 0 n H ,= 0 .V 0 has no' elements in common .with H. 

' ; ■ • . / ' ' • . 

(a) Yes. The counting numbers are c6mposed of^ the even numbers and 

the o^^umber^^ - ' * ' • . t 

(b ) Yes . ' S.ame reason as (a) . ^ 
'(c)* -No. A and'^ B are disjoint subsets of C, 

(d) Yes.." The set of elemenlfs in A or B is th$ same as those 
in --B , o^/'.^A i ^i'X . , • . ' 

^.Ce) No. Sam^^0a!spri^?ag (c). ' • 
(^.2^ V.:-- / ^C--{l,2,3,i^, .?.} 



B - {1,3.5, ...}. 




^-) ^fo. They. do not "contain "^he same, elements. 



7. (a) F = {l/3>5>7>9, ...}' • F is the set of odd) counting numbers 

' (b) 0 ■ ■ ' , , 

* ♦ 

(c) Yes. Set 'F could be, for example, the same as set C. 

8. ^ (a)L Yes. Every element of A is an element of B. ^ 

(b) Yes. " Same reason as ^a). 

9. No. You can* look for empty spaces. 



lb. 



'1 




''l> 



The! diagram simplifies ^our bookkeeping and also sh6l3K€hat the Inter- \ , 
sV^,5^K)n of Tv^ie sets iJis included three times buttShould not be subtracted. ^ j^'^^n 
three times. \, ~ ' ^4 ^ ' , 

- . ' ^ '■•^ • ' " V ' < ». 

11. The columns, on a" calendar es^a^lTli%"li3Pa^^^respond^e^ v*^^^"^ " \ 




H h 



-1 — ^- 



0 1 .2' 3 5 6' - 7 "9 9 ' 



(b) . f9} 



-I — \ I — H 



H 1- 



0 • X 2 J 1; 5 6 7 



.35; 



65 ^ 



12. •(continued) 



H 



(c) (0,1^2,3^ .,%) , the set*of\whole iiumbers. 

» * ♦ • f f 1^*— t ♦ f f f 1— f 1 » 

0 i 2 3 i+ 5 6 7 8 9 10 11 12 13 # 15 (inc.) 



\ 



(d) l^he set of all whole numbers except '9, 10, 11, 12 



/ 



-* — • — ♦ — ^f— ♦ — ♦ — > • * t — I — I — I — I — 1 — f^-t — 

.0 1 -g' 3- • 5 • 6 7 8^ 9 10 . 11 12 13 -ih 15 (inc.-) 



(e) {0,l,2,3,!tXT,8,9,10,ll-}7- 'trie set-ofjall whole numbers less 
''%/■/' 



than 12 except 5. 




• r» 1 ♦ ♦ 1 — I 1 H H — 

0 1 23 . 5 6 7 8 9 10 .IL 12 13 l!t ,15 - 



. 1, 2,. 3, 5; 6; 7, 8, ... 3 . 

.! 1 I I I * etc\ 
\p = {1-, 3, 5,-7, 9, 11, 13; 15, 17, ...) 



. ^ Set 0 is ^ proper subset of set yet ^ot any -member of W> we may 

find a corresponding. member, of 0, arid for any member of 0 we may. 
find a correspondi^ng member of W, In other words, given an infinite 
5et, a proper^ subset (which is 'itself infinite) may Ibe put into a 
^one-to-one correspondence with the given set. 



(a) niiiiiiiii 



Chapter 2 
Answers to Chapter Exercises 



25 

seven 



(b) nnnnniit 



101; 

seven 



'°^2^five • . 

1641 - ■ . -i. 

seven .' ^ 

(d) ^ .<?) ff>f f f)^ nnoonn • 

' ^«320^ive • /■ . 

5500 . 
seven 



(a) (1 X 5^).+ (0 X 5) t'(0 XI) . ■ ■ ' 

« 

(b) (1 X 2h + (1 X 2^) + (1 X 2) + (0 X 1) 

(c) . (2 X 3^) + .(0 X 3) + (1 X 1) ; 

(d) (1 X k^) + (i X !+)'•+ (1 xl) 

(e) . (1 X 8>' + (7 X 1)" 

(f) (T X ij ;6r (10 X 1) ^ 

(g) ^-^i x- lo'^) - + .(0 X 10) + (0 X i) • ' 
(hy • (1 X +".(0 'X Y) + (0x1)' 



low 



(a) 1 2 2" 

(b) ■ 0 It.. ii 

(c) 3/ h \ 





(e) 


>16 . 

eight 






/ 




(f) 

( Ct\ 


0 

twelve 
99 . 


• 










>66 

seven 






\ 




(d) 


6 ' 


3 • 


0 






^ f iye 


(e) 


2 


2 








^ five 


(f) 


k ^ 




k 


/ 





*^Base ten Base five Base ten Base five 

Numerals Numerals Numerals Numerals 



Z. 15 AO 

A ' . 16 . A/- 



3 ■ . 16 . Z-A 

1. • □ t 17 - AA 

5 ' / 0~ 18 * A A - : - 

6 , / / 19 AQ 



7 



9 



A .20 .-, • DO' 

/A • 21 ■ \ ~ ' 

/ □ * 22 . DA ■ ■ 

10 - AO 23 • DA ^ • 

/II . A/- • ■ 2i. 

->aa:- , ■ - 25 / QO * 

13 A A - •. ' _ ■- • 

(a) 29*^: (b) 193 (c)..1511 (d) 525 .. 

(a) 31^53^-' (bf 101100^^^ >).'10\„elve- ("^^ ^^O^l,,^ 



Chapter ,3 
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1337^1 .>,r^' (e) 303.. 



eight /'''^eight ^ 



(c) i^Olf^ . 

eight 



7 

eight ' . 

^ V . 

*(a) 9 = 72'+ 8 ' or ' 8 = 72 9 

-2 = 8o -^*^+0 - * iiO' = 8o + 2 

5 = 25 •^ n , n = 25 -h 5 

, n = 100-J^lO 10 =100-+ n 



W -i^five^^ ^five ^five = ^^.f Ive ^^ive ^ 

^five = ^hlve Vive Vive ^ ^l^^^, ^ n^,^^ . 

(c) if =26 4- 5 ^ or 5 = 26 -i- If 

seven seven ^seVen ^ , ^seven seven seven 



h =33 '4- n or . n ^ = '33 -ir . 

seven seven ^ seven . seven ' "^"^seven k_ 

n =t 106 n 

s even ^ s^ven s e^c^n 



6 ' 10 ' 
seven' seven 



{a) l>ase i:ive ^ (d) base five ' 

(1)) ''base sev^r^ (e) any base > 3 

(c)^ bas6 seven N^.i* / (f) .any base' > 



seven 



8. 0 ' " - ^ * - 

(b) 0, X, or 2. Evenness canapt.be reQogni^ed by the" last digit in 
base three. • ^ * *. \ ^ 



9y X'^)^^0 ' or -1 



. . ib)< G' or 1 



10. It is noi possible under the corp^ditions stated, since N + .T = N implies 
\^*T*= zero an^ E + H ^ E implies H = zero. Both canhot be zero, under * 
"^he conditions stated. - ' 



!ll>« ' /a) V^O, 



seven^ 



(b) 3 

-"seven 



(c) lt62 



seven 



r 




■J - • 
























> 


















J? 








* 
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*> 
* 






^ * 








Ansvers to Chapter, Exercises 






. 1.' + ' 


0 


1 


2 


3 




0 


1 




' 3 






0 


1 


.2 




n 

— t- 




r\ 
U 


r\ 
U 


'.0 






. 1* 


•2 


<3 




1 




1 


2 


3^ 


1 V ^ 




2 


*3 


0 


1 


2 


0 


• 

2 




^2 






' 3 


0 


1 


2' 


■ ' 3 


0 


3 


2- 


1 


























2/ (a) 


1 * 


• (b) 2 




(c) 2 . 


(d) 


L 


( 


e) 3 ' • 



3- (a) yes , 

yes 

V 

^# (a) |Both are '^iranutatiV^ . 

(b) ^Yes, a ' 
^ • " ' m< — 



of 



(d) The l^erke of^l is 1, 
♦ 3 is 3*. 

(e) N^itf^ecessarily . 2 X 2 := O/- 



(c) . ye^ ' 

(d) No.* 0 + (E X 0) = ,0 + E = 0, -but" 

* (0 + E) X {0 +'0) =; 0 X E-rt E 



V -;5. Not( closed; 2 • 25 + -3 = 53 and"- 53 is not dn the set. 
. Not QOimnutative . - * ' 

Noli a^st^cijative. 

Clqsed. ' • 

^Jfot cyjimnutatlve, . ^ 
i : ' ;> *^^^^Ot^ssoc2fat*i»fe . * ^ 



.1 







V 


0r 

H 


■ R ^" 


' I 


■ ^ 
I ' 


V 


H ; 








2 


h; 


^ H » 








I 






B ■ 


il 


V 















h -\ X6s; Y^s.V|- (e) -Yes, I.. - .(I-.). ■Ye.s.l.lfeth' elemant .1 T': 



8. (a) ^es. 



ALKsnc) =; (1,2,3X5}U^S,5,8} = (1^2,3, V;5,8} 



(b) - Yes. 



aTI'(bOc) = (i,2-,8,ii,5}nU,3,i^,^,7,8,9} = (1,3,^,5} 

CAriBXjcAnc)"- (3^-,5}uti,3,5) = {i,3^m 



I- 



\ - 



'if. 



. 0 , ^» 



..J 



phapter 5 



• * Answers to Chapter Exfercises 
f 

1. ThJ.^'''inay be shown directly by simply computing-'both sides. A more 

interesting and illuminating' metltbd is through the u,se of the distribu- 
». tlv#»iaw., . • - ■ ' 'J • ^ , " ' ^ f 

. " , '^(5 + 6 + 7 + 8) =^((5 + 6 +-7) +,8) ^ 

^ • - . = M5 + 6 + 7) - 8) . 1 * . ; 

= M(5 + 6) + 7).+'(U 8) 
' ' ' • , . . . . f i^{5 + 6)'+ (4 • 7) + {k . 8) 

\ ^* ^ • ' = (i^ 5) + • 6) + (U • 7) + • 8) 



This may also be shown directly by computet id]> but it is instructive to' 
s^e 'a method using the associative law. ' . " ' • 



(((3 + h)- + 9) + 5^) + 2 = ((3 + 9) (5 + 2?*^' ' ■ , • 
^ (3 -^h))^ (9 + f5 + 2)) \^ ~ 



102- 



3. » There are many ^nswers : and ^are two i>ossibie answers. 



There is nothing imporpei; about improper fractions. An improper fraction,' 
numerator greater than the xLepominator, ^may be wpltf en in aaother £orm, , 
e»g., -^.^ as 6^ ♦ This second fdrm may serve a us ejAil , psychological ^ 
purpose and my be better suited to some calculations or commerce', but 
'serves no useSil mkthematical purpoi e.. Indeed there an situations in 
which such, proper forfiis are a hindrance.^. 



^ Yes.* The .symb(j>l — ' narae^ a sol^tion to . 5x = 11. Since it can be 
■ sliown fhaft the etiuations' 5x i= 11 ^ind 35x = 77"" are th^->same, — 



J,, 7 "'t-' m^^st also name, the solution. of 35;}c = 77.^ 



|^#^ No-. Hhe symbol ^ names a solution to =/'7-. Since 9x = 7 ancL^ 
r^*". '^lic =* 27 /are ^hb^ the. sale -I do6s not- name -su solution /, 



of 21x = ^7. 



the cberinitiiDn for *eciuivalent, fractions. ' ^ * 



V Xx "V 



\ ' p. . In each case'"^pply 



J 



7., 6/9, 103. 



4& 



Yes, in each case.' 'The counting numbers are 3, 2, 31,^ 'and ^. Observe, 
for example^^that^ while ^ is an answer of 2x = 6, so also iff 3 * a 
so!U?Cion of this equation. , 



\ Q . '-3. 3. 3 3 3 -3 

\j 17 ' B ' 5 ' 5 ' 2 ' 1 : 

^ - • ' B 5 6. 7 9 lii • Js 

. ^ . • 7 ' 7 : 7 ' 7/' 7 ' 7 ^ • 

• .9 ^ ' 15 ' 20 ' 100 



, 12. "j'b, d, e. 



i 



•2... -.(a). I 



•' Chaptei»6 , \ 
■^swej^s *o Chapter Eicercises ^ 



120 




(c) 



77 
120 



20'f7 



\ 6o 30 

^ ' 72 .* answers are not the same which shows -that division is' 

■ not associative. ■ ' * 



' ■ 18 
5- T 



V -7^ . The\n 



. Tne ^nswers are not* the ^ame which shows Wt division is 
'j^ not distributive over Subtraction. ' ' . 

6. The problem is. to" shoj/ that the two expressions. . . £' and*- 



\d are e(iual. 



■ . . ^ ^ac^ e i * 



•.Also;- 



ace 
bdr * 



b ^d* -b • 



acg' 

-bd?;!' / 



Thus,* siu6e 'the two expressions' ar§ each eq,Ual-lp |g we j see that, the 
.associative lg,w does hold f Cff multiplicatioii of rational numb^s'. 



• (a)- :if . , -(b*). §^ 



• 5 



I. 



(c)^ -"2^ ■ , !; .(d) h 
2 



•.(d) 



12 
15 




1*. 1 ■ . 

1 + 5 • _ 

2 * 30. 



10. ,(a) 
(b) 
(c) 
(d) 

^ (f) 



1 

2 
1 



and 



arid 



:r-:' ' and 



1 2 " 
1 

2 • 3 " 

1 

9 • 10 

^Jl_' 1 i 
lb • 19 IB " 19 



1: 

20 



1 . 2^ 
9*" 10 



2r . 3 



11. (a). I 



IP 

iW 



2\ 
3 



fed V 2 

•1 1 

2 5 

1 ' 1 



2 > 1 1 

2 . 2 

5-2: ' 1 



'20 



20 




^l8-^ = (i 2^ ^2 - 3) -^^'ijs -.19^ 

1 1_ 

" 1 " 19 _ . • 

_ 18 ' 
. - 19 



(d) 



18 J 

19 



(e) 



99 

100 •>■ 



-'13- 
' .1 



I 



> 


1 

12 


1 

2 


1 


12 


7 -. ■ 


i 
"3 








. . I 





/ - 1-- 




•:r J J 




■so 



L. 



Chapter 7 
Ansvers' to Ctepter Zeroises 



(a) 39 =v 3 X 13 < 

(b) 60 2^ X 3 X 5 

(c) 81 ^3\ . 

(d) 98 - 2 X 7^ ' 

(a) l.c.m. = 78 
g.c.f . = 6 



(b) 



(e)Vl8o = 2^ X 3^ X 5 • 
(J) 258 = 2 x^3 X 1^3 
iz) , 576 = X 3.^ 
(h) 2321^.= 2 - x 7 X 83^ 



l.c.m. = 210 
g.c.f. = 7 



1 .cm. 
g.c.f. 



1517 
1 



N 


^ Factors of N 


Number of Factors 


r Sum of Factors' 


■9 


" ^ 1, 3, 


9 




3' 






10 


1 2 

/• 


5, 


10 


1^ 




•• 18 


. '11 


' ■ 1, 11 






2 


ft 




12 


•1, 2, 


6,- 12- 






28-. ' • 


13 


> lib 1-3 






2 " 






■ll^ 




7, 


ll^ '. • 


1^ 






15 


1, 3, 




15 . 


• , 1, • - 








1, 25 




s; 16 ■ 






. '31 


17 


1, 17 






- 2. 




18 


;i8, 
19 

20 
< 


* "1, 19 
* ■ ' 1, 2, 


3, 


6/9, 18- 
5, 10, -20 


<■' '2 
6 




39 • ■. 


21 


- 3, 


1 


21 • , 


\ 




1 ' ' 


22 




1 










23 
■•2U' 


i,2,3,it. 


i,8,12/2l^ 


^ . 1 
8 . 






. 25. 


1, 5, 


■25 








. .'.,''.31' : 


26; 


. * 1,-2, 


13 


, 26.„'r 

27 >■ . 






. ..1^2 


. 27- 


1, -3; 


9, 






1^0-' ' 


. 28 


"l, 2; 




.7y ■H^',' 28 








■29 • 


1, 2-9 ,= 






/ 2 • 




\f '. - 


■30 


.. l*,2,_3;5i 


6,. jo, 15, 30^ 


8 







(a) 2,3,5, 7,-ll<13, 17,lf),23., 29| .iXth^- prime numbers) ' 
(;b)- ^^9;, 25' .,|the ^quaifes of primf numbers') ■ 

(c)' aWi4e: X, p %(l|;p^ • (d) 'Fqur:. l,p,q,fq. The sum is l+p+q+pq. 



!n»e factors are 



1,2, 2%2^. 



r 



^There are 



k f.l of them. 



5- 



(a) No. It i$ not 'possible to have, exactly four rmmbejrs between 'two 
*odd numbers. "Between any two odd primes there is always an odd 
number *of numbers. If they are consecutive _odd primes all the, 
numbers between^would^haye to be composite. 

(b) Yes. For e.xampl^, between 23 and 29 there are 'exactly 5 

. composite- numbers: .2k, 25, 26, 27,' 28*. - . ' " 

•(a) "13^, 222, 783, and IO65 are ail'diuisible by three. 

(hy 222" is tlie only number divisAle .by six\ - ^ ^ * ' 

,(c) L35 and 783 .ar%~di'visible by nine. ' ' * ^ 

(d) f 135 and IO65 , are'divlsible by five. ** ' ^ 

(e) 135 and IO65 are divisible fey fifteen. — ^ 

(f) None "of the numbers are divisible ty four. 



Rows 




Bulbs per row ^ • 


1 . 




> - 

112 ^ 


J 2 












8 




.Ik ^ 


16 




-7 • 



- "(Bulbs and ♦rows may be •i(iterchanged. ) 
'7... The pattem is a five-pointed star.- / 



M^a) No \ 

(b) ^Yes 

(c) No 
( Cd).«£es ^ 




\ 



' ; Chapter - 9 . 
Anfewers to - Chapter Exercises 



■1. (a) '.G6S ..^ (b) ..kh^ .. 

2. (a) 35353 •' ■ *^b) "35555 



(c) .2727 ... 
(c) "35535 



-■ (d) .0202 



33 



<?>' is 



h. rational; b, e 

irrational; 'a, c, d 

5,..^^ ration^: a^ c, e 

^ 'irrational; b^<^ d 
^ » « 

6. e: a • ' . 



^ Anfevrers will vary. * 

(a) rational: 0.3^5335 5 '0.3^53^3^ 

(b) ^irrational: 0.3^53^33^5333 • 5 3^53373337 



/ 



.571^28571^28 ... 
\ ^ ^ .7ai^a8571^2b5 . . . 

■ J = .8571^28571^*2 ... 



8. ^ = .1^2857252857 

. ' I = .28571^*2857^ ...ci' 
l> .1*2857152^71 ... 

Hote ^that the same digits appear in each repfesentatiGn^'(l,l»,2,8,5,7)., 
*"~^Tfteee then redppearjln cyclic fashion JCor each decimal, .with the -initial 
digits being in the''^^^r 1, 2^ 5, 7, 8. ^ . . 



9. '''^ = .OTW', 

^ = ?mm' 

> • ' 11 



.2- 



.I53B55 



1' 

10. 



^3 



= .846153 



■ (a) ,1,2. . 
(b )•'•'' 11, 12 

,.<c)r3A' 



,13 = .3^7^- 

^1= :Si5385: 

. i| = .923076" 
(^) (2,3 

I (g) ii»,i$ I 
i (b) ^8,9 •' , 



•4' 



; 




• 

>w . « . 

Hi (a). 








18 


• . (m) 


16' 






'^^ * 


j(f)-5. 




2 


(n) 












33 ■ 


(o) 






(4 . 


I'.'-.* . 

25 


(h) yir 

* 






(p) 







^ counting numbers 
ratlorial numbers 
irrational . number^ 



f,. ij^tJ, k, m 
P ^ 



r 



I 



/ 





, V 



7 
\ 



r-'i'. 



AB de*notes the line passing ^through points. A tod* B. 

AB 4$ the segment with* A and B as end points. 

*BA is the ray starting at point B ' and passing thr<^ugh A* 

AB is 'the^ray starting a-t point A and' passing through B. 

?,^»«f!^^one set is given. , ^ 



Many answers are possible, 



(a) ABF, FBC 
' {h) HEF; 'DAB^- 

(c) HEF, ABF, FBC 

(d) ABF, HDB, fBC 

(e) gEA, FB 



•(^ HF, AC 

(g) . AB, BD, BO 

(h) HF, EG, pi ^ 

(i) . EAB, HDB, FBC, BAB 



One plane, if the point ,is'n6t on'^the line. 

- / . , . ' > - . - 

At f ii:st not enough information seems to be given. ' How far apart are ^ 

the bouses? The total dist^eJice walked, and thus the minimum dis^nce, / 
would seem to depend^upon , the 'distances between each house. Let us 
^tart, 4iowever, and for the Ihoment assign distances between houses 
•as shown. > , . • , . • 



3 

h- 



1^ 



Then if meetings are held at house A, '^1 'boy^'must walk distance -d^, 
\ ,r3ltfet walk dg, and 2 must walk d^, sq that the total distance - 
walked is • - * ' t ^ 



7d^ + Vd^ + Sd^ 



Using the same ^i^pument^ giv^s th( 
J 2d, + ifd^' + 



he followiijig; 
2d^ 



2d^ + 5d2l+.2d2 



; .2d^ + 5d^ + '^d^ 



V 



(house a) 

(house |b) 
(house C), 
(house D) , 



Examining the four cases^shows that meeting at house B will piinimize 
walking. Surprising;Ly enojig^, the conclusion is the seme regardl^'^ 
the distances^ d* i-^-'aiid d . . ^ , ' ' 
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38.3 




I/* 



Chapte 



Answers to Chapte^' Exercises 

le models' form a rectangular prism and a hexagonal prism, 
a and d are closed^ only^ a is a simple close^i ciutrve. 



3. ^he angles are not equal, since t^ey are two different angles. RecVll^" 

that angles are sets of points and that sets are equal only when th^y 
^ are identical. 



Answers may *vary widely; only samples are given. 



(a) 



(b) 





NoL 5wler*s formula does not hold. 12^ E = 20, F = 9^ and 



E + F = 1 




a J^ebius** strip with two twists is* cut down the hiiddle, it falls 
into two loops which afe interlocked. * ^ ^ ' 

^ .1 






t 1 



* 
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^ Chapter 12^ 
Answers to Chapter Exercises - - . 







1 


1 


'1' 





■ 1 




Subdivided to jj- ^ inbh- 



? -I IT . ^»» 

The dimensions of the larger rectangle should be 5^- by ' - . 

The dimensions of the smaller r'ectangle should be ."by 3^ . 

Square, rectangle, parallelogram, rhombus, trapezoid, "kite^'. (There 
maybe others suggested.) *" " ' ' 

A polygon whose sides are congruent and whose ^^gles are congruent. 

Tv/o circles aajfS congruent if their radii' are congruent. 

^ ^ . A ^ . ' ' . ^. ^ 

They a»e perpendicular. ' ' • 

One radius is t\?ice the^ other. ^ , • . , ' -j . 

Given a point C and a distance ^, a sphere is the set of all 
points in space at distance r from point C. , 

Not necessarily. 'The definitions will vary dep'fending onVhat /is 
considered a Vline" or "segment" on a' Sphere, and intuitive def^nitiople 
should be accepted* This is difficult to d^f^ine because a "triangle*'-/ 
may haye more'l^han one right angle. Note ; The purpose of this exer- 
cise is to cauf^^u to ^consider th^ "ground rules" ^of plane geometry, 
and Jbhat these rules do not necessarily hold in another physical 
situation. ^ . . ^ * ' 

- . • ■ f ' ' ' • 



■V. 



- [ ^ ^ • Chapter 13 

AfTswers to Chapter ExeVpiges ' . ' 

' ■ ] ? 

1. (a) 1 foot each : (b) 1+5", " ; - * , 
(c) '•k is not the sum of 1, 1, and 1. ,Even though each error' was less 

than one-ha2f foot, the.sym of the errors yas over half a foot and 

therefore must be- counted in the measure of the perimeter. 
I * 

2. The square has the greater area. ' « 

/ ' . * ' 

.3« (a) ll6i sq.- units (b) 112^5 sq. units ' 

'U. (a) 90 cubic inches approximately. ; 
(^) 'Approximately lll.U cubic inCheg. , ' 

(^) Even though each ^ror was less than one-half inch, the product 
of the jblpse numbers in (b) would increase the Volume .measure 
^ significantly. ^ ' - - - , • • 

5.' ^ feet ■ ^ " 

6« ^Approximately O.OCA- cubic inches 

7. (a) Approximately 13 ino^es 

(b) ^Approximately 38 cubic inclies ' , 

(c) Approve imately 63 square inch'es 

8. (a) 7^', 54" (c) 394cu. in. 

(d) 58o|-cu.^ in. 

" '(^7 sq. '^ihV ' 



A' 



(a) -9^', 7|. 5| 

* <b) io|, ^8|., 6| 

' ^ , 

9. (a-) 6%«q. In. 



\^iis er<a^' is' difficult jto spot.' 'Most p^p^le do not c{ut these exactly 
. ^ L .amtd tolss the , fact -that the]C,fe is a%mall parallelogram of area 1 square 
i;3^^K>^in the cenjer of the completed rectangle. The figure ^might look 
to this: ' ' • ' ~ » • ^ 



10. (a)'Ci 



'erence is doubled. 



(b) Are;a is k times. asvgreat. 
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Chapter 1^^ 



Answers* to Chapter Exercises 



1. mean,= 5j 
median = ^~ 
mode = k. 



2. range = ^g" » 



'2Q 

average deviation = j§ 
3. » The rnean^ is also dbCibled. 



m-, 



+ x^^+ x^ + ^ + X 
*L d J . n 



+ 2x 



_ The median is. likevige doubled, for. the rrtiddle element .Us still th§ 
.middle element . • ' ■ . • • . ' , , 

Y .The range IS also doubled for I^T , \ the smallest and x^ is' 
' * the largest in the original distribution .the range is x^*- x^. ' The- 
ne^ rang^ will be 2x^ - 2x^,^ 2(x^ - x^). * . 

. The average deviation is doubled as "Wig following example consisting of*, 
four elements vijl' indicate ^^ ' 

{a^ c, d} ■ . ' . ' . ' ' ' • 

v» . » * . * . i , 

a +. b + c + d . * ■ > • ' , \ 



m 

' a' - m + b - m.^ *^ + c - m • + d - m 
Average deviatioh ill 



a +.b ;t c* + d - hm^ 



. {2a,- 2b, 2c, 2d}'. 

+ c 



2(a + b + c + >dj) _ 



Ave2:age deviation ^ 



1 ^ . ' .--'^ ' 

2a,;+ 2b ^+ 2c + ^4 "l^ni^./f-.^^ 



% 2b + ' 2c; + 2d *>i|BnL . / 



'a +'b + c +*d^'/l| 



5- 
6. 



91 8 
lOQ ' 53 

H H H H 

H H H T .* 

H H T H., 

H H T 

H T H H'' 

* H T H T , 

H T T H 

H T T^'t ""^ 

P(H H k H) = 



r J H H T 
T T H 
T .H' T T 
T T H H 

' T H T 
T T T H 
T T T T 




'(at least/^ne H) = -1 - P(no H) ' 
= 1 - P(T T T T) 



= 1 - 

15 



T5 



7 



P(one H or T !t T T) 
= P(one H) +' P(T T T T) • 

- If + 1^ - ' 
5 

= 15, 



11. ' (a) |/x|=J 

/• V 1 * 1 » 1 

• • 52 , 52 270? 

12. i 



X 



v. 
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GL OSSARY 



. Mathematical terms and ex:pressions are frequently used vith different 
meanings and connotations in different fields or levels of mathematics. 'The 
'following glossary explains some of the .mathematical words an^ phrase's as 
they are used in this book. These are not intended to be fprmal definitions 
More explanations as well as figures and examples may be found in the ITook * 
by reference through the index. 



*5\LG0RITHM (algorism). A special proceaps for solvp.ng problems r—- 

• \ , 
ANGLE. The union of two rays which have the same endpoint buji vhich do 

^not lie in the^ same line. * ^ • = * . , 

ARC. A part of a circle determined by two points on th^"^ circle. 

AREA. A measurement in terms of a specified unit which is assigned to a 
closed regidh. Note that both number and unit must be given, .as , 
30 square feet. • < ^ ^ 

Associative property of addition. For the^thr^e numbers a, b, and v £ 

(a + b)+c=?a+(b:fc)'^ 

* ^ . ^* * ' ' • 

associative property of multiplication. ' ^or the three m^bej^^, b, and c 
' . (a X b) X c = B xpi"^ ^'?)r' 



•/ 



BASE (of a, numeration systejrt^u The num^^f^^sed in the fundap^tal grouping. 
*^ 'Thus 10 is the b^se of the depa&l system and 2 is the l^ase >of the 
^.sbinpry system. • ^ ♦ ^ 

BASE (of a ^ geometric figurj^^ A particular side or face of a geometric 
figur^ 

.^BINARJ^IJuMERATIO^KSySTEM. a numeration system whose base is'two. 




MARY OPEpATIQN. An operation appli^ to a pajr of numbers..* 

«BRACESr.,{ •} . Symbols used in this book, exclusively Jto indicate sets of 
^objects. .Jthe members of the set are lifted 'or specified witliia,the 
braces. ' ' . ' ^ ' ^ ' ^. « , * 

, BROKEN LINE CURVE. A curve formed from ^egjn^nts'^ Jointed ^nd to end but' 
•not forming ^ straight, line . ^ ^ . ' ' . 



*4 
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CteCLE. The get o^^l points in a plarfe which are the same distance from 
a given point. A simple closed cur\-e in a* plane each^of whose points 
is the same distance from a fixed point. * 

CLOSED CURVE. A curve ^that can be represented by a figure that starts and 
» ^ stops at the same 'point. * * 

* ' ' , ' . ■ • / 

CU)SURE. An operation in a set has the property of closure if .t^e ^result 
ot the Operation on members of the set i& a member of the set. 

C0^5MUTATIVE PROPERTY OF ADDITION^. For the two numbers^ a .an'd b, ^ ' 

. a + b = b -r ,a . 

^OMMOTAiriVE PROPERTY OF MULTIPLICATION. For^thfe.tVo numbers a and /b, 

a*x b X a-^. ' ' . 

COMPOSITE ^JU^BER. A wh6le* number greater than 1 which is not a prime - 
n^ber. * . f 

CONE. - A surface* formed when a plane cuts a conical suVface such th^t the 
'intersectipn is a simple^ alosed curve. The cone is that part of the 
conical surface between the vertex and the plane, the vertex, and the 
closed region cut JYom the plane that forms the. base. • * 

CONGRUENCE. iJe relationship cbetween" two geometric figures which hav^ 

exactly the same size and -shape. ' " . c ' 

* ' ' ' 

• CONVEX POLYGON. A pc^lygon vhoa^ interior-is in the interior of each of 
ilk ^gl^s.. . It is also defined as ^a polygon which* lies entirely'^'in 
^o^ on.th'e e^ge^o^ the half pla** 'determined by eacji of. the sides 
in turn. . ^ ^ ' . . ' 

/ - 

COUNTINO NUMBEKS'.^ A^he numbers used in counting: , {1, 2, 3, 5, . } 

CURVE. A se-^'of all those points which lie on a particular path from 
A to E. . , ^ ' • • ^ ' ~ . 

CYLINDER. A surface -ffermed when two''^ara\Lel planes 'intersect a cylip/irfcal 
. surf ac^. * ;[t-*is the portion -of ^ the cylindrical s>3rface between the ^ * 
planes, 'loaether W€.th ^he closed regions cut froni the planes. * 
/ ' • *■ '* , 

CYLINDRICAL. SUpACE.^-^.A surface formed by all lines passing* through a 

simple cioSed 'curve in a plane, parallel to a.line^o-b^in the plafie. 

»■ • . * ' . ' 

DEG^IMAL. A numeral wl;itten'in the extended '<}^m^" Jlac^ Value system. *^ ' » 

DECIMJ&^PLACE VALUE SYSTEM. A^place value rimex^t-ic^ti system with ten>s 
the base for garoupihg.^ « * 

% ' ' " " * * * ' ' ^ * * / 

DE(^aE. ,A common uni-^.for numerical rafeasiire* of- afigle^.* The symbol for 
, • . a? degree is * \ • - * 



DENSE. A property of the sets of rational and real numbers. ^The rational 
(reaa) numbers are dense because between any two rational (real) 

^ numbe^rs thp're is a third rational (real) number.' * 
* « * ' * 

DIMETER OF A CIRCLE. A line segment which contains the center of the v 
circle an(f whose endpoints lie, on the cix-^le". - --^ 

DISJOINT SETS, ^ Two or jsio^^ sets which have no meml/ers in common. ' 

DISTRIBUTIVi PROPERTY. A j(^nt {property .of multiplication and adcii^iCn." 
.This prope^-ty says that multiplication %s disti/ibutive over addition. 
, For any -nuAfbers a, b, and c, " x ' 

• ^ w ■ \ ^ a X + ^) - (a X b) + (a X c) . 



. ^ . ^ * E 

ELEMENT OF. A SET*\ An^ object in a set; member of a se\ . ' 
EMPTY SET. The set which has no member?. 

4 « ' - , . - ^ 

EQUAL, symbol =. A = B means that A and are/ two different names 
'for the sajne object*.' ^ -* ' ^ 

E,QUIVALEOT'NUto:RALS.-> Numerals that name the same number. ' * *, * 

J3QUIVALMT SETS. Sets that can be' put i^t^6 a one-to-one correspondency, • 

* • V ' ' ^ 

EXPANDS!) FORM. 532 written as (.5 X lO"^) -f (3 X lO) + (2 x l) is .said 
t® be written in expanded form. ' ■ " 

F" » " ^ ' . . 

*FAQTOR. If bx = a, with a, b, and whole numbers, thert if i^ 

- a factor of ^a.'/ ' / j * 

* f , , • 

"FRACTION. -Any express ion. of th^ form ^ where x and y represent 
•w numbers . * ' ' ' V ^ 
' ' > ' ' > \ \ ' 

. ^ G 

GREATEST COMMON FACT^. The la2*gest wj^ole number which"* is'a factor of two 
or more givefl whole numbers. 



HAli'-LINE^. A lin^ separated by, a point* resul^^^-iti two h^^f-lines, 
neilJher of which ODiitains the*point,. % 



HALF-PLANE 
nei 



ANE.^ k plane separated by a line results in two half-planed, 
il^e'iT^of which contains the line. ^ ' ' ' , * 



HAL^-SPACE. Space separated by a plane results in two half spaces, 
'^c^either of which contains the -plane, » ^ . ^ ^ 



IDENTm ELEMENT FOR ADDITION. ".The number 0 which has trie ' property 
* > * 0+a=a + 0 = a. 



1' X a = a X 1 
'^'^TSTE&EI?. Any whole^riumber or its" opposite, v 



IDENTITY ELEMENT ^EOR MULTIPLICATION. The* number 1 which 'has the 
property jb^:iat.. 



•IHIERSECTION OF TWO SETS. The set of "air elerpents common to each of the ^ 
^ . - ' ^iven''se€s'^ ' ^ * • ' ^ ' 

IRRATIONAL NUMBER. A #real^ number whicji cannot be expressed in the form ^ 
^ -where a*^ is an .integer and is a count'ing number^ ' i-.e., any^ 

number that i^not a rational numbger. 

lEAST COMMON MULTIPLE.' The .smallest non-zero whole number which is a 
* . multiple oT each of twd^^verL-^h^le numbers. ^ ^ •* 

^^LENCmi OF A LINE^E^l£lNT.. A measurement in terms , of a-specified unit 
^ "^>^ ' which is assigned tp the segm^t. Note that both number and unit 
; must be ^iven^ as "3 ^ f e^t or 5 miles, etc. 
^ • - ^ _ , . - ' . • 

LINE (^feAIGHT' I^Itlj:). A particular set of points in space (an undefined 
tenn in geometry). laformally it can be thought of as the extensioa 
of . a line segment. ' < • 

L3NE" SEC2MENT. A specjisO. *case of the curves between two. points. It may 
, be* rejprese'nte^.by a string stre-^ched tautly between Its two endpoints. 

< * M * ' 

MA3X;;H.. Two sets match each other if their members be put in one-to-one 
\ , * correspondence..' / / ' s r^"*? ' " 

MEASURE. A number assigned to^a geometric figure indicating its 'size 
with respect to a specif ic .unit .* ' • 4 • 

* * * * . • 

MEMER OF A SET. An object or element in' a set. - ' 

METRIC SYSTEM. A decimal system of measure with the meter as the standard 
unit of length* • . , ' * * ' ' " • 

MULTIPli: OF A WHOtE NUMBER. A product o/.that nurab'erariTany*^!?^^ 



NEGATIVE RAfflONAL NUMBER. The opposite oft)a pdsitive rational number. 
I fSee OPPOSITE NUMBERS.) , ; ^ 

NON-NEGATIVE RATIONAIT NUMBER. the, positive rational numbers and zera. 



NUMBER, ' • • 

See Whole numbex ' ' - * 

Ootftiting number- » ^ ' v . 

Rational number ^ 

Negat'ive rational number ^ ' 

Irrational number 
Real number . 

NUMBER LINE. A model' to show numbers and their order. The model is used 
^ first for the whole numbers. Thf markings and .names are extended as 
the number system is extended- until finally a 1-1 correspondence is 
set up between all the points^ of the line and, all the real numbers. 

NUMERAL. A name or symbol used for a numSer. 

NU*4ERATI0N S'XSTEM. A numei-al syjstem for naming numbers. 

NUIJBER SENTENCE. A mathematical sentence stating a relationship between 
• r^^bers. 



.0 . 

1 ^ 

ONE-TO-ONE CORRESPONDENCE. A pairihg between two sets A, which 
• associates with efach, member of A a ^single member of B, , and witl^ 
i' each member of B a single member of ' A. 



smbe 
2E. 



OPEN SENTENCEf. A sentence with one or more symbols that may be replaced 
• \ by the' elements of a 'given set. .''^ ^ * 

. 1% ♦ -^^ ' , . , • . * 

^OPERASMOllt -A (binary) operation is an association of an ordered pair of 

numbers~^"mlih^ a third number. * ' ' ' 

OPPOSITE NUMBERS. A pair of ^numbers whose sum is 0.^ , 

^ ORDER. A property of a set of numbers which permits one to say when a ^ 
and b are in the set whether a "less than," "greater than,^ ^- " 
or "equal to" b. . 

ORDERED PAIR. An ordered pair of objects. is a set of two objects in which 
one of them^is specified as being first. 



^PAIRING. A correspondence -between an element of one set and an element of 
another set . \ ' ' \ 

PARALLEL LBJES. Lines in the^ same plane which , do not intersect, 

PARALLEL PLANES. Planes that do not intersect. 

PARALLELOGRAM. A quadrilateral who§e opposite sides are parallel. 
"■PSIRCENT. Means "per hundred/' " aTs - ^ '^r hundred or 3 percent-. 
PERIMETER. The total, length of a closed curve. 

ERJC • " . V; • ■ ' 303. ■ '. 



PLACE VALUES. TJie 'values given to the different positions in a numeral. * 

PLACE VALli rnJl^RATION SYSTEM.^ A nuineration system which dses the position 
or place in the numeral to indicate tVie value o^" the digit in" that 
place. ^ » - ' , 

; PLANE. * A particular set of points. It can ^e thought o*f &s the extension 
« of . a flat surface such as a table. Usually an undefined .term in 
geometry. . * ' * ^ ' 

PLANE CUKVE." A plane curve is -a curve all points of. which lie, m a plane. . 

PLA^fE CLOSED REGION. The interior of any^ simple closed piano, curve together 
with th^ curve. . * V. * 



POEIT. An undefined term. It" may be thought t>f as an exact **lpcat ion ir^ 
space. . - J 

POLYGON. A* simple closid curve i 
more line segments. 



in a plane vhioia is ^the union ^f three/ or 



POSITIVE RATIONAL NUMBER.. Any number that c^n be expressed as - w/iere 
a is a whole number and b is. a counting number. ^ 



POSTULATE. A statement which is accepted without proof. 



PRIMS NUMBER. Any whol^ number that has jsxactly two different fetors 
(namely itself and l). 

^PRISM. A surface consisting o:f two congruent polygonal regions/ as bases 
and plane regi9ns .bounded by .parallelograms as lat^al fa/es. 

PROPORTION. A statement of equality between two ratios. 

. PYRAI^IP. A surface which is a ser of poinrt^s consisting of J polygonal 
region ^called the base, a point called the vertex not An the same 
plane as the base, and all the triangular regions det/rmined by tl/e' 
vei*tex» and' the sides of tM base. , 



rR 



RADIUS^OF CIRCLE. ^ line segment**vith one endpoint thf center of ,t(ie circle 
and thfe Other endpoint on the circle. ' ' ' ' 

.RATIO.' A relationship a:b b^^ween an ordered j^ir/of numbers L and 

b where . b 0. * The ratio may be also expressed by the frAotion - . 

. \ • / * / b V , 

' • • ' i ^ 1 * ' - 

RATIONAL NUMBER, ^y nuinber which ^c an be writte^n m the form h where a 
is an integer and b is a counting number.'^/ /o - . 

RAY. The union of a point A and all those poinlts^f the li/^ ^ on the 
same side jd£ A__^_. .E.- , / * 

REAL NUMBERS. The .union of the set of 'rational/ numbers and/the set of ^ - . 
irrational* numbers. ' ^ /*/'/'*'*''' 



'^RECIPROCALS. \Any pair of nipibers .whose product" is 1. 
REGION. See PLME REGION. 

REGROUPING. A word mbqS. to- replace ,the words "carrying" and "borrowing." 
RIGHT RECTANGULAR PRISM. A right prism whose base" is a rectangle. 



SEGMENT. See LINE SEGMENT. / • , * 

I ' / • ♦ , • 

SEPARATE.- To divide a given set of points such as a line, plane, sphere, 
spac^, etc. into disjoint subsets by use of another subset Such as a 
point, line, circle, plane, etc. ' * 

SET. A se-C is any collection of things lisied or specified w^il enough 
( ^ so that one can say exactly whether a certain thing dpes^or does not 
belong to it . ' *^ 

SI>IPLE CLOSEli SJR'te. • plane closed' curve which'does not"intersect itsel!' 

SIHILAR.t A rel-<itionshlp between two geometric figures which, have ihe 
^ same shape b\h not necessarily the same size. * ^ • v 

SKEW. Two lines which dcf not intersect and are nofc parallel. . ; " 

SOLUTION SET- The set of all numbers which make an open nwnber sentence 

SPACE. The set of all points. , , ' v ~ ' 

SUBS^.. Given two sets A 'fend B, p is a 'subset of A if every member 
of B is also a member of A. 

T \ ' 

TRIANGLE. A polygon with three > sides. " ' ' ... 



• • ' - U ■ ^ 

.UNION OF TWO SETS. The union of two sets is the set of all elements that 
. a3?e inf'at least ©ne of the given se4;s. ' » 

UNIQJJE. An adjective meaning one and only one.. | , 




VERTEX (pi. VERTICES). - ' , ' ^ f,' 

of an angle: Hhe common- endpoint of its two rays. , 
-^of a polygon: the copnon endpoint of t^^^gments. 
of a prism or pyramid: the common- endpoint of three or more edges. 

uin ' 383' 395* ^ ' 



VOLUME.^ A measurement in terms of a specified unit which is assigned to 
a solid region. Note that both number and unit must be given, as 
.3 cubic ifeet . • • 



* W 



WH(Jl£ NUMBER*. .The counting numbers dnd the number Or [0, 1, 2, 3, . 



ZEW, The' number associated vifh the emjTty set. 



INDEX 
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•addition, 5I, 1^8^ 185 
algorithms, 52 ^ 
addition, 5fe 
^ silbtraotionj, 58 
multiplication, 62 
. division, 68 « 
angle, 2k7 4 
. acute, 291 ^ 

adjacent, 292 - . . , 

alternate- ihterior,^257, ^29^1.'' 
central, 299 
^ complementary, 292 
corresponding, 257,, 
interior ^'of, 2^1 
naming, 2^7 
obtuse, 291 
, *of a polygon, 25^ 
^of a t.riangle,; 250^, 
. . si^es of; 2^17 ' ^ ^ 
supplementary, 292 
right- ,291 
vertex of ah, 2^17 
vertical, 250.. * 
apex of ^ pyramid, 265 
apprcpcim^t€, 283 
arcs, 298. * ' 
area,'^ 3II 

. of a circle,- 318 
^ of a parallelogram, 3iL5 
^ of a trapezoid^ 316 ^ 
of «k^iangl^,^6' 
surface, 32O 
associativity, 222 
average deviation, 335 



jbabe, 198 ' * ' 
^ changing, kO 
** jof a prism, 26;^.^ * 
' ']of aipyramid, -265 . 
' |1fith-e:)tponents,' 3I 
base^ other than ten, 5I, 72 

computationy 51 , 
betveen,.. 238 • 
braces.,* 2 ^ ^ 



cardinality, k 
central tendency,"". 333 ^ 

fpeasures of, 333 
cfe, 297 . - > 

cq^nter'of, 297 
chord of, 298 ,* 
circumference' of, 299 
• 'diameter of, 297 



clock arithmetic, 87 

clpsed (closure), I33, 139, 221 

collinear, 232 . 

cemmutativity, 222 

cone, 322 

volume of, 322 
congruence (congruent)^ 278,' ' 
connectives, Ik- - 

"and!', "or", Ih 
coordinate, 13' ' 
correspondence, H ^ 
« one-to-one, ij- - * ^ • 

cori;esponding parts, 280 
curve, 252 / ' • • . K> 

' brol^en-Xine', "253 ' ' 

clc^sed, §55^ 

plane, 253 ' 
comple,te (complQ|«ne§s)^. 220;^ 223 ^ 
Counting Problems, xiv ' 
cube, 320 ^ . 

cylinder,, 262, 321 ' ^ ' '^ 

volume^.of/ 321. ' 

* ' » 

summarizing, 333 ' • , ^ ^ ' 

decimals, 181 . - 
nonrepeating, 219 
opers^Jions on4c^5 
^decimal representation, 219 ^ 

nonperiodic, 219 
degree, 289 ' • ' \ ,y 

of arc, 299 * 
denominator, 106 / ' 
dense* (density), -220; 223 
" dispersion, 333 ' , 

measures of^,333 
distance ,r280' ^ ' ' * • 

distributivity, 222 
•division, 66, ik^ , 19p>> 



elements of a^set, 2 
• elements, &3, . , 
identity, 83, Qh 
Inverse jy 8k 
d , 2 , ... 
equations, X2y, 
Eratosthenes ; 168 

Sieve pf ,^ 168 
Euclid, ,168' 
Euler, xiii 

^ formula^ 259 
event^S, 3lf2, 31^3 
, independent, 3^3 
-J2^^^^^y exclusive, 



exponential fbm, 29^ 
exponent 3I ' 
zero, 31 ' 



fact^ors; 157, 158, 16k 
factorization, I62 

complete, 162 , 
Fermat's Last Theorem^ ITd 
fractibns, ,102, IO6 

equivalent, 1*03, ip6 
four- color problem, 2^7 
fundamental theorenn. of arithmetic. 



geometry, 22T 

nonm^tric, 227 " * • 
Grolbach conjectiye, -169 
googol, 33 " 
grAph, 13, 330> 332 

bar, 33P , . , _ , 

^ broken- line, 33O 

circle, 332 

of a solution set, L3 ^ 
graphing, 329 

greatest common factor, l6h 
greatest possible erroT, ^285 
^grouping, 3^+, 5i|, 58 ji .80 



"half- line-, 2^+0 
iialf-plpnes, 2^+1 
hal>^€^ce^^ 2i+l 



Identity, Qk, 100, 135, 1^+0 
- additive, 81+, 100,' 135 

multiplicative, 81+, ll+O " 
ideh£ities, 222 
inequalities, 12 
integers,* 112 

negative, II6 * . 
operations on,?ll+8. 
positive, n6 
ntersecxtioh, 235 
of sets,- 7 
inverses, 222 '^j^ 
additive, 85, II+9 * • 
' multiplicative, 81+ 




Jordan^ Curve Theorem, 253 



Koenigsberg bridge problem, xiii 



-length, 2Qi+ - 

of'-^egment^ *-278- 

line, ^231 ^ * 

skew^'^^^/ f ^ 



mean, 33!+'- - - ^ 

arithmetic^3l+ ^ - 

me&sure, 281+j^3i 
angular, 287, 289' 

me*asurement , -'277 1 

natxire of; 285^'^r 
163 .unit of, 281+- 

median, 33I+ - . 

meter, 281+ ■ — 

mode, 335 
■ modulus, 88 

Moebins Strip, 2^7* r ' 

multiples,. I58, 16I+ 
C least comirfOn, 16I+ 

multiplication V 6I,' 137 



nappes, 265 • 
notation, I8I , 

decimal; I81 < 

expanded, 3I 
number, v, '26 
number game,' vi 
number line, I3, IO7, 117 

extending, •II3 
nximber theory, I69 
numbers - ' . 

amicable, I67 
" composite, I62 

counting, .§7 

denominate, 305 

* even, 161 

, irrational, 212,. 219 
odd, ^161 \ 

• perfect, I67 . ^ ' ' 

- • positive rational, 100, 
^ prime', l6l^ 162 

rational, lib; 212, 219 
, real, 12, 2l8 . 

whole, 97,-190, no; 157 

numerals, yi, 26 

Ilindu-Arabit^* 26, III+ ^ 
numeration, 25-1+6 
base five, 3I+ 
base tvfelve, 36 
' base two, 37 

E^yP"tian system," 26 
otlxer<:>bases, 3I+ _ . 
Reman system, 28 ^ \ , 
, systeins ^of^,^25'$'^| , 
-numerator, 106 



one^ 98/5.61 ^ • . 

* operation, ,75/ 127, 153 
« binary, 75, 127, 153 

opposites, 117 
•order, 107, ,223 

" parallel lines, 236, 257, '^k ; 

* parallelogram, 257 
pentagons, 254 
percent, 18I, 195 ' 
percentage, 198«' 
perimeter, 308 
perpendicular, 291 
phrase, 12 ; 

* open tium^ber, Jt2" 
IT , €20 . . 
place value, 29, *35 
place value table^ 30 

decirae^l system, 30 % • - 
plane, 233, ' 
^ ^ parallel, 237, 

points,^ 231 ' . ' 

sets of, 231 
polygofi,- 254, ' \ . 

convex, ^25^ 
diagonal of, 255 
Vertices' of, 25^ 
poiyhedroms, &59 
edges' of,- 258 
faces of, 2$8 v 
vertices^ of, 258 * * , 
povers, 31 ' ^ • 

' prexji/ioi), 285 
prinfe, I57 

r^^ativelyj 173 
prisms', '262 

oblique, 32I ' 
- J right, 319 , / 
right rectangular, 319 
voliime of,^0 
' ^rol?abxlity, 337 ^ 
product of rational numbers, I38 
property, 79, 8l7 90. 

associative, 81, 134, l40/ 222 
% ^closure, 79* , 
;commutative^ 79, 98, 13^, lk& ^ 
^ comparison, 279 

.disitributiVe, 90, 129, 1^1 
^tchlng, 279 
^^otion, 279 . .^>", 
. ^ 'Of addition, I33 V 

of raultipliGa*lrionVl39'*^,* ' 
subdivision, 283 . ' ' ' 
unique factorization, 163 
proportion, 194 » 



protractors, 290 
pyramid, * 265, 322 

' truncated, 265 

t volume of, 322 

quadrilaterals, 25^; ^ 

radius, ^97 !' 
3:-ange,.335 
rate,, 198' 
ratio, 181,, 192 
reciprocal 8^4- 
region, ^^^^ •<.^ 
cios^^^ii 

closei^^angular, 312 
relations ^fveen sets, k 



" segment, 239 
sentence, 11, l4. 
*^ compound' number, *14 

open, 11 
separation, 2^0 
set, 1-20 _ ^ 

closed, 79 

contiguous) 277 
* discrete, 27.7 
. disjoint, k\ > 

empty, 2, 2354v 1 

^ equal, k |ry 

equivalent, k ^' ^ 

finite, 2' ' , ^ 
identical, k v 
' ' V infinite, 2 




null^^2 



'operations on/ 7 

-^t'juth, 12 
solution* 12^ 

. union of, 8 
simple, closed'' curve, 252 
sketching^ 228_ 
splids, 258 * • 
solution, 13 

space, 231 ^ J ' : * * 

samplfe, 3in, 
sphere, 322 , . 
» volume of, 323 / • 

' square, 153 . . . ^ » 

I magic, 153' 
statistics', 329 V 
subset., 5.. 6 r. ' 

• proper, '6 
subtraction, 57, 1^2, 182 
.sum of rational numbers, 13;L 



i 



/Er|c , 
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supeplmposition, 279 
surface, 262, 26k 

conical, 26h • 

cylindrical, 262 
symbols, 11, 26 
system, 25, 75, 97 

•mathematical, 75, 95 

qetric, 28^4-, 3O7 

number, 97 

riximeration, 25 

r^al number, 205 , 219- 



tangency, 298 

point of. 298 . 
tangent ,v 29o 
Sfcetrahedron, 258 
topology, xiii 
transversal, 256 
tr^a^dia^^, 339' 
triangle, 25O 
adute, 293 
eguilaj^eral, 293 
interior of, .251 
^ isosceles^ . 293 ■ 
obtuse, 293^ 
right, 293 • 
scalene, 293' 
similar, 203 



xinicursal problems, x 
union, 239 

xinUqueness, 232 • , 

xinits, 306 > ' ^ 

* Br^^ysh^ American ,§y^s-^emj ^306, v-i- - 



"Venn" diagram, 5 

vertices, 25O 

volume , 319 * 

h * 

'wei^fiing problems,- viii 




, zfero, 116, 160 



